
Maximum Likelihood Estimation

» n images of a model plane 
– m points per plane:  
– Noisy:  

» Maximum likelihood estimator: 

» Good initial guess helps converge quickly 
– First compute Hi  
– Then compute C 
– Then compute R and T

P1 . . Pm

Minimize
n

∑
i

m

∑
j

∥p̃ij − C[R � T ]iPj∥2

[DLS: Levenberg-Marquardt]
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Handling Radial Distortion
xd = x + x(κ1r2 + κ2r4)

(r2 = x2 + y2)
yd = y + y(κ1r2 + κ2r4)

ud = u + (u − u0)(κ1r2 + κ2r4)
vd = v + (v − v0)(κ1r2 + κ2r4)

Minimize
n

∑
i

m

∑
j

∥p̃ij − D(C[R � T ]iPj)∥2

D(u,v)

Initial guess of  OKκ1 = κ2 = 0

(for )γ = 0

Or compute by least error linear minimization



Overall Camera Calibration Procedure

» Print checkerboard target, stick to a planar 
surface 
– preferably glass 
– Or, put up the chess image on a (flat) mobile screen 

» Create world space, designate Image corners 
– Pwj  uniformly laid out on a 2D HxW grid 

» Capture multiple images orientations 
– May move the camera or the target image 
– Each image should be well lit and in good fixed focus 

» Detect the corners in each captured image 
–  

» Compute Hi and C
p̃ij



Same Procedure for Localization

» Use recognizable objects in 3D 
– Markers, for example 

» Recognize their location in camera image 
– Use precomputed calibration parameter C 
– Solve for [R|T] 
– See [Hartley: “In defence of the 8-point algorithm”] 

for R normalization



OpenCV: Calibrate

std::vector<cv::Point3f> Pw; // 3D points on checkerboard 
std::vector<std::vector<cv::Point3f>> matchP; // 3D points for checkerboard 
std::vector<std::vector<cv::Point2f> > imageP; // 2D points for board images 
std::vector<cv::Point2f> corners; // Detected corners 

For each j // over each corner on the board 
Pw.push_back(P_j); 

For each i  // over each image 
cv::Mat gray, image = cv::imread(file[i]); // read in image 
cv::cvtColor(image, gray, cv::COLOR_BGR2GRAY); // color not important 
cv::findChessboardCorners(gray, imSize, corners, flags); // Detect corners 
cv::cornerSubPix(gray, corners, smWindo, killSize, termination); // Refine 

       imageP.push_back(corners); 
matchP.push_back(Pw); 

cv::Mat C,R,T,kappa; 
cv::calibrateCamera(matchP, imageP, size, C, kappa, R, T); // Calibrate



OpenCV: Compute Extrinsic [R|T]
cv::Mat CMat, kappa; // Populate after camera calibration 
float markerLen_2 = ..; // Half the actual length of the marker 
cv::Mat P(4, 1, CV_32FC3); // 4x1 3-vecs of F32 
P.ptr<cv::Vec3f>(0)[0] = cv::Vec3f(-markerLen_2, markerLen_2, 0); 
P.ptr<cv::Vec3f>(0)[1] = cv::Vec3f(markerLen_2, markerLen_2, 0); 
P.ptr<cv::Vec3f>(0)[2] = cv::Vec3f(markerLen_2, -markerLen_2, 0); 
P.ptr<cv::Vec3f>(0)[3] = cv::Vec3f(-markerLen_2, -markerLen_2/, 0); 
cv::VideoCapture cam; 
cam.open(0); 
while (cam.grab()) { 

cv::Mat image; 
cam.retrieve(image); 
std::vector<std::vector<cv::Point2f>> corners; 
cv::aruco::ArucoDetector detector; // Some setup needed 
detector.detectMarkers(image, corners); // Find 4 corners per marker 
assert (corners.size() > 0); // Some marker must be detected 
std::vector<cv::Vec3d> Rvecs(1), Tvecs(1); //per marker 
cv::solvePnP(P, corners.at(0), CMat, kappa, Rvecs.at(0), Tvecs.at(0)); 

}
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detector.detectMarkers(image, corners); // Find 4 corners per marker 
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std::vector<cv::Vec3d> Rvecs(1), Tvecs(1); //per marker 
cv::solvePnP(P, corners.at(0), CMat, kappa, Rvecs.at(0), Tvecs.at(0)); 

}

cv::aruco::DetectorParameters detectorParams =  
cv::aruco::DetectorParameters(); 

cv::aruco::Dictionary dict =  
cv::aruco::getPredefinedDictionary(cv::aruco::DICT_6X6_250); 

cv::aruco::ArucoDetector detector(dict, detectorParams);



» Corner is a point with low similarity                  
with neighbors 

» To test if pixel (x,y) is a corner: 
– Consider a window centered on (x,y) 
– Shift window slightly in various directions 
– Measure the difference in original and shifted windows 

• Sum of squared differences (SSD) 

» Corner strength = Min SSD 
– High strength suggests that all shifts have high SSD 

» Local maxima of strength indicates corner
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» Corner is a point with low similarity                  
with neighbors 

» To test if pixel (x,y) is a corner: 
– Consider a window centered on (x,y) 
– Shift window slightly in various directions 
– Measure the difference in original and shifted windows 

• Sum of squared differences (SSD) 

» Corner strength = Min SSD 
– High strength suggests that all shifts have high SSD 

» Local maxima of strength indicates corner

Corner Detection

featureless: little change in any directions
edge: little change along the edge
corner: major change in every direction



Harris Detector: Mathematics

Change for a shift of (u,v): IntensityWeight

E(u, v) = ∑
x,y

w(x, y)[I(x + u, y + v) − I(x, y)]2



Harris Detector: Mathematics

Change for a shift of (u,v): IntensityWeight

E(u, v) = ∑
x,y

w(x, y)[I(x + u, y + v) − I(x, y)]2

u
v



Harris Detector: Mathematics

Change for a shift of (u,v): IntensityWeight

E(u, v) = ∑
x,y

w(x, y)[I(x + u, y + v) − I(x, y)]2

u
v



Harris Detector: Mathematics

Change for a shift of (u,v): IntensityWeight

E(u, v) = ∑
x,y

w(x, y)[I(x + u, y + v) − I(x, y)]2

u
v



Harris Detector: Mathematics

Change for a shift of (u,v): IntensityWeight

E(u, v) = ∑
x,y

w(x, y)[I(x + u, y + v) − I(x, y)]2

u
v

Taylor’s approx, small (u,v): I(x + u, y + v) ≈ I(x, y) + uIu(x, y) + vIv(x, y)



Harris Detector: Mathematics

Change for a shift of (u,v): IntensityWeight

E(u, v) = ∑
x,y

w(x, y)[I(x + u, y + v) − I(x, y)]2

u
v

Taylor’s approx, small (u,v):

E(u, v) ≈ [u v]∑
x,y

w(x, y)[ Iu(x, y)2 Iu(x, y)Iv(x, y)
Iu(x, y)Iv(x, y) Iv(x, y)2 ] [u

v]

I(x + u, y + v) ≈ I(x, y) + uIu(x, y) + vIv(x, y)



Harris Detector: Mathematics

Change for a shift of (u,v): IntensityWeight

E(u, v) = ∑
x,y

w(x, y)[I(x + u, y + v) − I(x, y)]2

u
v

Taylor’s approx, small (u,v):

E(u, v) ≈ [u v]∑
x,y

w(x, y)[ Iu(x, y)2 Iu(x, y)Iv(x, y)
Iu(x, y)Iv(x, y) Iv(x, y)2 ] [u

v]
M

I(x + u, y + v) ≈ I(x, y) + uIu(x, y) + vIv(x, y)



Harris Detector: Mathematics

Intensity change with shift in (u,v) direction:

Let λ1, λ2 be eigenvalues of M

Ellipse E(u,v) = const

E(u, v) ≈ [u v] M [u
v]
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slowest change
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Large  λmin  ⇒ corner
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Intensity change with shift in (u,v) direction:

Let λ1, λ2 be eigenvalues of M

Ellipse E(u,v) = const

E(u, v) ≈ [u v] M [u
v]

direction of the 
slowest change

λmax >> λmin  ⇒ edge

direction of the 
fastest change

Small  λmax  ⇒ flat
Large  λmin  ⇒ corner

Eigenvalue computation is expensive

1/λmax

1/λmin



Harris Corner Response

Let

(k, empirical sensitivity constant = 0.04-0.1)

CH = λ1λ2 − k(λ1 + λ2)2
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Small  λmax  ⇒ flat
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Harris Corner Response

Let

(k, empirical sensitivity constant = 0.04-0.1)

• CH depends only on λ1 and λ2 of M (and k) 

• Highly -ve CH ⇒ edge 

• Small |CH | ⇒ flat 

• Large CH ⇒ corner

λ1λ2 = det M
λ1 + λ2 = Tr MCH = λ1λ2 − k(λ1 + λ2)2

λmax >> λmin  ⇒ edge
Small  λmax  ⇒ flat
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λ2

“Corner”

“Edge” 

“Edge” 

“Flat”

CH > 0

CH < 0

CH < 0
small     
|CH | λ1

[Szeliski]
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Corner Detection Algorithm

» Choose k  
» Compute CH  at each pixel 

– Compute Iu and Iu (and M) 

– Compute the determinant and trace of M 
» Shortlist pixels with CH > CTH  
» Among shortlisted candidates select points with 

local maxima of CH

– Apply a Gaussian filter on Iu and Iu 

» Rotationally invariant 
» Partial intensity invariance 

– scale, shift subject to threshold



Edge Detector

» Smooth 
» Compute intensity gradients 
» Use lower threshold to filter out non-edges 
» Use upper threshold to mark strong edge 
» Check relationship of weak edges with 

nearby strong edges
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