COL 702, Practice problems - not for submission
1. A coffee can contains some black beans and white beans. The following process is repeated as long as possible.
Randomly select two beans from the can. If they have the same color, throw them out, but put another black
bean in. (Enough extra black beans are avail- able to do this.) If they are different colors, put the white one
back into the can and throw the black one away. Prove that the process stops with exactly one bean in the can.
Can you claim anything about the color of the final bean ?
2. Consider the following algorithm that scans an array of m elements. Prove that if there is any element in the
input that occurs at least d m
2 e times then it is output in the end. (What happens if there is no such element) ?
Procedure Finding Majority of n elements in Array a
1
2
3
4
5
6
7

count
0;
for i = 1 to m do
if count = 0 then
maj
a[i] (* initalize maj *)
if maj = a[i] then
count
count + 1
else
count
count 1 ;
Return maj ;
Figure 1: Majority Voting Algorithm
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CSL 356: Problem Set 0

1. Sort the functions given below from asymptotically smallest to asymptotically largest, indicating ties if
there are any.
p
p
p
p
p
p
lg(( n)!), lg( (n!)), lg(n!), (lg( n))!, ( (lg n))!, (lg n)!
2. Solve the following recurrences. State tight asymptotic bounds for each function in the form ⇥(f (n)) for
some standard mathematical function f (n).
p
(a) A(n) = 2A(n/4) + n
(b) B(n) = 3B(n/3) + n/ lg n
(c) C(n) =

2C(n 1)
C(n 2)

(d) D(n) = D(n

1) + 1/n

3. We are given 10 distinct numbers a1 , . . . , a5 and b1 , . . . , b5 . We know that a1 < a2 < a3 < a4 < a5 and
b1 < b2 < b3 < b4 < b5 . Our aim is to find the median of these 10 numbers (i.e., the 5-th smallest), using
as few key comparisons in the worst-case as possible.
• Draw a decision tree for one such method.

• What is the worst-case number of comparisons made by your decision tree?
4. The nth Fibonacci binary tree Fn is defined recursively as follows:
• F1 is a single root node with no children.
• For all n 2, Fn is obtained from Fn
to every node that has only one child.
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by adding a right child to every leaf and adding a left child

(a) Prove that the number of leaves in Fn is precisely the nth Fibonacci number: F0 = 0, F1 = 1, and
Fn = Fn 1 + Fn 2 for all n 2.
(b) How many nodes does Fn have? For full credit, give an exact, closed-form answer in terms of Fibonacci
numbers, and prove that your answer is correct.
(c) Prove that the left subtree of Fn is a copy of Fn
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2.

