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We will study the problem of aliasing and its solution. An understanding of this topic is critical to understand how to generate images, as well as how to 
interpret images. Inherent in all this is a realization that physical objects (and their appearance) are analog, and often continuous. Brightness is defined at 
every point. Images are a discrete representation of the reality, and defined only on a grid.



Convolution

Convolution (denoted here by ✽) is a binary operation combining two functions (both in the same domain — spatial or frequency). Convolution is 
commutative.



Convolution Geometry
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Let’s try to understand the convolution operation in a geometric sense. x is where this convolution is evaluated. This means that to find the value of 
convolution C at x, we multiply f(x-u) with g(u) and take the area under that curve. f(x-u) is simply f(u) reflected about the u=0 axis and translated to x. If f 
happens to be symmetric about u=0, the reflection is a “no op,” meaning you simply center f at x. Since ✽ is commutative, one may choose which of f and g 
to reflect and translate.  PULSE(x)✽PULSE(x) is explained here, and in the next slide.
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As the overlap between the two pulse functions reduces, 
the area under the product curve decreases
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The red curve on the bottom left is the convolution curve. Three evaluations of this curve at three different values of x are shown on the right. The 
convolution of two Pulse functions is a Tent function.
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Convolution Theorem

Let F and G be the transforms of  f and g: 

Convolution (✽) in one domain is equivalent to multiplication (x) in the other domain. You may derive it from the definitions of the Fourier transform and 
convolution operation. We will take it as given here.
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Sampling of an analog/continuous signal is akin to multiplying it with a comb-shaped function, which yields analog signal’s values are uniform intervals, as 
shown on LHS. Unit comb(x) has a tooth of height 1 per unit length in x. It turns out that the frequency domain representation of comb(x) is a scaled version 
of the same function, but in µ, of course: COMB(µ). We use all caps only to indicate that it is in the frequency domain.

Spatial-domain multiplication by comb, aka sampling, amounts to convolution with a COMB in the frequency domain. Convince yourself that convolution 
with COMB amounts to replication of SIGNAL(µ) at each tooth of the comb. Recall the geometry of convolution and that COMB is symmetric. Also recall that 
comb(4x) compresses comb(x) by sampling four times per unit length of x. That expands to 4COMB(µ/4) in the frequency domain.
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If the replicas do not overlap, it is easy to get the original analog signal directly from the sampled signal (the bottom figures). We convolve the sampled 
signal with a special shape, which is equivalent to multiplying with that shape’s Fourier transform in the frequency domain. We know that the output 
desired in the frequency domain is to retrieve the central replica only, which is the Fourier transform of the original signal. This can be achieved by an 
appropriate size PULSE function in the frequency domain, which is exactly what spatial convolution does.

Convolving a discrete signal (the samples) with a shape (which we call filter), is not the integral area under the curve but a discrete summation. In fact, if 
we ensure that the filter curve is designed to cover a unit area, the convolution simply amounts to a weighted average of the samples, the weights coming 
from the filter, F. Specifically, compute the value of the reconstructed signal at some x, from samples si  at xi using ∑si F(x-xi). Note that if we need to 
compute F at only predetermined x values, we can pre-compute and store these filter values. (xi are of course fixed by the sampling method, and hence 
fixing the set of x values also fixes x-xi)
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If sampling is at too low a resolution, i.e., spatial comb is too sparse, COMB in the frequency domain becomes too dense. This means, the replicas may not 
be separated enough, and it becomes impossible to extract the central replica in general. This sampling frequency where overlap becomes 0 is called the 
Nyquist frequency and is twice the maximum frequency of signal. This should be easy to see geometrically in the SIGNAL graph. It is the frequency of the 
harmonic with the highest frequency and a non-0 coefficient.
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Lower end of the next replica mixed with the upper end of the previous one. This is called aliasing of two different frequencies. Algorithms to prevent them 
are called anti-aliasing algorithms.
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Triangle Filter
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Convolving the samples with sinc is also called filtering. Unfortunately sinc is an infinite function: it is non-0 for infinitely many values of x and such a 
convolution is expensive: all samples are required for each value of C(x). In practice, narrower functions are used to filter.

Truncated sync filter (i.e., artificially limit where is is non-0) does not do too poorly, but it can cause introduction of spurious high frequency noise. gaussian 
is another filter that is useful, but it tends to unduly smooth legitimate high-frequency information.

In fact, any function whose Fourier transform is PULSE-like can be a good approximation. What is the Fourier transform of tent, for example? SINC2. Not 
quite a PULSE, but it does keep much of the central replica and removes most of other replicas.
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(Spatial) pulse filter, also called the box filter, which amounts to an unweighted averaging, is quite bad actually. Its Fourier transform is SINC. Multiplication 
with SINC can negate some of the original replica in the frequency domain. 



Box Reconstruction Error
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In general, this is the type of error incurred by using the Box filter to reconstruct the signal from given samples. You can now relate it to the so-called 
aliasing in graphics image. 



Aliasing

aliased
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What is the relevance of all this sampling and reconstruction math? What does it have to do with graphics and images?

We know that images are samples at some resolution, but the resolution is limited by the screen, which can take one color per pixel. What exactly are we 
reconstructing anyway?

Know that screens cannot display an infinitesimal dot. Rather it lights an area for each pixel, somewhat brighter in the center than at its edges. From a 
distance, these separate pixels tend to blends into each other due to the resolution of our eye. This is a type of reconstruction.

Really, at some level, our eyes are always reconstructing continuous images from samples it takes through the rod and cone cells. In fact, our perception 
system filters in both space and time. It may not be using a sinc filter, but between the eye and the brain we have a certain cognition that does the job. We 
can even extrapolate and fill certain gaps.

The task in graphics is to aid that cognition by sampling appropriately. In particular, what is the signal we should be generating so that the brain does its 
reconstruction well. Theory tells us that a signal that has a frequency ≥ ½ Hz (here Hz is 1/pixel-width and not 1/second), may be aliased and hence not 
correctly perceived. What does one do if the image in fact has a high frequency? The upper half of this image has that problem. The actual color changes 
too fast (many times per pixel). The aliased image on the left is sampled once per pixel — whatever happens to be at the center of the pixel. The right 
image instead has reduced frequency. In particular, it is an attempt to eliminate frequencies ≥ ½ Hz from the original signal and then sample it once per 
pixel. Our vision is able to interpret this smoothed image much better. So, anti-aliasing is all about how to sample at each pixel. 



What is Needed? 

! Image to be displayed should be band-
limited 
! less than 0.5 Hz (i.e., per pixel) 

! Band-limiting can increase spatial domain 
of  the signal 
! We will need to generate much more of  the 

new signal to further process 
! A possible solution: 

! Band-limit = Low-pass filter ⇒ convolve sinc 
! Re-sample ⇒ multiply comb(x) 

! Do not compute the entire original signal

Band-limiting a signal is to eliminate its high frequency information. It turns out that to band-limit a signal also you need to convolve it with a sinc. After 
all, band-limiting is the same as multiplying SIGNAL with a narrow enough PULSE in the frequency domain (which multiplies with 0 at the higher values of 
µ). Recall that signal for us is the actual continuous distribution of brightness, (given the shape, e.g., triangle, and other viewing parameters). 

However, remember that we ultimately want to only sample the band-limited signal (instead of sampling the original signal). We do not need to generate or 
represent the entire signal or its band-limited version in the continuous domain. Rather, we only evaluate the band-limited signal once per pixel.



Super-sampling

! Use approximate low-pass filtering 
1. Over-sample, e.g., at 4x the pixel rate 
2. Reconstruct signal 
3. Low-pass filter to match the pixel rate 
4. Resample, now at the pixel rate 

! Monitor and Eye can then reconstruct

(n = # teeth per pixel)
f(x) = (f(x) × combn(x))*sinc(x)

(f(x) × combn(x))*sinc(x)*sinc(x)] × comb1(x)

Instead of generating the original signal fully, which we are not in a position to do, we only know how to evaluate the brightness at a point, i.e., sample. If 
we sample the signal above the Nyquist rate, we have all the information in the samples. This may require many more pixels than there are on the screen 
(even infinitely many). We may have to compromise, however, and limit the pixel count, keeping the computation cost in mind, but we are not limited by 
screen resolution for this.

Once we have adequate samples, we can reconstruct the signal value at any x we want, which then we may band-limit and resample once per pixel. This all 
can be done in one composite step by composing the convolutions. In effect, we “super-sample” and then generate one sample per pixel using a wighted 
average of these super-samples. The weights come from sinc. Can you see why sinc*sinc is sinc itself?


