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The k-center Problem

k-center on a Metric Space

Let (X, D) denote a metric space. Given a set of points S C X,
and an integer k, output a set T C X of points (called centers)
such that | T| = k and the following cost function is minimised:

(S, T) = in D(x, 2).
(S, T) = maxmin D(x, 2)

.

Figure: What is the solution for the 2-center problem for the above 2-D
dataset?
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The k-center Problem

k-center on a Metric Space

Let (X, D) denote a metric space. Given a set of points S C X,
and an integer k, output a set T C X of points (called centers)
such that | T| = k and the following cost function is minimised:

®(S, T) = maxmin D(x, z).
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o How hard is the k-center problem?
o NP-hard.
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The k-center Problem

k-center on a Metric Space

Let (X, D) denote a metric space. Given a set of points S C X,
and an integer k, output a set T C X of points (called centers)
such that | T| = k and the following cost function is minimised:

(S, T) = in D(x, 2).
(S, T) = maxmin D(x, 2)

.

Approximation algorithm for k-center (Pick-farthest)

- Pick any z € S and set T = {z}

- While | T| < k
- z = arg maxyes minge 7 D(xX, t)
- T+ TUu{z}
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The k-center Problem
k-center on a Metric Space

Let (X, D) denote a metric space. Given a set of points S C X,
and an integer k, output a set T C X of points (called centers)
such that | T| = k and the following cost function is minimised:

(S, T) = in D(x, 2).
(S, T) = maxmin D(x, 2)

Approximation algorithm for k-center (Pick-farthest)

- Pick any z € S and set T = {z}

~ While |T| < k
- z = arg maxyes minge7 D(x, t)
- T+ TU{z}

o Claim: The above algorithm gives a factor-2 approximation.
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The k-center Problem

k-center on a Metric Space

Let (X, D) denote a metric space. Given a set of points S C X,
and an integer k, output a set T C X of points (called centers)
such that | T| = k and the following cost function is minimised:

(5, T) = in D(x, z).
(S, T) = maxmin D(x, z)

.

Approximation algorithm for k-center (Pick-farthest)

- Pick any z € S and set T = {z}

- While | T| < k
- z = arg maxyes minge7 D(xX, t)
- T+ TU{z}

@ Claim 1: The above algorithm gives a factor-2 approximation.

o Claim 2: Getting approximation factor of 2 — ¢ for any € > 0
is NP-hard.
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Hierarchical Clustering J
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Hierarchical Clustering

@ When clustering data by solving the k-means/median/center
problem, how do we know the value of k (i.e., the number of
clusters)?

o Idea 1: Run algorithms for various values of k.
o ldea 2: Hierarchical Clustering: Do a recursive partitioning of
the dataset. This gives clustering for all values of k.
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Hierarchical Clustering

o When clustering data by solving the k-means/median/center
problem, how do we know the value of k (i.e., the number of
clusters)?

o Idea 1: Run algorithms for various values of k.
o Idea 2: Hierarchical Clustering: Do a recursive partitioning of
the dataset. This gives clustering for all values of k.

o Is it possible to do a hierarchical clustering of a given dataset
such that for all k, the clustering corresponding to k is
optimal?
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Hierarchical Clustering

o When clustering data by solving the k-means/median/center
problem, how do we know the value of k (i.e., the number of
clusters)?

o Idea 1: Run algorithms for various values of k.
o Idea 2: Hierarchical Clustering: Do a recursive partitioning of the
dataset. This gives clustering for all values of k.

o Is it possible to do a hierarchical clustering of a given dataset
such that for all k, the clustering corresponding to k is optimal?
@ Is it possible to design approximation algorithms?
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