Optimal Merge (A,B)
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- Select first element of each block

Optimal Merge (A,B)

- Use the fast, non-optimal algorithm on small enough subsets

- Subdivide A and B into blocks of size /ig n (llg = log log)

- A A,

- B, B,, ..

-A,:p1!p2"

-B,:CH’QZ"
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Optimal Merge (A,B)

Use the fast, non-optimal algorithm on small enough subsets

- Subdivide A and B into blocks of size /ig n (lig = log log)
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Use the fast, non-optimal algorithm on small enough subsets

Optimal Merge (A,B)

Subdivide A and B into blocks of size llg n (lig = log log)
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Optimal Merge (A,B)

Use the fast, non-optimal algorithm on small enough subsets

Subdivide A and B into blocks of size llg n (lig = log log)
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Optimal Merge (A,B)

Use the fast, non-optimal algorithm on small enough subsets

Subdivide A and B into blocks of size llg n (lig = log log)
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Optimal Merge (A,B)

Use the fast, non-optimal algorithm on small enough subsets

Subdivide A and B into blocks of size llg n (lig = log log)

1
< Ay o apen L
- B., B, .. A'\o«Lo/f/ = find rank in A
n/llg n \ B T '
Select first element of each block " FARK NS - KNOwN merge
n/llg n ’
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B lllgn initial
> block FES

Merge O(llg n) sized blocks O(n/llg n) times



1. Merge A’ and B’ — find Rank(A’:B’), Rank(B’:A)

= Use fast non-optimal algorithm

» Time = O(log log n), Work = O(n)

2. Compute Rank(A’:B) and Rank(B’:A)

- |f qank(pi,

» Sequentially: Time = O(log log n), Work = O(n)

3. Compute ranks of remaining elements

» Sequentially: Time = O(log log n), Work = O(n)

3) is r;, p; lies in block

3,

Optimal Merge (A,B)
(Analysis)




Min-fina
Input: array A with n elements

CRCW

Algorithm A1 using O(n2) processors:

forall 1 in [0:n)

W S e

forall 1,] in[0:n)
if 1] && Alil] <AJj] A

| T - ¢
M[j] =0
forall i in (0:N]
if M[i]=1 O(1) time, O(n2) work: Not optimal

min = AJi]



Optimal Min-find

- Balanced Binary tree

= O(log n) time

= O(n) work => Optimal

- Make the tree branch quicker
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From n2 processors to nyn

| I Y - | | O O Yo ———
.O000000000
n
min [
Algorithm A2 A2 work
Step 1: Partition into disjoint blocks of size \/ﬁ
Step 2: Apply A1 to each block n\/g
Step 3: Apply A1 to the results from the step 2 n
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From ny/n processors to n1+1/4

l

A2

U R R R
-« () ) & 63

Algorithm A3 A3 WOrk A2 WOrk

Step 1: Partition into disjoint blocks of size
Step 2: Apply A2 to each block n\/;
Step 3: Apply A2 to the results from the step 2 n n
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Algorithm Ag+1

1. Partition input array C (size n) into disjoint blocks of size n'/2 each
2. Solve for each block in parallel using algorithm Ay

3. Re-apply A, to the results of step 2: minimum of n!/2 minima

A1 Ao As
16 elements n2 > pl+l/2 s plii/a s plil/8 s pl+l/2k ~plte

JUNHHRAI 256

Algorithm A, takes ?? with 7€ processors

||

|
16 nodes
64 elements

Doubly-log depth tree: 7= 0(1) at leaf

64 nodes 4p
128 elements

n loglog n work, loglog n time



- Constant-time algorithm

= O(Nn2) work

- O(log n) Balanced tree approach

= O(n) work Work-Optimal

. loglog n) Doubly-log depth tree approach
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. Accelerated Cascading
Solve recursively

Start bottom-up with the optimal algorithm

JURHMARENA 256

- until the problem sizes is smaller

IR cr

Switch to fast (non-optimal algorithm)

- A few small problems solved fast but non-work-optimally

4p
AVAVAVA
Min Find: && oo n/Ignl
llgn
- Optimal algorithm for lower loglog n levels - ﬂ

Y
- Then switch to O(n loglog n)-work algorithm o(n) work, O(loglog n) time



Quick Sort

QuickSort(int A[], int first, int last)

) - {
Choose the pivot Select random m in [first:last]

// Alm] is pivot

forall i in [first:last]

— flagli] = Ali] < Alm];

- Subdivide into two groups Split(A); // Separate flag values 0 and 1

» Select median?
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+ Choose the pivot

» Select median?

- Subdivide into two groups
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Quick Sort

QuickSort(int A[], int first, int last)
{

Select random m in [first:last]

// Alm] is pivot

forall i in [first:last]

flag[i] = A[i] < A|m];
Split(A); // Separate flag values 0 and 1
// Prefix sum, A[P[m]] = A[m]
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Quick Sort

QuickSort(int Af], int first, int last)
) | {
(noose the pivot Select random m in [first:last]
// Alm] is pivot
forall | in [first:last]
flagli] = Ali] < Alm];

= Select median?

* Subdivide into two groups Split(A); // Separate flag values 0 and 1
| . T // Prefix sum, A[P[m]] = A|m]
= Group sizes linearly related with high Quicksort A[first:k-1] and A[k+1:last]
orobability (expect log(n) rounds) !
- Sort each independently in parallel @ | @ 2 2 @ @
» Time per round = O(log n) flag

* Work per round = O(n)  T1(n)~T(n/2) + O(log n) (i - psum(i]) + psum[n-1] + 1
W(n) ~ 2W(n/2) + O(n)

Siuloooin [Kunnei



Merge Sort

- Partition data into two halves

= Assign half the processors to each half

+ Sort each half in parallel

AT A LAl DAl DA A

G N G S
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Sort each partition
and Merge

p processors (o processors)

at each level eeoe
Divided into groups, Me ' palr Withh W(n)/p + T(n) =
one merger per group p-eiements eac O(( n Ig n)/p + O(lg n Igig n)
Merge/paixs with Merge pairs with eoe

n/p-elements each
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O((n Ig n)/p + O(lg n Iglg n Merge Sort

- Divide into p groups

= |ocally sort each group

= n/p log (n/p) = O((n log n)/p)

- Parallel merge p groups

= Binary tree: log(p) stages

el e e
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- Partition into p groups Hyper Quick Sort

= Sort each group independently in O(n/p log n) time
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- Partition into p groups Hyper Quick Sort

= Sort each group independently in O(n/p log n) time
- Pivot = median of any one group

- Partition each group into “<pivot” and “>pivot” sets
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- Partition into p groups Hyper Quick Sort

= Sort each group independently in O(n/p log n) time

- Pivot = median of any one group
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artition each group into “<pivot” and “> | =

= Binary search for pivot in (log n
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Partition into p groups Hyper Quick Sort

= Sort each group independently in O(n/p log n) time

] B (

Partition each group into “<pivot” and “>pivot” se

= Binary search for pivot in (log n) .nts '

- Merge p/2 “<pivot” pairs, and p/2 “>pivot” pairs

Pivot = median of any one groug

n/p
ents

O(n/p log n) time

= Each sequentially: O(n/p) with high probability

- Low = p/2 “<pivot” lists; High = p/2 “>pivot” lists

= Recurse on Low with p/2 processors and High with p/2 processors .
Slulooieln KuinneElr



Parallel Bucket Sort
Divide the range [a,b] of numbers into p sub-ranges

Partition input into p equal-sized blocks

Processor p; sorts the elements in block j into p bins
= pin k for sub-range k

= “Send” i bucket to p;

- p;collects bucket i from all processors

= For uniformly distributed input, expected bucket size is uniform

Processor p;locally sorts bucket i



Parallel Bucket Sort
Divide the range [a,b] of numbers into p sub-ranges

Partition input into p equal-sized blocks O(n/p log n/p + p log p)?

Processor p; sorts the elements in block j into p bins
= pin k for sub-range k

= “Send” i* bucket to p;

- p;collects bucket i from all processors

= For uniformly distributed input, expected bucket size is uniform

Processor p;locally sorts bucket i Real risk of load imbalance



Parallel Bucket Sort
Divide the range [a,b] of numbers into p sub-ranges

Partition input into p equal-sized blocks O(n/p log n/p + p log p)?

Processor p; sorts the elements in block j into p bins

Choose evenly separated splitters from data for bucketing
Choose a sample of sufficient size s

Sort the samples
Choose B-1 evenly spaced samples

= pin k for sub-range k

= “Send” i* bucket to p;

pi collects bucket i from all processors

= For uniformly distributed input, expected bucket size is uniform

Processor p;locally sorts bucket i Real risk of load imbalance



Parallel Splitter
- Partition n elements equally into B blocks Selection

- (Quick)Sort each block (n/B log n/B)

- From each sorted block:

= Choose B-1 evenly spaced samples

- Sort B*(B-1) samples (B2 log B)

= Choose B-1 evenly spaced splitters

- Arrange elements by bucket in output array  (n/B + B log B)

= No bucket contains more than 2*n/B elements



_ Arrange Elements
+ For each input element

= Find its bucket: Binary search Splitters (n/B + B log B)

- Count the number of elements in each bucket

= Find destination using B-1 prefix sums




Matrix Multiplication

+ AsSsume n3 processors

- forall i,j,k: Cijk = Air™ Bi;




Matrix Multiplication
A  p'p blocks n*n items

SN uln
- —ach row In parallel
D2 PrOCESSOrsS All-Gather in row 1
p;; computes G Ci LYRYS|  A|[-Gather in row 2
B
n*n items
0*p blocks

Siuloooln IKwuinnei!



Matrix Multiplication
A  p'p blocks n*n items

C = A'B :
- —ach row In parallel
p2 DroCcessors A“-Gather N row
p;i computes G Lss PRV /\||-Gather in row 2
B
5D blocks All-Gather in row 1: pijto pij

forall j in [O:p)
All-Gather in column j: pij to Pj;

Siuleoelh Kunnelr



Matrix Multiplication
A  p'p blocks n*n items

C = A'B :
- —ach row In parallel
p2 DroCEesSOors A“-Gather N row
p;i computes G Lss PRV /\||-Gather in row 2

Communication:
2p*[s+t(n/p)?]

Computation:

forall i in [0:p) p*(n/p)3 = n3/p?
All-Gather in row 1: pijto pjj

B

Nn*N items

0*p blocks
forall j in [O:p)

All-Gather in column j: pijto p;;
Memory: (2p+1)(n/p)? /block of C, p2 blocks

Siulooein IKwuihneEl!




Matrix Multiplication
* ko (Efficient Streaming)
C - AR A  p’p blocks n*nitems

for i, ] € [in)i 2*[s+t(n/p)2]
Send Aij to Pi(j-i+p)%p],

and Bi;j 1O Py(i-j+p)%pl;
forall pij: Cij = Aij ™ Bij

for step in [1:p):  p*[s+i(n/p)?
Circular-shift A;j one block left

B and B;j one block up
: forall pii: Cii += Ai; * Bij
n*n items N Aoy
i Cannon’s Algorithm
*p blocks Cij = 2k Aifi+j+i%p] ~ Bii+j+k)%pl

Memory: 3(n/p)?2 /block of C, p2 blocks




