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Parallel	Speedup,	Sp		=
							Exec	0me	using	1	processor	system	(t1)	

												Exec	0me	using	p	processors	(tp)

Parallel	Efficiency,						=
Sp	
p

ℰp Parallel	Cost,	Cp	=	p	×	tp

Performance	Metrics

Cost	Op0mal	if	Cp	=	t1

Look	out	for	inefficiency:	
	 t1	=	n3	
	 tp	=	n2,	for	p	=	n2	
	 Cp	=	n4

Paralleliza0on	Overhead								
																												op			=		p	×	tp	–	t1
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Parameterize with “p”
• Algorithms scale up to a processor count, p

➡ A larger value of p raises the expectation that the algorithm scales well

• Just count the number of computations?

➡ One unit of work done per processor at step i 

➡ (Common clock: steps proceed at the same rate)

• To execute using fewer processors p# < p, where p = max(pi)

➡ Simulate each step (that uses pi processors) thus:

t(n,p)

∑
i=0

pi

#processors 
active at step i

#steps
Work = 
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• Design algorithm in terms of 

➡ Total work done per ‘time step’: Wi(n) 

➡ t(n) steps 

• Total work done W(n) = ∑Wi(n)

• Given p processors, at step i:

➡ divide the work Wi(n) among p processors 

‣ Time <= ∑⎡(Wi(n)/p⎤<=⎣W(n)/p)⎦+ t(n) 

• Cost = t(n,p) * p

Work Time 
Scheduling Principle

Work	<=	Cost:	
	Cost	op0mality	is	more	stringent.

• Work = Cost if: 

➡ p * t(n,p)  = O(W(n))  

➡ Or, p  = O(W(n)/t(n,p))

t(n)

∑
i=0

Wi

work at step i

#steps



Subodh Kumar

Amdahl’s Law

• f = fraction of the problem that is sequential
➡   ⇒(1 – f ) = fraction that is parallel

• Best parallel time

➡ 				Frac0on	(1-f)	equally	shared	by	p	processors	

• Speedup with p processors: Sp = 1
f + 1 − f

p

tpar = tseq (f + 1 − f
p )
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Amdahl’s Law

S∞ = 1
f

• Speed-up	due	to	p	processors	

• Upper	bound	on	speedup	at	p	→	∞

Sp = 1
f + 1 − f

p
→ 0
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Amdahl’s Law
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Figure 3.5: Maximum speed-up possible
with different processor counts (in
idealized setting)the speed-up of 9 likely requires many more than a hundred proces-

sors. Second, for weakly scaling solutions, larger problems could be
solved efficiently on larger machines, even if the small problem does
not scale beyond a hundred processors. Gustafson’s law accounts for
precisely that.

3.7 Gustafson’s Law

Gustafson12 redirects Amdahl’s equation to bring the size of the 12 John L. Gustafson. Reevaluating
amdahl’s law. Commun. ACM, 31(5):
532–533, May 1988. ISSN 0001-0782

problem into the mix. Suppose that the time spent in sequential
components by a parallel program is t(n, p) f , and the time spent in
the parallel part is t(n, p) (1 � f ). The fraction is now in terms of the
execution time of the parallel program (and can vary with p). The
sequential fraction also includes all overheads, meaning the (1 � f )
fraction of the time is spent in fully parallel computation keeping all
processors busy.

Given that breakup, any sequential implementation must take
t(n, p) f + pt(n, p) (1 � f ) time. After all, the single processor must
perform the work of each of the p processors, one at a time. This
means that the speed-up of the parallel implementation over the
sequential one is:

t(n, p) f + t(n, p) (1 � f ) p
t(n, p)

= f + p(1 � f ) (3.13)

Note that the fractions f used by Amdahl and Gustafson are differ-
ent In Amdahl’s treatment, f represents the fraction of a sequential
program that is not parallelized, and f does not vary with p, whether
the problem size n grows or not. In Gustafson’s treatment, f accounts
for the overheads of parallel computation. This fraction relative to
the parallel execution time remains constant even as n and p change.

S∞ = 1
f

f	=	10%,	S∞	→	1	/	0.1	=	10

• Speed-up	due	to	p	processors	

• Upper	bound	on	speedup	at	p	→	∞

Sp = 1
f + 1 − f

p
→ 0
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Speedup saturates and efficiency drops
(Amdahl's law)
But the limit depends on n:
          size of the problem

Example Scaling

p

S

5 10 15 25 350
5

10
15

25

35

n=64

n=192

n=512

data cf [Gramma et al.]

Speedup versus the number of processing 
elements for adding a list of numbers
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Gustaffson’s Law

• Observation: applications seem to exceed Amdahl’s speed-up

➡ (i.e., assumption are too restrictive) 

• As p increases, the opportunity for parallelization can also increase
f = fraction of 
time spent in 
sequential work

= t(n,p)      Time taken for a problem on p processors = tseq + tpar
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• As p increases, the opportunity for parallelization can also increase
f = fraction of 
time spent in 
sequential work
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Gustaffson’s Law

• Observation: applications seem to exceed Amdahl’s speed-up

➡ (i.e., assumption are too restrictive) 

• As p increases, the opportunity for parallelization can also increase
f = fraction of 
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⇒ Sp = t(n,1)
t(n, p) = f+p (1−f)
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Gustaffson’s Law

• Observation: applications seem to exceed Amdahl’s speed-up

➡ (i.e., assumption are too restrictive) 

• As p increases, the opportunity for parallelization can also increase
f = fraction of 
time spent in 
sequential work

⇒ Sp = t(n,1)
t(n, p) = f+p (1−f) ≠

1
f + 1 − f

p

(Amdahl’s law)

= t(n,p)
(1-f ) t(n,p)f t(n,p)

Sp
ee

du
p

p

f = .5

f = .75

f = .25
t(n,1) = f t(n, p) + p (1−f) t(n, p)

      Time taken for a problem on p processors = tseq + tpar
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Karp Flatt metric

• Es0mate	the	frac0onal	part

f
Sp = 1

f + 1 − f
p

⇒ Sp = p
pf + 1 − f

⇒ f =
1
Sp

− 1
p

1 − 1
p

⇒ p
Sp

− 1 = (p − 1)f

(Amdahl’s law)

Measure speedup, 
estimate the sequential fraction
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• Rate at which problem size must grow (as a 
function of p) to maintain constant efficiency

➡ If n need not grow with p ⇒ Strongly scalable

‣ Weakly scalable, otherwise

‣ Lower rate of growth needed ⇒ More Scalable

ℰ(n, p) = t(n,1)
p t(n, p)

Isoefficiency: 
Measure of Scalability
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• Rate at which problem size must grow (as a 
function of p) to maintain constant efficiency

➡ If n need not grow with p ⇒ Strongly scalable

‣ Weakly scalable, otherwise

‣ Lower rate of growth needed ⇒ More Scalable

ℰ(n, p) = t(n,1)
p t(n, p)

Isoefficiency: 
Measure of Scalability

“problem size”t(n,1) = ℱ(n)

ℐ(p) = Θ(p log p)

t(n, p) = Ω ( n
p

+ log p)
t(n,1) = Ω(n)

Example: Measure of problem size s.t.ℰ = kn(p)

= k?

pt(n, p) = Ω (n + p log p)

→ ℐ(p)

if= Ω(t(n,1)) = Ω(n)
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• Rate at which problem size must grow (as a 
function of p) to maintain constant efficiency

➡ If n need not grow with p ⇒ Strongly scalable

‣ Weakly scalable, otherwise

‣ Lower rate of growth needed ⇒ More Scalable

ℰ(n, p) = t(n,1)
p t(n, p)

Isoefficiency: 
Measure of Scalability

“problem size”t(n,1) = ℱ(n)

Isoefficiency Function ℐ(p) = Θ(o(p))

ℐ(p) = Θ(p log p)

t(n, p) = Ω ( n
p

+ log p)
t(n,1) = Ω(n)

Example: Measure of problem size s.t.ℰ = kn(p)

= k?

pt(n, p) = Ω (n + p log p)

→ ℐ(p)

if= Ω(t(n,1)) = Ω(n)


