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Abstract—Persistent homology (PH) has recently emerged as
a topological tool to analyse the learnability in the layer-by-layer
feature embedding space of a well-trained deep neural network.
However, the computation of the PH is computationally imprac-
tical in higher dimensions or for large-scale datasets. To address
this, we analyse the homological features of the embedding space
of the principal convex hull of the data. This is achieved using
Archetypal Analysis (AA), a factor analysis method that expresses
the data as a convex combination of extremal points on the
convex hull. Through homological inference of point clouds, we
show that, due to geometric properties, adding archetypes to
the data does not change the homology of the underlying space
approximated by the data. We use this analysis to prove that the
homological complexity of archetypes of a class can be used as the
minimal homological expressivity needed for a classifier to avoid
misclassification. Since inferring the homological complexity of
the underlying space for real-world data can be ambiguous,
we attempt to quantify the transformation of the homological
complexity of the embedding space of the class archetypes
through the topological persistence of their embedding space.
For this, we employ “topological average life,” which measures
the average persistence of the homologies in the point cloud.
We find a negative correlation between the fine tuned model’s
performance and the topological average life of the archetypal
subspace.

Index Terms—Archetypes, Persistent homology, Expressivity,
Deep neural networks

I. INTRODUCTION

A popular method of interpreting and visualising the learn-
ing behaviour of a deep neural network (DNN) is through
its embedding space [1]–[3]. One way of carrying this out
is by studying the “persisting shape” of the data through its
embedding across the many layers of a DNN. In the language
of algebraic topology, the persisting shapes or structures
which, in turn, characterise the shape of the underlying or em-
bedding space, are homological structures such as connected
components, holes, and higher dimensional voids. We consider
the embedding space of the data to be a geometric object of
interest, and it is transformed through maps (which may be
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Fig. 1. Transformation of a two-class manifold as it passes through a DNN
classifier. The first arrow (grey) denotes a non-homeomorphic map, followed
by homeomorphic maps that smoothens the decision boundaries. The DNN
“breaks” the homology in the data as well as manifold of each of the classes
and reduces them all to a singleton point or equivalently a cluster. Without
breaking the void, finding a hyperplane (decision boundary) that separates
the two classes is impossible. This behaviour can also be approximated using
class archetypes that lie on the convex hull of the manifold (shown as red
points). Archetypes influence the breaking of homology as well as the final
decision boundary.

homeomorphic) based on a particular task being performed
by the DNN. For instance, segmentation of an image would
require a homeomorphic map in order to preserve the homol-
ogy [4] while classification would be a more general map that
collapses the subspace of images (in each class) to a singleton
element representing that class [5]. To illustrate, consider the
topology of input data shown in Fig. 1 as it transforms through
the layers to perform a binary classification task. Ideally, to
achieve a reasonable separation between classes, each of the
topological structures (the different homology classes) should
be transformed across the various layers of the DNN and
finally be reduced to a singleton point at the output layer
representing its category. The number of such structures in
the embedded manifold of the data at the input and output
of each layer may be taken to be a measure of the nature
of the mathematical map that is a DNN layer; topological
structure preservation across this layer would indicate that the
map is a homeomorphism, and otherwise it is not. In algebraic
topology, the number of topological structures helps define a
homological complexity measure, which can be quantified as
the sum of the Betti numbers of the embedding manifold.
In [1], the authors have provided a theoretical upper and
lower bound connecting the homological complexity with the
depth of a DNN. Furthermore, [2] relates expressivity of a
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classifier to the homology of data such that an architecture
incapable of attaining a particular homological complexity
would misclassify inputs; see also Figs. 1 and 5 for illustration.

In this work, we use persistent homology (PH) [6], a com-
putational method for extracting the homology intrinsic to the
space in which a data set thought of as a point cloud resides.
A major drawback of PH is its computational complexity
(informally, cubic in the size of the data [2], [7], [8]), which
can be alleviated by approximating a subsample of the data
while still preserving the underlying homology. A witness
complex [9] is one such tool for data sampling; however, it
does not appear to scale well to higher dimensional data. As
an alternative, the authors in [10] proposed to approximate the
topology of the underlying manifold through repeated random
sampling, which then requires statistical analysis without any
computational gain. In contrast, we analyse the homological
features of the embedding space through the principal convex
hull of the data. Towards this end, we employ archetypal anal-
ysis (AA), a factor analysis method to determine representative
points on the principal convex hull of a point cloud dataset, and
follow this up by computing the PH over the space spanned
by the archetypes. Intuitively, due to a geometric property that
archetypes of a class or cluster archetypes are extremal points,
it is possible that the archetypes do not necessarily capture the
correct homology for their generating data, thereby leading
to incorrect classifications or misinterpretations of a task by
a DNN [11]. Therefore, it is important to consider that the
homology of the decision region is influenced by the homology
(and therefore homological complexity) of the archetypes of
each class (as illustrated in Fig. 1) in the layers of a DNN.

Furthermore, in PH, the relevance of a homology is deter-
mined by the length of its persistence or its lifespan. That
is, the longer a homological class persists relative to another,
the more likely it is to truly represent the homology of
the underlying space. However, this computation is fraught
with ambiguities, especially for high dimensional real-world
data. Considering therefore a recently proposed topological
measure, the “topological average life” [12], we prove that the
change in the homological complexity of data representing a
class across the DNN can be quantified using the average topo-
logical lifetime of its class archetypes. We then empirically
verify the applicability of our results and characterise various
practical DNN architectures. In addition, we also study the
correlation between the performance of such deep models and
the topological average life across layers at depth. Our results
shall provide practitioners with an alternative topological tool
for understanding the learning behaviour of DNNs.

A. Contributions

1) How do the archetypes’ geometric properties relate to a
data’s homology?

a) We prove that augmenting data with its archetypes
does not change the underlying homology (Theo-
rem 1).

b) We prove that archetypes can be used to approxi-
mate (up to a constant factor) an upper bound for
the homological complexity of data (Theorem 2).

c) We extend the result in Theorem 2 to archetypes
of data classes (Corollary 1).

2) Topological characterisation of a DNN classifier

a) We show that the homology of class archetypes
having the correctly homological complexity is
necessary to avoid misclassification (Theorem 3).

b) We show that the topological average life of the
neural embedding space of a class across the
layers needs to be reduced in size (as a result, the
homological complexity also reduces) in a DNN
classifier (Theorem 4).

3) Empirical evaluation of practical DNN models

a) We empirically study the persistent homology of
neural embedding space of class archetypes in re-
lation to the transitions of data within the classifier.

b) We demonstrate a negative correlation between a
fine-tuned model’s performance and the topologi-
cal average life of the archetypal subspace.

c) We verify our claims on various popular DNN
architectures and real image datasets.

II. RELATED WORK

Embedding spaces of a neural network are a rich repre-
sentation of the features of the point cloud pertinent to an
underlying task, such as classification and object detection.
Recently, methods from topology [5], [12] have been used to
characterise the network using topological invariants of per-
sistent homology (PH) as a measure, such as Betti numbers βi

and Euler characteristics [6], [13]. Preserving the topological
structure of the data has led to a number of applications such as
image segmentation [4], image fusion [14], and dimensionality
reduction [15]. In addition, a series of works have also demon-
strated how topological features serve as a potential measure
of generalization in DNNs [2], [9]. For instance, [2] showed
how the homological complexity of the data can be used to
estimate the complexity of a neural architecture. Our work
extends this idea to the archetypal subspace for real-world
datasets. In [12], authors proposed a topological score based
on the topological average life of the DNN during training to
measure the performance gap of a model between the training
and test datasets. In [5], the authors established a link between
the topological transformation of decaying Betti numbers
through depth and the expressivity of a neural network with
different activation functions. The measures of persistence
of the homology derived from PH have been employed to
study the expressivity of neural networks by analysing weight
connectivity and comparing network complexity [16]. Further
[12] shows that the persistence of the homology calculated
during training of the weight matrix can be used to generalise
to the test score. However, most existing studies are restricted
to simple feed-forward networks and simulated/toy datasets. In
contrast, the computational complexity around scaling a topo-
logical method to higher-dimensional multi-class problems is
tackled in this work by exploiting the embedding space of the
archetypes instead of the whole dataset.
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Fig. 2. Persistence homology on a point cloud [6]. As η increases, the sub-
complexes are formed by connecting points, and when all the points are
connected (η = ∞), there is only one connected component.

III. PRELIMINARIES

A. Topology

• Topological invariants are mathematical quantities asso-
ciated with a topological space X which do not change
under continuous deformations [6], [13].

• The Euler characteristic χ is an integer and one of the
simplest topological invariants for X .

• A simplicial complex Γ is a set whose elements are
simplicies. A 0-simplex is a point, a 1-simplex is a
line segment, a 2-simplex is a filled triangle, and a k-
simplex is the k-dimensional counterpart. The character-
izing properties of Γ are that (i) for a simplex σ ∈ Γ, all
its faces are also in Γ, and (ii) for simplices σ, τ ∈ Γ,
either σ ∩ τ = ϕ or it is a shared face of σ and τ .

• Given simplicial complexes Γ,Γ′, a simplicial map g :
Γ → Γ′ linearly maps simplices of Γ to simplices of Γ′.

• Homology of a topological space X is defined to be
H(X) := {Hk(X)}∞k=0 where Hk is the kth homology.
The homology H0 represent the connected components,
H1 holes, H2 voids, and Hk their k dimensional coun-
terparts. Further, for a topological space X , the kth

Betti number (βk) is the dimension of kth homology
or dimHk(X). In this work, we denote the data as
D ⊂ Rp and its associated topological space by XD. In
our mathematical proofs, the point cloud D is embedded
in some appropriate Euclidean space. Furthermore, Dc

denotes a class in D for c ∈ C where C is the index set
of all classes. The cardinality or the number of elements
in D is denoted |D|. The Euler characteristic of X can
also be obtained as χ(X) =

∑∞
k=0(−1)kβk.

• A filtration is essentially a function F : R → Γ that maps
to (equivalently filters out) a subcomplex of Γ. It has the
property that for η1, η2 ∈ R such that η1 ≤ η2, Γη1

:=
F(η1) is a subcomplex of Γη2

:= F(η2), that is, we have
the inclusion Γη1

⊆ Γη2
⊆ Γ. η ∈ R is usually referred

to as the threshold of the filtration function. Persistent
homology (PH) is a topological tool that uses filtration
to construct subcomplexes Γη to extract the homology
of a point cloud D (see Figure 2). Note that because of
the inclusion property not all features extracted through
PH is a homology of the topological space XD. We will
consider that the PH was computed on the point cloud
till only a single connected component remains.

• Homological features from PH Ĥ can be represented
in the form of barcodes or persistence diagrams (PD).
Persistence diagram (PD) for a point cloud D is a

(a) Point cloud D and its
archetypes
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Fig. 4. Betti curves (a) β̂0(η) and (b) β̂1(η) for the STL10 dataset (D),
archetypes (ÅD), classwise archetypes (ÅC ), nearest points to ÅC classwise
(Ånp), randomly sampled subset (RD) and class-wise randomly sampled
subset of dataset (RC ).

series of points in the extended plane R2 that represents
the birth and death information of the homology that
appears in the subcomplex during filtration. Further, the η
at which ith homology Ĥi appears in the PD is the birth,
denoted as bi or bi(η) and the η at which the homology
disappear is the death denoted as di or di(η). We denote
all the homology that arises in the PD as Ĥ(PD). The
significant persisting homology is the possible homology
of the underlying topological space XD of the point cloud
D. The dotted line in the PD (see Fig. 3 (b)) represents
∞ and the points at this line represent homology that
never dies.

• The kth Betti-curve β̂k (Fig. 4) maps PD to an integer-
valued curve for different values of η. In the Betti-curve
diagram, the x-axis represents η, and the y-axis represents
the number of kth-homologies for the subcomplex Γη that
are still persisting at a particular η. The kth Betti number
at Γη is the value of kth Betti-curve at η denoted by β̂k(η).
For a N -point cloud, we have β̂0(0) = N and β̂0(η) → 1
as η → ∞. Similarly, in a N -point cloud for some η′,
β̂k(η

′) ≥ 0 and β̂k(η) → 0 as η → ∞ (see Fig. 4).
Ideally, the smaller the max η for which β0 dies, the
closer the points are in the point cloud.

• We define the homological/topological complexity of a
topological space X as the sum of Betti numbers, that
is, ω(X) :=

∑
k βk(X). We denote the homological
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complexity at Γη of the PD of D as ωη(D) =
∑

k β̂
D
k (η).

• The lifespan of a homology Ĥi(PD) that determine its
persistence is given by |bi−di|. The topological average
life of the PD of D is given by λD =

∑
i |bi−di|

|Ĥ(PD)| for ith

homology that appear in the PD with finite lifespan. For
points that never die, their lifespan is ∞, and we have
excluded them from our definition. Further, note that both
lifespan and λ are functions of η.

• A homological feature of a topological space X denoted
hfs(X) is the smallest positive homological critical
value [17] of η. Homological critical values are the values
of η that induce a change in the homology.

• Consider a metric space equipped with the metric ρ
then for nonempty subsets U, V of the metric space.
We define ρ(v, U) = infu∈U ρ(v, u) and e(V,U) =
supv∈V ρ(v, U). Then e(V,U) is called excess of V over
U . The Hausdorff distance between V and U is defined
as ρe(V,U) = max{e(V,U), e(U, V )}.

For ease of reference, we list the various symbols we have
used in Table I.

B. Archetypes

Archetypes (Å) are extremal points represented as convex
combinations of data itself [18]–[20] (see Fig. 3(a)). Three
main useful properties of archetypes are: (1) they lie on the
principal convex hull (or boundary or edge) of the data; (2)
they closely follow the data but don’t necessarily belong to the
data; (3) they form a vector basis for the vector space of the
data, that is, they span the space of data. Since archetypes are
not exact points of the original data D, one can find the closest
point in the point cloud (Ånp(D)) to represent the archetypes
without replacement. Let D be a point cloud, then for ∀xj ∈ D
and x̂, the center of D.

Objective function: min
Å

F (Å), (1)

ρ(ai, x̂) ≥ ρ(xj , x̂) ∀ai ∈ Å, (2)
m∑
i

αiai = xj , ai ∈ Å and
∑
i

αi = 1, (3)

where m is the rank of the vector space of D, F (Å) =
[1/|D|

∑N
i=1 ρ

2(xi,Hull(D))]1/2 [20] and ρ is the metric for
the underlying metric space. We will denote the archetype
of a point cloud D as ÅD. As the number of archetypes
n → N, F̄ (Å) → 0, since ÅD = D at n = N .

IV. HOMOLOGY OF ARCHETYPES

In this section, we theoretically study the relation of
archetypes to the homology of data and establish that archety-
pal analysis is a valuable practical tool to scale a topological
method to higher dimensional and large-scale datasets/models.

A. Homology inference for archetypes

Archetypes are extremal points on the convex hull of data,
and due to this intrinsic geometric property, augmenting data
with its archetypes should not change the underlying topology.

TABLE I
SYMBOLS

Symbol Meaning

D Dataset
|D| or N = |D| Cardinality of D

XD Topological space of D
H(XD) Homology of spaceXD

βk(X) kth Betti number of X
ÅD Archetypes of D
η Threshold associated with filtration
Γη Subcomplex at η in the filtration

β̂k(η) or β̂k kth Betti number of Γη

ωη(D) Homological complexity of Γη

f Classifier on D
Hsf Support homology of f
λ Topological average life

Intuitively, this is a direct consequence of the homology
inference theorem [6], [17], [21], which states that the quality
with which a point cloud approximates the homology of an
underlying space depends on the Hausdorff distance between
them. Here, we prove that the difference in the homology of
the underlying spaces for the point clouds D ∪ ÅD and D
depends only on the objective function F (Å) for computing
the archetypes [20].

Theorem 1. Let F̄ (Å) represent the value of the objective
function in Eq.(1) after optimisation. Let X ′ and X be the
topological spaces associated with the point clouds D ∪ ÅD

and D, respectively. Then, H(X ′) ≃ H(X) (that is, the
homology groups of X ′ and X are isomorphic) given F̄ (Å) is
sufficiently small.

Proof. Let D′ = D ∪ ÅD and D be point clouds which ap-
proximate the homology groups of their underlying topological
spaces X and X ′ with η ≥ ρe(D

′, D). Then by the homology
inference theorem, we have dim Ĥk(D

′) = dim Ĥk(D) ∀η >
ρe(D

′, D), and thus X ′ and X have isomorphic homology
groups provided ρe(D

′, D) is sufficiently small. We complete
the proof by actually showing that ρe(D

′, D) = F̄ (Å). To
see this, consider the quantity e(D,D′) = supx∈D ρ(x,D′)
where ρ(x,D′) = infx∈D′ ρ(x, a) = 0 which follows since
D ⊂ D′. This implies that e(D,D′) = 0. Now consider
e(D′, D) = supa∈D′ ρ(a,D). Here ρ(a,D) = 0 ∀a ∈ D and
ρ(a,D) = F̄ (Å) ∀a ∈ Å. This implies that e(D′, D) = F̄ (Å).
Thus ρe(D

′, D) = max{e(D,D′), e(D′, D)} = F̄ (Å). Thus
for F̄ (Å) sufficiently small H(X) ≃ H(X ′).

This important result also helps us prove extensions of our
main results in Section V for DNNs.

B. Upper bound for homological complexity

Our main result here establishes a connection between the
homology of Å and the homology of D at each η. To motivate
this, observe the Betti curves in Fig. 4 for the STL10 dataset.
We see that: 1) β̂ÅD

0 (η) values are persisting longer for ÅD,
and 2) β̂ÅD

1 (η) best resemble β̂D
1 (η). This suggests a relation

between the homological complexity ω of the data and its
archetypes. Formally, we quantify β̂ using ωη and prove that
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ωη(ÅD) upper bounds ωη(D). In order to do so, we use the
following result from [22].

Theorem (1.2, [22]). Let g : Γ → Γ′ be a simplicial map of
finite simplicial complexes such that χ(g−1(γ′)) = κ ∀γ′ ∈ Γ′

where χ(Γ) is the Euler characteristic of Γ and g−1 denotes
the preimage of γ′ ∈ Γ′. Then, χ(Γ) = κ · χ(Γ′).

Now, we provide a similar characterization for the homolog-
ical complexity ω of the simplicial complex Γη(D) obtained
for a threshold η in a PD for D, and Γη(ÅD) is the simplicial
complex for the same η in a PD for the archetypes ÅD. In the
following, we shall consider g to be any surjective simplicial
map between Γη(D) and Γη(ÅD).

Theorem 2. Suppose there are N points in D ⊂ Rp, and we
have n archetypes ÅD. Provided n ≥ m + 1 where m is the
minimum number of ÅD needed to span D, for those threshold
η in the PD such that there exists a surjective map between
Γη(D) and Γη(ÅD), we have that:

ωη(D) ≤
⌈
N

n

⌉
ωη(ÅD). (4)

Proof. Here we demonstrate that κ =

⌈
N

n

⌉
. This is readily

inferred by considering that any simplicial map from Γη(D)
to Γη(ÅD) needs to map N vertices of D to n vertices of ÅD.
Thus, a preimage of the simplicial map can contain at most⌈
N

n

⌉
vertices. As a result, for the base case of the proof in

[22], κ =

⌈
N

n

⌉
, and we have that:

β̂D
0 (0) =

⌈
N

n

⌉
β̂ÅD
0 (0).

Next, for any finite η, due to the defining property of distances
for archetypes as in Eqn. (1), we have that:

β̂D
0 (η) ≤

⌈
N

n

⌉
β̂ÅD
0 (η).

The rest of the proof follows from an induction argument for
ωη(D) and ωη(ÅD) following a similar line of reasoning as
in [22] for χ(Γ) and χ(Γ′).

Observe that as n → N, lim
n→N

⌈
N

n

⌉
ωη(A) = ωη(X)∀η.

When n = N, ÅD = D, with reference to Fig. 6 in the
Section VII, the lighter blue lines associated with the ÅD are
upper bounding the ωη(D) shown in darker blue. In Theorem 2
and its corollary we attempt to generalise this property to
satisfy for all η and n ≤ N .

Corollary 1. Suppose we have a finite point cloud D =⋃
c∈C

Dc where Dc ⊂ Rp, Dci ∩Dcj = ∅, and ÅC =
⋃
c∈C

Åc is

the union of n archetypes from each c. Provided n ≥ m+ 1,
where m = maxc∈C{mc} such that mc is the minimum Åc

needed to span Dc and N = n
∑
c

|Dc|. Then we have that:

ωη(D) ≤ NC ωη(ÅC) where NC =

⌈
N

(n|C|)

⌉
(5)

The proof follows directly from Theorem 2, where here we
define a simplicial map that takes every point in the Dc to
Åc such that the N vertices of D maps to the n|C| vertices
of ÅC . The result in Theorem 2 and Corollary 1 helps us
to derive a relation between the homological complexity of D
and ÅC . Later in Section V, we relate the homology of the XD

and that of a classifier f . Since it is ambiguous to compute
H(XD) exactly for real-world datasets, our result relies on
Corollary 2 that can at most provide a loose upper bound for
ω(XD). Nevertheless, one can use it to study some interesting
properties, such as the impact of sample complexity and input
size on the persistence of homology (see Section VII).

Corollary 2. Let M = maxη{ωη(ÅD)}, then for the topo-
logical space XD of the point cloud D with at most m̂ non-
zero homology, we have ω(XD) ≤ κMm̂ where N = |D|,
n = |ÅD| and κ =

⌈
N
n

⌉
.

The proof is a direct consequence of theorem 2 and the insight
that there is at most m̂ non zero Betti numbers βk(XD) and
each of these are upper bounded at some η by κ ωη(ÅD).

Fig. 5. Transformation of a two-class manifold. Here, the underlying space
has a higher homological complexity in both classes compared to Fig.1. Best
viewed in colour.

V. HOMOLOGY OF NEURAL EMBEDDINGS

In this section, we study how the topology of feature embed-
ding space changes as it passes through the layers of a well-
trained DNN. As usual, a computationally efficient way is to
work with archetypes instead of all data samples, and towards
this aim, Theorem 3 extends the homological generalisation to
the sub-space of class/cluster archetype Åc. In order to quantify
the topological behaviour of neural embedding space across
layers, the result in Theorem 4 presents a way of using λÅ for
such categorization.

A. Homological generalisation for Å

We extend the homological generalisation theorem from
[2] to class archetypes Åc and show that homology of Åc

defines a minimal condition to eliminate a DNN architecture
that cannot express the homology of the underlying space of
a class. Such a DNN will always misclassify some points.
As an illustration, see Fig. 5 and observe that even after the
two classes have been separated after multiple transformations,
there still exists homology in the class, which prevents the
class from collapsing to a single point. Thus, we argue that
the homology of the underlying space plays an important role
in the expressiveness of the classifier. There are two reasons
for extending homological generalisation to Åc that seem to
make sense: 1) the classification of the Åc is a more substantial
generalisation task than the classification of the class alone,
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and 2) augmenting a class with its Åc does not introduce any
new homology to the class.

Consider X ×{0, 1} to be the topological space associated
with the data D and archetypes ÅC . The data is supposed to
be sampled from some probability distribution on this space,
but we are not here concerned with the underlying statistical
aspects of this data, except that in some appropriate sense of
a limit, the data well approximates this underlying space. We
consider binary classification with positive (+) and negative
(-) classes where X+ and ÅX+

represent the support of the
distribution of points with positive class and the archetypes of
the positive class, respectively. Now for the family of binary
classifiers F = {f : X → {0, 1}}, we define the homology of
the set of x such that f(x) > 0 as Hs(f) := H[f−1((0,∞))],
the support homology of the function f . Here, for a binary
classifier, Hs(f) is an estimate of the number of holes in the
positive decision of f .

Corollary 3. For minF (A+) sufficiently small. we have
H(X+) ≃ H(X+ ∪ ÅX+

).

The proof follows from the Theorem 1 as X+ and X+∪ ÅX+

are the topological spaces associated with the point cloud D =
D+ and D′ = D+ ∪ ÅD+

.
Theorem (3.1 of [2]). If X = X− ∪ X+ and ∀f ∈ F with
Hs(f) ̸≃ H(X+), then ∀f ∈ F , ∃V ⊂ X+ so that f
misclassifies every x ∈ V .
See here that f is a classifier on in X+∪ÅX+

and thus
the minimum requirement for all points in the class + to
be correctly classified as per the above theorem is that
Hsf(X+∪ÅX+

) ≃ H(X+∪ÅX+
), then Hsf(X+) ≃ H(X+)

but H(X+) ≃ H(X+ ∪ ÅX+
) and thus Hsf(X+∪ÅX+

) ≃
Hsf(X+) follows. Thus we look at the converse whenever
Hsf(X+) ≃ Hsf(X+∪ÅX+) is true. We have the homologi-
cal generalization theorem extended to the ÅX+ . The authors
of [2] use a contradiction in their proof, which essentially
states that if f maps each singleton into its proper partition
on X , we have H(X+∪ÅX+

) ≃ Hsf(X+∪ÅX+
). We build

on this key idea to prove our next result for archetypes.

Theorem 3 (Homological generalisation extended to ÅX+
).

Let X be a topological space, X+ be some open subspace,
and ÅX+ its archetypes. Let F ⊂ 2X such that f ∈ F with
Hsf(ÅX+) ̸≃ H(ÅX+) and Hsf(X+) ≃ Hsf(X+∪ÅX+),
then ∀f ∈ F will misclassify for some points in X+.

Proof. Since Hsf(ÅX+) ̸≃ H(ÅX+), ∃V ⊂ ÅX+ such that
f misclassifies every v ∈ V . Since, ÅX+

⊂ X+ ∪ ÅX+
∴

V ⊂ X+ ∪ ÅX+
. Now by the Theorem 3.1 of [2], we have

Hsf(X+ ∪ ÅX+
) ̸≃ H(X+ ∪ ÅX+

). But by the claim 3, we
have H(X+) ≃ H(X+ ∪ ÅX+) and Hsf(X+) ̸≃ H(X+).
Hence, a set V ′ ⊂ X+ exists such that f misclassifies every
v ∈ V ′.

Thus, Hsf(ÅX+
) ≃ H(ÅX+

) is a necessary homological
condition to ensure that the architecture is capable of or has
the homological expressivity needed to classify the archetypes
of the class. Since there is no guarantee that Hsf(X+) ≃
Hsf(X+∪ÅX+) for f generally, this is not the best condition
for a DNN architecture. However, it is also important to note

that archetypes of class are extreme points of the class, mak-
ing them more vulnerable to misclassification. Nevertheless,
random sampling will not satisfy this criterion.

A key outcome of this result is that it is enough to use
Åc for topological characterization of D (or Dc) through the
computation of PH over ÅC (or Åc). Indeed, there are efficient
algorithms for the computation of a small number of Å with
complexity O(m2N) where N = |D| and m the embedding
dimension [23]. The worst-case computational complexity
of PH for N is O(N3) although in practice this is better.
Therefore, by choosing NC ≪ N , the cost of computing PH
for ÅC would be much better than directly computing the PH
of D even after the cost of computing Åc. Thus, use of Åc

for topological characterization is both scalable and practical
way of computing PH for large datasets for topological data
analysis in machine learning. Finally, archetypal analysis like
this can be combined with more recent and novel ideas like
vectorized signed barcodes that efficiently characterize the
multiparameter and multiscale topology of a dataset [24] and
our results provide the basis for such future explorations.

B. Topological average life of neural embedding

The result in Theorem 3 states that we can eliminate classi-
fiers f (here DNN) that cannot express the homology H(ÅXc

).
The implementation of this theorem in practice would need
the computation of H(f) and H(ÅXc). An alternative way of
looking at this problem is by using the embedding space of the
DNN. In the following theorem, we prove that the changing
homology of the underlying topological space XD of the point
cloud D can be captured by the average life λ across the layers
of the DNN.

An ideal classifier that collapses Dc to a singleton element
representing that class also collapses the homology XDc ,
leaving only the 0th-Betti number equal to 1. In other words,
the layers of the DNN are non-homeomorphic functions that
transform the homology in XDc

, reducing the values of
βi(XDc) of XDc . We want to quantify the changing βi(XDc)
using the PD of embedding space of Dc at each layer and
observe the reducing trend in βi(XDc

). To this aim, we will
analyse the average life λc of the PD for Dc at each layer.
Let us review the following two facts: 1) PH is computed
until there is only one connected component; hence, only this
connected component will have an infinite lifespan, and 2)
the average life λ is finite and does not include the infinite
lifespan.

Theorem 4. Consider a deep neural classifier with ℓ layers
and let λℓ

c be the average life of the ℓth layer for the points of
the class c. We show that for the sequence {λℓ

c}Lℓ=1, if λℓ
c → 0

then {βi(XDc
)} → {1, 0, 0, . . . }.

Proof. For simplicity here we take λℓ
c = λℓ. By definition

λℓ :=

∑
i |bℓi − dℓi |
|Ĥℓ|

,

where |Ĥℓ| is the number of homology that appeared in the PD
of the embedding space For the sequence {λℓ}Lℓ=1, as ℓ → L,
we have 0 ≤ limℓ→L λℓ = 0. Since |Ĥ| is bounded by the
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number of the points in the point cloud, there exists an M
such that |Ĥ| ≤ M .

lim
ℓ→L

∑
i |bℓi − dℓi |
M

≤ lim
ℓ→L

∑
i |bℓi − dℓi |
|Ĥℓ|

=⇒ lim
ℓ→L

∑
i |bℓi − dℓi |
M

= 0

=⇒
∑
i

|bℓi − dℓi | → 0 as l → L

=⇒ |bℓi − dℓi | → 0 ∀i as l → L

=⇒ bℓi → dℓi ∀i as l → L

resulting in {βi(XDc)} → {1, 0, 0, . . . } as required.

This result states that if the sequence of average life across
layers with respect to Dc is reducing to 0, then the DNN
is collapsing the homologies in the XDc

, reducing it to a
contractible space with only β0(XDc

) = 1. The layer ℓ1 or
the function f ℓ1 transforms Dc, then λℓ1

c = λfℓ1 (Dc) followed
by λℓ2

c = λfℓ2 (fℓ1 (Dc)), such a sequence thus is a measure
of the homological transition of Dc with ℓ. The theorem 4
states that such a reducing sequence of average life of the
embedding space is a measure of the collapsing homological
transition within the DNN, and for this quantification, we
define the quantity Λ, the topological/homological persistence
across layers of a DNN as follows:

Definition 1. We will denote ΛD(DNN) := [λℓ
D]Lℓ=1 as

the sequence of λℓ
D across the layers of the DNN for the

embedding space of the point cloud D.

When we say that ΛDc(DNN) is reducing, we imply that the
values of λℓ

Dc
are reducing with depth ℓ of the DNN. Note that

the theorem does not strictly require λℓ−1
c ≥ λℓ

c, but rather,
the sequence should be bounded and converge to 0. Using the
result from Theorem 3 one need only study ΛÅnp(C)

for the

ÅC =
⋃
c

Åc subspace.

VI. EXPERIMENTAL SETUP

In this section, we provide details of the experimental
protocol and software setup used in our study. The codebase to
replicate the results presented in this work is available online1.

1) Dataset and Network Architecture All the main ex-
periments are done using the test set of three datasets
(unless stated otherwise): STL10 [25], CIFAR10 [26],
CIFAR100 and AIRCRAFT [27]. In total, we have
experimented with 6 neural architectures, namely:
ResNet18 [28], ResNet50, ResNet101, ResNet152, Mo-
bileNetV2 [29], MnasNet1 0 [30], DenseNet121 [31],
DenseNet169 and DenseNet201. These models obtained
from PyTorch model zoo are pre-trained on ImageNet
dataset [32] with an input image size of 224× 224.

2) Methods of Subsampling in Dataset: We compare
various subsampling methods to understand the impact
of sampling a suitable subset of data on the topology
of the dataset. In particular, we consider the popular

1https://github.com/Cross-Caps/DNNTopology/

uniform random sampling (RD) from the whole dataset
and each class (Rc), keeping the total number of sam-
ples in both sets the same. Similarly, for archetypes,
we compute the sample sets ÅD, ÅC =

⋃
c Åc and

Ånp(C) =
⋃

c Ånp(Dc), which are the archetypes for the
whole data, uniformly sampled archetypes from each
class and samples of the class nearest to archetypes with
respect to Euclidean distance, respectively. In our main
empirical results for the embedding space, we compute
n = 80 archetypes per class for STL10 & CIFAR10,
and n = 8 per class for the AIRCRAFT & CIFAR100
dataset. Thus, overall, a point cloud of 800 points Ånp(C)

nearest to archetypes are used to analyse the neural
embedding space2. Archetypes are computed using the
popular SPAMS package3.

3) Computation of Topological Invariants : We use the
Risper package [33] for the computation of PD, Betti
numbers βi and average life λ. Since we are processing
our data space as N-dimensional point space, we use the
Vietoris rips complex filtration to study the underlying
topology of the space. In the case of 3D RGB input
images, we first resize them to the input size of the
pretrained model. In the case of neural embeddings, we
convert the 3D output tensor to flattened vectors after
channel averaging to create the point cloud.

VII. EXPERIMENTAL RESULTS

We first show experiments with image datasets to empiri-
cally provide evidence for our theoretical claims in Section IV
& V. We then explore the characterisation of practical DNNs
using the homological complexity and topological average life
of Ånp(C). In summary, the Fig. 6 and 7 are the homological
complexity ωη for the dataset D while the Fig. 8 is the
homological complexity of the embedding space of the DNN.
The other figures, such as Fig. 9, 10, etc, represent the average
life λ of the embedding space. In particular, the Fig. 11
is a 3-dimensional (radial) visualisation of the λ of similar
architecture with different “depth”. Finally, we define a metric
based on topological average life to study and explain the
performance of a pretrained model on unseen datasets. The
study of the correlation between accuracy and λ is used to
illustrate the importance of topology in understanding DNN.

A. Empirical Results for the AA

1) Upper bound for ωη: Our main result in Theorem 2
claims that the homological complexity of archetypes ωη(ÅD)
forms an upper bound for ωη(D) up to a constant. Fig. 6 is
an empirical demonstration of the same for images from the
STL10 and CIFAR10 datasets. It can be observed that the
homological complexity ωη(D) is less than the complexity
of any archetypal subset. We also observe that ωη(ÅD) is
greater than a random subset. We argue that random sampling
may or may not provide an informative upper bound for the
whole data, as it will depend on where the points lie and how

2In experiments, we will make arguments using notions Ånp(C) & ÅC

interchangeably.
3https://gitlab.inria.fr/thoth/spams-devel
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Fig. 6. Empirical demonstration of the claims in Theorem 2 and Corollary 1
for (a) CIFAR10 and (b) STL10 dataset. We observe that NCωη(Ånp(C)) can
provide an upper bound for a constant NC for the homological complexity of
the data ωη . Here, NC 1, n = 10, 100, N = 8000, 10000 and |C| = 10, 10
for (a) and (b), respectively. Best viewed in colour.

distributed the samples are. So, in practice, we cannot say
anything related to the underlying topological structure of the
subsampled data. Note that obtaining results with respect to
the set Åc and Ånp(C) results in much lower computational
efficiency, and set Ånp(C) helps us interpret the results in
terms of actual images. Further, observe that η at which ωη

becomes a constant is the highest for the AA. Thus, homology
persists in Å even after all homologies in D have died.
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Fig. 7. ωη(Ånp(C)) curve for the STL10 dataset corresponding to (a) different
input image sizes and (b) different number of samples. In (a), the colorbar
depicts the size of input images having dimensions (H ×H). Best viewed in
colour.

2) Impact of input size versus sample complexity: In this
experiment, we analyse the impact of input size and number
of samples ( or sample complexity) on the robustness of
the complexity measure ωη . In particular, we considered the
measure ωη(Ånp(C)) since the nearest samples to archetypes
also satisfy Theorem 1 (see Corollary 1). These results are
reported in Figure 7 for the STL10 dataset.

It can be observed that for a fixed number of samples, η
increases with the image resize value, suggesting its relation
to the complexity of the data and that the homologies in the
space persist longer. In contrast, for a fixed input size, the η
value does not change much, but the homological complexity
increases with more number of samples. In a nutshell, for
images, the sampling size influences the magnitude of the ωη

while resizing influences η.

B. Homological complexity for DNN

In this section we look at the homological complexity
ωη(Ånp(C)) across the layers of a DNN since results from
Section V established that by looking at the homology of
ÅC =

⋃
c Åc one can eliminate architectures that do not

satisfy the homology of the point cloud. Different from looking
at H(f), here we look at embedding space, and a possible
quantification of the H(f) would be the changing homology
across the layers of the DNN. In the classification setting for
each class manifold, the DNN models should show a reducing
trend of Betti numbers with the layer, i.e., β0 → 1 and
βk → 0 ∀k > 0. Now, by definition, ωη is the sum of Betti
number, so we study the trend in ωη → 1.

Results of this experiment for a variety of DNN architec-
tures are reported in Fig. 8. For simplicity, we have restricted
our analysis to the embedding space after each block (instead
of layer) of a DNN. It can be observed that ωη varies (reduces)
differently with each block and thus is an intrinsic charac-
teristic of a DNN architecture. For ResNet18 and ResNet50,
i.e., models with similar architecture but different depths (see
Fig. 8(a,b)), ωη exhibit similarity except for the value of
η in the initial blocks. Between ResNet18 and ResNet50,
for the initial blocks, the ωη tends to persist longer for the
deeper model. This could mean that the homologies (holes)
for the deeper models tend to widen in the embedding space
of initial blocks/layers, giving more options for realizing a
better decision boundary in the later layers. Further, blocks
with residual connections exhibit an extremely smooth slope.
For MobileNetV2 in Fig 8 (c), the ωη reduces at a consistent
pace with depth; thus, the homologies persist throughout the
DNN. Compared to the ResNet class of models, here ωη

exhibits a steep slope for each block. For MnasNet Fig. 8(d),
the homologies persist much longer with max{η} = 90,
implying that the underlying space has expanded a lot within
the network. This should be an attribute of the diversity within
the MnasNet architecture, incorporating a large space for
decision, but resulting in poor generalisation on data other than
the one it was trained on. In Fig. 8(e), the DenseNet model
shows short-lived homologies across the blocks, indicating that
the embedding space is extremely compact and the network is
densely connected.

One way to think about the effect of residual connections
on the embedding space is by observing the smoothing of the
homologies within the space. For instance, residual connec-
tions for the MobileNet model are between the thin bottleneck
layers. Thus, small homologies would disappear in the narrow
structures, and the larger ones are stretched across wider
regions, causing the steep slope in the ωη . In contrast, residual
connections in conventional ResNet models are between the
denser blocks that would expand the small homologies, giving
them higher persistence. Thus, the collapsing of the homology
is smoother as compared to MobileNet. This could also explain
the higher generalisation capability of the ResNet model,
as they would also consider some of the less significant
homology, which might actually be useful for class boundaries.
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Fig. 8. Block-by-block (depicted via colorbar) ωη(Ånp(C)) for the STL10 dataset computed from different models. ωη value decays differently for different
models and thus is a characteristic of the model architecture. Best viewed in colour.
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Fig. 9. ΛÅnp(C)
= {λℓ

c} for ResNet18 model plotted at an interval of (a)
1, i.e., all layers of the ResNet18, and (b) 3. The different colours represent
ΛÅnp(C)

for the different classes of the STL10 dataset. Best viewed in colour.

C. Characterising DNN through Topological Average life

In this section, we will study ΛÅnp(C)
to characterise a DNN

where we compute the topological average life at each layer
of the DNN classifier. By definition the ΛÅnp(C)

= [λℓ
D]Lℓ=1

should be reducing, bounded and converging to 0. We have
validated our results across different model architectures and
image datasets.

1) Topological Average life for Class Archetypes: In
Fig. 9(a), we show ΛÅnp(C)

for each layer of a ResNet18
model and each class of the STL10 dataset. One can observe
a decaying trend in Λ across layers that validates Theorem 4.
In Fig. 9(b), we have reported Λ at an interval of 3 layers to
demonstrate that for deeper architectures, it suffices to observe
the trends at a coarse level instead of each layer. Further,
observe that the results are consistent for each image class.

2) Topological average life for different datasets and mod-
els: In Fig. 10, we show ΛÅnp(C)

across blocks of dif-
ferent DNN models and for different image datasets. It
can be observed that the homological transition is differ-
ent for a dataset across different models. Further, observe
CIFAR10 and CIFAR100 datasets that are of a similar na-
ture, exhibit similar homological transitions through layers
of a model. The slight difference is due to our sampling,
where we have sampled 80 and 8 archetypes from each
class of CIFAR10 and CIFAR100, respectively. Hence, we
argue that ΛÅnp(C)

symbolise the underlying homology of
the dataset and their change across the layers would mea-
sure the model’s non-homeomorphic transformation over the
dataset. Shifting our focus to the models, observe ΛÅnp(C)

for

ResNet18 exhibit smoother while MobileNet has a steeper
transition. This, in fact, reflects the inference from Fig. 8.
Given a dataset, results in Fig. 10 can be summarized
as maxΛÅnp(C)

(DenseNet) ≤ maxΛÅnp(C)
(ResNet18) ≤

maxΛÅnp(C)
(MobileNet) ≤ maxΛÅnp(C)

(MnasNet1 0). It is
important to recall that ΛÅnp(C)

is bounded and converges
to 0; hence, its maximum value will define the slopes of
these curves. Thus, we leave an open question for the readers:
‘what values of ΛÅnp(C)

will these models demonstrate an ideal
classification ?’.

3) Topological Average life for different depths: In order to
study the impact of network depth, we plot ΛÅnp(C)

for ResNet
models of different depths in Fig. 11(a). Note that the blocks
of these models are similar in structure (kernel size, stride,
#channels), with the number of blocks differing in each model
resulting in different depths. It can be observed that Λ or topo-
logical transitions are similar for similar architectures (ResNet
family in this case) but may occur at different blocks/layers
for deeper models. A similar observation can be made for
Fig. 11(b) for the DenseNet family of models. Naturally,
DenseNet models have dense transitional connections between
the layers; thus, the underlying topological transformation by
such a model would be more complex. So, more experiments
would be needed to understand them better.

D. Application: Neural Model Ranking

In this section, we establish a link between the homological
complexity of a DNN and its performance. To this aim, we
consider the model ranking problem where given a large pool
of pre-trained models, we predict their performance on unseen
datasets [34]. Towards this task, we define a metric based on
Λ as follows.

Definition 2. τ is inverse of mean of Λ: τ := |Λ|/∥Λ∥1 where
∥Λ∥1 :=

∑L
ℓ=1 |λℓ

D|.

The non-homeomorphic nature of the classifier f reflects its
ability to transform and collapse the homology. Λ is a sequence
of the persisting homology across the layers of the DNN, thus
negatively correlates with the non-homeomorphic nature of f .
This is reflected in τ , demonstrating a positive relation with
the model fine-tuning accuracy (see Fig. 12). Here τ is an
inverse quantification of Λ. We define it as an inverse mean
because we want a quantity that takes into account the depth
of the model. Here, we compute τ for the subsequence Λ
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Fig. 10. Topological Average life computed for different datasets after blocks of different model architectures. Best viewed in colour.
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Fig. 11. Radial 3D plots of Λ for (a) ResNet family of models across all
blocks, and (b) DenseNet family of models across all layers in the initial three
blocks on the STL10 dataset. Best viewed in colour.

TABLE II
AVERAGE CORRELATION BETWEEN FINE-TUNED ACCURACY OF VARIOUS

MODELS AND τ ON DIFFERENT DATASETS.

Dataset Pearson Spearman Kendall
CIFAR10 (All models) 0.88 0.86 0.72

STL10 0.84 0.7 0.55
AIRCRAFT 0.74 0.73 0.61
CIAFR100 0.92 0.9 0.70

across the blocks and further attempt to rank the models. To
analyse the correlation of measure τ to fine-tune accuracy,
we have considered three correlation metrics: Pearson (linear),
Spearman (monotonic), and Kendall (dependence). Table II
suggests that there exists a moderate to higher correlation
across all the metrics with p-value ≤ 0.01.

1) Sensitivity Analysis of τ and Future Scope: Topolog-
ical Average life is a popular method of quantification of
persistence of homology in PD, such as during training, as
shown in [16]. In this work, we exploit it to characterise
and study DNNs. The sequence values Λ only provide a
picture of the average persistence of the observed homology
in the PD and lack insight into the number of homologies
and their dimension. Thus, we argue that for more complex
settings, it is challenging to analyse the DNN model based
on Λ alone. Further, in our work, we defined τ as the mean
over the depth of the network since predefined blocks have
different lengths, as observed in Fig. 10. We also measured
the correlation of τ without MnastNet due to its high value,

and we found a similar moderate to high correlation. Thus, we
can only conclude that a moderate positive correlation exists
with fine-tuning accuracy. Further experimentation is needed
to analyse the sensitivity of τ in various settings. For example,
in the above experiments, we have only considered the results
for uniform subsampling of the class archetypes; τ needs
to be analysed on more subsamples, datasets, and domains.
Further, the experimental section only used the archetypes as a
subsample to study the topological transition in the embedding
space and did not consider the geometric property of the
archetypes, which extends the future scope of the paper. To
the best of the authors’ knowledge, the idea of exploiting
archetypes to tackle computational complexity around scaling
a topological method to higher dimensional problems, such
as DNNs, is currently the best approach with theoretical and
empirical validation.

VIII. CONCLUSION

We theoretically prove that the underlying topological struc-
ture of the subspace of archetypes of the class can be used
as a minimal factor in determining the architecture required
for solving classification tasks. Further, we study the layer-by-
layer homological complexity and topological persistence, and
the topological average life of the layers of the DNN. We find
the topological transition of homology is different between
different networks and similar in similar networks. Finally,
we showed how such an analysis can be used to quantify the
performance of pretrained models.
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