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Outline

• Why theory of computation?

• Axiomatic systems and formal reasoning Mechanising
mathematics.

• Computation and its limits Computability theory.

• Efficient computation and its limits Computational
Complexity Theory.

• Beyond classical proofs Modern applications.
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Outline

• Why theory of computation? Division algorithm (circa 2500
BC), Euclid’s algorithm (circa 300 BC), Compass and
straight-edge constructions (circa 200 BC), Sieve of Eratosthenes
(circa 200 BC), Chinese remainder theorem (circa 400 AD),
Kut.t.aka (circa 500 AD)

• Axiomatic systems and formal reasoning Mechanising
mathematics.

• Computation and its limits Computability theory.

• Efficient computation and its limits Computational
Complexity Theory.

• Beyond classical proofs Modern applications.
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All triangles are isosceles
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All triangles are isosceles

A

B C
O

Proof: Let O be intersection of the angle bisector of ∠A and the
perpendicular bisector of BC. Then OB = OC, OA common, and

(apparently) ∠OAB = ∠OAC, so by congruence AB = AC.
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Proof: Let O be intersection of the angle bisector of ∠A and the
perpendicular bisector of BC. Then OB = OC, OA common, and

(apparently) ∠OAB = ∠OAC, so by congruence AB = AC.

The proof assumes O lies on the rays AB and AC. If O is outside that wedge
the angle-equality does not match the corresponding interior angles needed for

triangle congruence.
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Formal proofs

Formal Systems

• Symbols: A finite set of symbols

• Syntax: Rules for forming valid statements (well-formed
formulas)

• Axioms: Starting truths

• Inference Rules: Mechanical rules for deriving new truths from
old ones

Example: Propositional Logic

• Symbols: P,Q,R,∧,∨,¬,→,↔, (, )

• Syntax: If P is a formula, then ¬P is a formula

• Axiom: P → (Q → P ), (P → (Q → P )) → ((P → Q) → (P → R))

• Inference Rule: Modus Ponens (From P ‘ and P → Q, infer Q)
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Euclid’s Axioms

(E1) Given any two distinct points, there exists a unique straight line
containing both.

(E2) Every line segment can be extended indefinitely in both directions.

(E3) For any point A and any distance r > 0, there exists a circle with
center A and radius r.

(E4) All right angles are congruent.

(E5) (Parallel Postulate) If a line intersects two lines so that the sum of
the interior angles on one side is less than two right angles, then
the two lines intersect on that side.
Equivalently, Given a line ℓ and a point P /∈ ℓ, there exists
exactly one line through P that is parallel to ℓ.
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Euclid’s Axioms
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Hilbert’s Program

Mechanising Mathematics

Goal: Axiomatize mathematical theories
using Formal Logic. Reduce theorem
proving to mechanical manipulation of
axioms using simple inference rules.

The Entscheidungsproblem

Is there an effective procedure to check if a
given logical formula is provable from the
axioms?

David Hilbert (1862-1943)
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Goal: Axiomatize mathematical theories
using Formal Logic. Reduce theorem
proving to mechanical manipulation of
axioms using simple inference rules.

The Entscheidungsproblem

Is there an effective procedure to check if a
given logical formula is provable from the
axioms?

Effective procedure: A sequence of
instructions that can be mindlessly
executed, and which finishes in a finite
amount of time.

David Hilbert (1862-1943)
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Hilbert’s Program

Mechanising Mathematics

Goal: Axiomatize mathematical theories
using Formal Logic. Reduce theorem
proving to mechanical manipulation of
axioms using simple inference rules.

The Entscheidungsproblem

Is there an effective procedure to check if a
given logical formula is provable from the
axioms?

Effective procedure: A sequence of
instructions that can be mindlessly
executed, and which finishes in a finite
amount of time. How do you formalize the
notion of an effective procedure?

David Hilbert (1862-1943)
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Defining Computability

Alan Turing
(1912-1954)

Nikhil Balaji (IIT Delhi) Logic, Proof and Computation December 8, 2025 7 / 16



Defining Computability

• Numbers: Encode in binary

• Graphs: Encode as adjacency matrix

• Programs: Encode as source code

• Universal Turing machines exist!

Alan Turing
(1912-1954)
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Defining Computability

• Numbers: Encode in binary

• Graphs: Encode as adjacency matrix

• Programs: Encode as source code

• Universal Turing machines exist!

• Directly influenced EDVAC and the modern
computer science.

• Turing Completeness

Alan Turing
(1912-1954)

John von Neumann
(1903-1957)
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The Halting Problem

The Problem

HALT(⟨P ⟩, x) =

{
“halts” if program P halts on input x

“loops” if program P runs forever on input x

• Assume there exists H solving HALT.

• Construct a “Rebel” program R:

def R(P):

if H(<P>, <P>) == "halts":

loop_forever()

else:

halt()
• What does H(⟨R⟩, ⟨R⟩) return?

• If H(⟨R⟩, ⟨R⟩) says ”halts”, then R(⟨R⟩) loops!
• If H(⟨R⟩, ⟨R⟩) says ”loops”, then R(⟨R⟩) halts!

• R halts on input ⟨R⟩ if and only if R does not halt on input ⟨R⟩.
Therefore, H cannot exist.
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Short and efficiently verifiable proofs

• Most of us are incapable of coming up with
“huge” proofs. Why can’t we restrict ourselves
to “short” proofs?

• For any theorem, let us say we are only
concerned with proofs of length at most n for
some parameter n. What difference does
“mechanical verification” make now?
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Short and efficiently verifiable proofs

• Most of us are incapable of coming up with
“huge” proofs. Why can’t we restrict ourselves
to “short” proofs?

• For any theorem, let us say we are only
concerned with proofs of length at most n for
some parameter n. What difference does
“mechanical verification” make now?

• Proof 1 can be checked in O(nm) steps.

• Proof 2 can be checked in 2O(nm) steps.

• Is there a more “effective” procedure to find a
proof if one exists?

Theorem T

Proof 1.

• Π1

• =⇒ Π2

• . . .

• . . .

• Πn =⇒ T

Theorem T

Proof 2.

• Proof has
nm
characters.
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Short and efficiently verifiable proofs

• Most of us are incapable of coming up with
“huge” proofs. Why can’t we restrict ourselves
to “short” proofs?

• For any theorem, let us say we are only
concerned with proofs of length at most n for
some parameter n. What difference does
“mechanical verification” make now?

• Proof 1 can be checked in O(nm) steps.

• Proof 2 can be checked in 2O(nm) steps.

• Is there a more “effective” procedure to find a
proof if one exists?

• Exercise. Find and compare two proofs of
infinitude of primes in terms of proof length. Is
there in some sense one proof is “better” than
the other?

Theorem T

Proof 1.

• Π1

• =⇒ Π2

• . . .

• . . .

• Πn =⇒ T

Theorem T

Proof 2.

• Proof has
nm
characters.
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Solving a problem vs Checking its Solution
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P vs NP

• Time Complexity of a function f := infAlim|x|→∞TA(|x|)
• P := Problems solvable in time nc time for some constant c

• NP := Problems with efficiently verifiable (in P) solutions.

• NP-complete problems are the “hardest” problems in NP.
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• NP := Problems with efficiently verifiable (in P) solutions.

• NP-complete problems are the “hardest” problems in NP.

• THEOREMS:= {(ϕ, 1n) | ϕ has a proof of length at most n}
• THEOREMS is NP-complete.

ϕ(x1, . . . , xn) =
∧m

i=1(xi1 ∨ xi2 ∨ xi3)

3-CNFSAT := {ϕ | ϕ is satisfiable}
• 3-CNFSAT is NP-complete.

Nikhil Balaji (IIT Delhi) Logic, Proof and Computation December 8, 2025 10 / 16



P vs NP

• Time Complexity of a function f := infAlim|x|→∞TA(|x|)
• P := Problems solvable in time nc time for some constant c

• NP := Problems with efficiently verifiable (in P) solutions.

• NP-complete problems are the “hardest” problems in NP.

• THEOREMS:= {(ϕ, 1n) | ϕ has a proof of length at most n}
• THEOREMS is NP-complete.

ϕ(x1, . . . , xn) =
∧m

i=1(xi1 ∨ xi2 ∨ xi3)

3-CNFSAT := {ϕ | ϕ is satisfiable}
• 3-CNFSAT is NP-complete.

• Exercise. Convert the sudoku
problem in the previous slide to a
SAT instance. Can you use a SAT
solver (MiniSAT) to solve it?
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NP-complete problems

• Clique, Independent set, Hamiltonian path,
Vertex cover, 3-coloring, 0–1 integer
programming, Set cover, Knapsack,
Partition, Hitting set, . . .
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NP-complete problems

• Clique, Independent set, Hamiltonian path,
Vertex cover, 3-coloring, 0–1 integer
programming, Set cover, Knapsack,
Partition, Hitting set, . . . Can you color a
given map with 3-colors, s.t. bordering states
have diff. colors?

Nikhil Balaji (IIT Delhi) Logic, Proof and Computation December 8, 2025 11 / 16



NP-complete problems

• Clique, Independent set, Hamiltonian path,
Vertex cover, 3-coloring, 0–1 integer
programming, Set cover, Knapsack,
Partition, Hitting set, . . . Can you color a
given map with 3-colors, s.t. bordering states
have diff. colors?

• All these problems are equally hard.

• Consequence: Given a statement ϕ and a
number n, we can construct a map with nc

regions such that the map is 3-colorable if
and only if ϕ has a proof of length at most n.
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NP-complete problems

• Clique, Independent set, Hamiltonian path,
Vertex cover, 3-coloring, 0–1 integer
programming, Set cover, Knapsack,
Partition, Hitting set, . . . Can you color a
given map with 3-colors, s.t. bordering states
have diff. colors?

• All these problems are equally hard.

• Consequence: Given a statement ϕ and a
number n, we can construct a map with nc

regions such that the map is 3-colorable if
and only if ϕ has a proof of length at most n.

• Many thousands more from various fields:
Biology (protein folding), Economics
(portfolio optimisation), engineering
(scheduling), . . . .
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NP-complete problems

• Clique, Independent set, Hamiltonian path,
Vertex cover, 3-coloring, 0–1 integer
programming, Set cover, Knapsack,
Partition, Hitting set, . . . Can you color a
given map with 3-colors, s.t. bordering states
have diff. colors?

• All these problems are equally hard.

• Consequence: Given a statement ϕ and a
number n, we can construct a map with nc

regions such that the map is 3-colorable if
and only if ϕ has a proof of length at most n.
Exercise. Give a 3-CNF formula ϕ produce
a graph G such that G is 3-colorable if and
only if ϕ is satisfiable.
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The Million-Dollar Question: P vs NP

If P = NP

• Every efficiently verifiable
problem becomes efficiently
solvable.

• Cryptography collapses (no
hard problems to hide
secrets).

• Optimization, AI search,
scheduling, protein folding
become tractable.

• Massive practical impact:
many NP-hard tasks
suddenly easy.

• “If someone shows P=NP,
then they prove any theorem
they wish. So they would
walk away not just with
1M, but6M by solving all the
Clay Problems!” - Lance
Fortnow, Complexity Blog
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If P = NP

• Every efficiently verifiable
problem becomes efficiently
solvable.

• Cryptography collapses (no
hard problems to hide
secrets).

• Optimization, AI search,
scheduling, protein folding
become tractable.

• Massive practical impact:
many NP-hard tasks
suddenly easy.

• “If someone shows P=NP,
then they prove any theorem
they wish. So they would
walk away not just with
1M, but6M by solving all the
Clay Problems!” - Lance
Fortnow, Complexity Blog

If P ̸= NP

• Some problems require
super-polynomial time to
solve.

• Verifying is fundamentally
easier than finding solutions.

• Modern cryptography
remains secure (based on
assumed hardness).

• There are inherent limits to
efficient computation.

We still do not know which is true.
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Interactive Proofs

• Real-life proof checking is rarely static. There is a healthy dose of
interaction.

• An “interactive” proof allows a prover and a verifier to have an
interactive conversation to convince the verifier of the the validity
of a statement.

• Interaction without randomness = NP

• Randomness can help prove much harder claims!
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Interactive Proofs

• Real-life proof checking is rarely static. There is a healthy dose of
interaction.

• An “interactive” proof allows a prover and a verifier to have an
interactive conversation to convince the verifier of the the validity
of a statement.

• Interaction without randomness = NP

• Randomness can help prove much harder claims!

• A zero-knowledge proof!

• A zero-knowledge proof is a protocol
in which the prover can convince the
verifier that some given statement is
true, without conveying to the verifier
any information beyond the mere fact
of that statement’s truth
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Zero-knowledge proofs

• Cryptography: Authentication without password transmission

• Blockchain: zk-SNARKs in Zcash, Ethereum

• Secure Voting: Prove your vote was counted without revealing it

• Privacy: Prove you’re over 21 without revealing your birthdate
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Summary

• Logic and Proofs have been an important part of development of
CS.

• Seems like a fairly abstract academic enterprise, but surprisingly
many practical applications.

• Proof search captures almost all practically relevant problems in
engineering and science.

• Is P = NP? One of the outstanding mathematical questions of this
century.

• Did not cover: automated theorem proving, formal verification,
proof theory, impact of AI+LLMs?

• . . .

• Suggested reading. Logicomix by Apostolos Doxiadis and
Christos Papadimitriou, Introduction to Theory of Computation
by Michael Sipser.
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Thank You
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