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Map from Object Space

A

B

C

P

P = uA + vB + wC

Barycentric Coordinates 
 of  P = [u, v, w]

u = |PBC|/|ABC| 
etc..

Should P’s texture coordinates be (u, v)?



Texture Coordinates

A

B

C

P

P = uA + vB + wC

Barycentric Coordinates 
 of  P = [u, v, w]

u = |PBC|/|ABC| 
etc..

Allow indirection: T(P) = uT(A) + vT(B) + wT(C),   
                                             with some T(A), T(B), T(C)



Parameterization

Point maps to a line



Parametrically defined surface

x(t), y(t), z(t)x(t) = at2 + bt + c

x(u, v), y(u, v), z(u, v)

u

v



Mapping to Plane

•(Local) Homeomorphism (i.e., bijective, invertible, continuous)  
➡ Allows operation in 2D (textures, remeshing, animation, paths) 

•Surface should be locally “flat,” (two linearly independent directions) 

•3D to 2D mapping involves distortion 
➡ We want to reduce distortion (multiple ways to define) 
➡ Posed as local “energy”, leading to a procedure to minimize that energy 

• “Flat” surfaces are easier to parameterize 

• “Cut” 3D mesh into relatively flat “patches” 
➡ Parameterize each patch 
➡ Pack 2D shapes on to a plane

[U Hawaii]
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Distortion Types

•Distortion can be defined on length, angle, area, or a combination 

•Area distortion 
➡ uniform scaling is expected, non-uniform scaling sometimes accepted 

•Angle distortion (shear) 
➡ Poor quality, avoid

u

v



•Isometric mapping 
➡ All lengths are preserved 

•Conformal mapping 
➡ Angles and shapes are locally preserved 
➡ No flips 

•Harmonic mapping 
➡ Minimizes stretching, including low angular distortion 
➡ May not be injective 

•Reproduction property 
➡ For a planar mesh with an affinely mapped boundary, the entire mapping should be affine 

Parameterization Properties

Minimizes Dirichilet energy: 

                        ∫S
|∇u |2 + |∇v |2



Mean Value Coordinates

•Harmonic maps satisfy the mean value theorem (MVT): 
➡ At a point in the planar domain, the value of a harmonic function is always equal 

to the average of its values around any circle centered at that point 
➡ Find a map satisfying MVT at every interior vertex v, so: 

‣ Consider a circle Ci with “small” radius ri centered at vertex pi ⇒ 

•Discretization leads to a set of linear equations to solve

T(pi) = 1
2πri ∫Ci

T(p)ds

∑
j∈nbri

wij (T(pj) − T(pi)) = 0 for each edge pi pj

T is texture coordinate (u or v)



Comparison
Parameterized, and remeshed by projecting a grid on uv back to 3DSurface Parameterization 15

(a) (b) (c) (d) (e)

Fig. 9. Remeshing a triangle mesh with a regular quadrilateral mesh using different
parameterization methods.

a harmonic map. It is based on mean value coordinates and motivated as ex-
plained below. The numerical results are quite similar to the shape-preserving
parameterization. Fig. 9 shows the result of first mapping a triangle mesh
(a) to a square and then mapping a regular rectangular grid back onto the
mesh. The four mappings used are barycentric (b), discrete harmonic (c),
shape-preserving (d), and mean value (e).

The idea in [18] is the observation that harmonic functions (and therefore
also harmonic maps) satisfy the mean value theorem. At every point in its
(planar) domain, the value of a harmonic function is equal to the average
of its values around any circle centred at that point. This suggests finding a
piecewise linear map f : ST → S∗, for a planar triangular mesh ST , which
satisfies the mean value theorem at every interior vertex vi of the mesh. We
let Γi be a circle centred at vi with radius ri > 0 small enough that Γi only
intersects triangles in T which are incident on vi. We then demand that

f(vi) =
1

2πri

∫

Γi

f(v) ds.

Some algebra then shows that independent of ri > 0 (for ri small enough), the
above equation is the same as Equation (7) but with the weights wij replaced
by

wij =
tan(δij/2) + tan(γij/2)

||vj − vi||
,

with the angles shown in Fig. 8. When ST is a surface mesh, we simply use
the same weights with the angles δij and γij taken from the mesh triangles.
For a recent in-depth comparison of computational aspects of discrete har-
monic maps and mean value maps, including multilevel solvers, see Aksoylu,
Khodakovsky, and Schröder [1].

Energy minimization

We have seen that mean value maps discretize harmonic maps in a certain
way, but in contrast to discrete harmonic maps they are not the solution

[Floater]
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General Parameterization
suppose parameters of 
the boundary are given

unknowns

A patch

u

v



General Parameterization

Energy = 1/2 ∑ kij lij2

Force on vertex pi = ∑ kij lij
j ∈ nbr(i)

all edges ij

Net Force on pi = ∑kij (ui – uj) = 0

pi

⇒ ∑kij ui =  ∑kij uj

ui =  ∑𝞴ij uj 𝞴ij =  kij/∑kijaffine combination

j     i

suppose parameters of 
the boundary are given

unknowns

A patch

u

v



General Parameterization

Energy = 1/2 ∑ kij lij2

Force on vertex pi = ∑ kij lij
j ∈ nbr(i)

all edges ij

Net Force on pi = ∑kij (ui – uj) = 0

pi
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j     i

suppose parameters of 
the boundary are given

unknowns

A patch
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(Barycentric map: 𝞴ij = 1/degi)



‘Mean’ Barycentric Coordinates

αij

βij

kij =
tan

αij

2 + tan
βij

2
|pj − pi |

Mean value Coordinates

On the surface

pi

pj



‘Mean’ Barycentric Coordinates

αji

βji αij

βij

kij =
tan

αij

2 + tan
βij

2
|pj − pi |

Mean value Coordinates

On the surface

pi

pj

similarly kji



              Fix shape 

Parameterize by chord-length

‘Mean’ Barycentric Coordinates

αji

βji αij

βij

kij =
tan

αij

2 + tan
βij

2
|pj − pi |

Mean value Coordinates

r

l = ∑li

li

2πr li/l

On the surface

pi

pj

similarly kji

Parametrize 
Boundary


