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Interpolating Cubic Curve

p0

p1

p2

p3

Find cubic P(t) interpolating pi, i.e., find  c0, c1, c2, c3

Assume interpolation at t = 0, ⅓, ⅔, 1

p0 = P(0)  = c0 

p1 = P(⅓) = c0 + (⅓) c1 + (⅓)2 c2 + (⅓)3 c3 

p2 = P(⅔) = c0 + (⅔) c1 + (⅔)2 c2 + (⅔)3 c3 
p3 = P(1)  = c0 + c1 + c2 + c3

⇒

(This is called uniform parameterization)
(call these t0..t3)

Remember, one system of equations per coordinate [x,y,z].

A more common parameterization — the arc-length parameterization — takes into account the distance between successive data-points. It stands to 
reason that two closer-by data points also are closer on the abstract domain. That allows the derivative of the curve to be more uniform.
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Matrix Form:

Solve for unknown [c]

[p] =

p0
p1
p2
p3

where,

(Eq 1)

Other parameterizations are possible.

(call these t0..t3)



Polynomial Spline: Joined 
Curve Segments

! Join cubic curves P and Q
! Each interpolates four points
! But now we have a seven point curve

! Easy to evaluate, given t 
! And which component curve to evaluate

! But what about smoothness at the joint?

P(t)

Q(t)
P(0)

Q(1)

Joint point P(1) = Q(0)

Now, let’s get back to joining cubic curves to form the overall curve. This overall curve is called a spline.



Polynomial Spline: Continuity
! Define continuity at joints

! Ci := ith derivative is continuous
! must be so in all coordinates

joint P(1) = Q(0) 
  but   P'(1) ≠ Q'(0)

i.e., 1st derivative is not continuous

P(t) Q(t)

⇒ This curve is C0

This notion of algebraic continuity requires the derivatives for both curves to be the same in all coordinates at the joint. Note that the derivatives provide 
slope. In 3D, the slopes are the coordinates of the tangent vector to the curve. If the directions of the the two vectors are the same (and not necessarily 
their magnitudes), the curves are said to be geometrically continuous, i.e., G1.



Polynomial Spline: Continuity
! Define continuity at joints

! Ci := ith derivative is continuous
! must be so in all coordinates

joint P(1) = Q(0) 
  but   P'(1) ≠ Q'(0)

i.e., 1st derivative is not continuous

P(t) Q(t)

P(t)

Q(t) 1st derivative is continuous
⇒ This curve is C1

⇒ This curve is C0



Multi-Segment Interpolation

Suppose we form curve 0 
using  [p]T = [p0 p1 p2 p3] and we form curve 1 

using [p]T = [p3 p4 p5 p6]

and separately find coefficients [c] for each interpolating curve?

p3
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p4 

p5

p6

p2

Suppose 7 data points are given, and we want a cubic spline: 

(Note that both
 share p3)
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To make it C1, we will need a way to compute (and use) tangents:
d

dt
P(t)



b0(t) = – 4.5 (t-⅓)(t-⅔)(t-1) 
b1(t) = 13.5   t (t-⅔)(t-1) 
b2(t) = – 13.5t (t-⅓)(t-1) 
b3(t) = 4.5     t (t-⅓)(t-⅔)

Blending Functions

⇒ we can rewrite P(t) as:

(since [p] = [A][c])Recall: , with [c] = [A]-1[p]

(bk are called basis functions,

P(t) =
3

∑
k=0

(cktk)

([t]⊤A−1)[p] = [b]⊤[p]

Solve for [c] and rewrite to get:

see Eq (1)    

=
3

∑
k=0

(pkbk(t))

         aka blending functions)

A slight reformatting of the function: we re-write the matrix equation so that P(t) is expressed as a linear combination of data-points pk. [A] is constant and simple to invert. You can work 
out the details, and pre-compute the coefficients to multiply the data-points directly with. Thus, the curve is described explicitly in terms of pk.
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Note: 
1. bk(t) is 0 at all ti, i ≠ k 

➡ multiplier ensures bk(t) = 1 at tk 
✓ the curve interpolates pk at tk 

2. P(t) is a linear combination of pk 
✓ All bk smooth ⇒ P is smooth 

3. bk(t) partition unity, i.e., 

➡ P(t) is a weighted average of pk

3

∑
k=0

bk(t) = 1∀t

=
3

∑
k=0

(pkbk(t))

         aka blending functions)



Hermite Form

Four conditions to set up equations:
- Match the given two end-points: P(0) and P(1)
- Match their given derivatives: P'(0) and P'(1)

  The spline is C1 if these derivatives match the next curve at each joint

P(0) P(1)

P'(0) P'(1)

Instead of interpolating a cubic through four points, 
        we want a cubic between two end-points,  
                  but it should have specified tangents at those end-points.

Now, we discuss different design goals. We do not necessarily want to interpolate the data points. Instead, we want a curve with certain properties, as 
shown above.



Equations

P(0) = p0 = c0 
P(1) = p3 = c0 + c1 + c2 + c3

And:      P'(t) = c1 + 2tc2 + 3t2c3 

Hence: P'(0) = p0' = c1 
P'(1) = p3' = c1 + 2c2 + 3c3

P(t) = c0 + tc1 + t2c2 + t3c3 
Hence:

Four linear equations in four unknowns: c0,c1,c2,c3 
p0, p3, p0', and p3' are given

(this is the power basis)Suppose

(retaining the notation that   
 the end-point is p3, for now)

derivatives at end-points



Making Derivatives

P(0) = p0 P(1) =  p3

P'(0)

P(⅓) ~ p1

P'(0)

 P(⅔) ~ p2

Tangent Tangent

An alternate way to indicate derivatives (or tangents):  
   provide four data-points, but use the intermediate points to form tangents 
      The curve interpolates only the end-points (but is near the middle two)

End-point tangents are in the directions 
from p0 to p1 and p2 to p3, respectively

p1 and p2 are not interpolated  
Curve ‘approximates’ them 
p0 and p3 are interpolated

We will refer to the data points more generally as control points — they control the curve’s shape. Note that higher derivatives could also be specified. That provides additional constraints 
and the degree of the underlying curve/function has to be increased to satisfy those constraints.
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(⅓-0)
(p1 – p0)P'(0) = 

(1-⅔)
(p3 – p2)P'(1) = 

Derivative estimates 
           using divided difference:


