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Data Structures
Queue and Stack

We need a data structure where we can store the state of a
function and extract these saved states in a Last In First
Out (LIFO) order.

Such a Data Structure needs to support the following two
main operations:

1 Push(e): Add element e
2 Pop(): Removes and returns the in LIFO order (or null if the

stack is empty).

Such an abstract data type is called a Stack.

Can you implement a stack using an array?
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We need a data structure where we can store the state of a
function and extract these saved states in a Last In First
Out (LIFO) order.

Such a Data Structure needs to support the following two
main operations:

1 Push(e): Add element e
2 Pop(): Removes and returns the in LIFO order (or null if the

stack is empty).

Such an abstract data type is called a Stack.

Can you implement a stack using an array? What is the
running time for each operation?
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Data Structures
Queue and Stack

Can you implement a stack using an array? What is the
running time for each operation?

Can you implement a stack using a queue? What is the
running time for each operation?

Ragesh Jaiswal, IIT Delhi ACOL106: Data Structures and Algorithms



Data Structures
Queue and Stack

Can you implement a stack using an array? What is the
running time for each operation?

Can you implement a stack using a queue? What is the
running time for each operation?

Can you implement a queue using a stack?
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Data Structures
Queue and Stack

Can you implement a stack using an array? What is the
running time for each operation?

Can you implement a stack using a queue? What is the
running time for each operation?

Can you implement a queue using a stack?

Can you implement a queue using two stacks?
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Data Structures
Queue and Stack

Can you implement a stack using an array? What is the
running time for each operation?

Can you implement a stack using a queue? What is the
running time for each operation?

Can you implement a queue using a stack?

Can you implement a queue using two stacks? What is the
running time for each operation?
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Data Structures
Digression: Queue and Stack → Amortized Analysis

Problem

Implement a Queue using two stacks.

Let the two stacks be A and B.

Enqueue(e): PushA(e)

Algorithm

Dequeue()

- If (A and B are empty)
- return(null)

- If (B is not empty)
- return(PopB())

- while(A is not empty)
- PushB(PopA())

- return(PopB())
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Data Structures
Digression: Queue and Stack → Amortized Analysis

Problem

Implement a Queue using two stacks.

Let the two stacks be A and B.
Enqueue(e): PushA(e)

Algorithm

Dequeue()

- If (A and B are empty)
- return(null)

- If (B is not empty)
- return(PopB())

- while(A is not empty)
- PushB(PopA())

- return(PopB())

What is the running time of each of the basic operations:

Enqueue(e):
Dequeue():
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Data Structures
Digression: Queue and Stack → Amortized Analysis

Problem

Implement a Queue using two stacks.

Let the two stacks be A and B.
Enqueue(e): PushA(e)

Algorithm

Dequeue()

- If (A and B are empty)
- return(null)

- If (B is not empty)
- return(PopB())

- while(A is not empty)
- PushB(PopA())

- return(PopB())

What is the running time of each of the basic operations:

Enqueue(e): O(1)
Dequeue(): O(n)

Ragesh Jaiswal, IIT Delhi ACOL106: Data Structures and Algorithms



Data Structures
Digression: Queue and Stack → Amortized Analysis

Problem

Implement a Queue using two stacks.

Let the two stacks be A and B.
Enqueue(e): PushA(e)

Algorithm

Dequeue()

- If (A and B are empty)
- return(null)

- If (B is not empty)
- return(PopB())

- while(A is not empty)
- PushB(PopA())

- return(PopB())

What is the running time of each of the basic operations:

Enqueue(e): O(1)
Dequeue(): O(n)

Comment: It is very pessimistic to say that the running time of the
Dequeue() operation is O(n) (even though correct).
Is there a better way to analyse the running time in such scenarios
where an operation is costly only sometimes?
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Data Structures
Digression: Queue and Stack → Amortized Analysis

Problem

Implement a Queue using two stacks.

Let the two stacks be A and B.
Enqueue(e): PushA(e)

Algorithm

Dequeue()

- If (A and B are empty)
- return(null)

- If (B is not empty)
- return(PopB())

- while(A is not empty)
- PushB(PopA())

- return(PopB())

Amortized analysis: Per-operation running time averaged over a series
of operations.
Suppose a series of n operations are performed on the queue. What is
the average running time of Dequeue() operation?
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Data Structures
Digression: Queue and Stack → Amortized Analysis

Amortized analysis: Per-operation running time averaged over a series
of operations.
Suppose a series of n operations are performed on the queue. What is
the average running time of Dequeue() operation?

When B is not empty, then the operation takes O(1) times.
When B is empty, then one has to pop all elements from A and push
them into B. This would take O(|A|) time.
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Suppose a series of n operations are performed on the queue. What is
the average running time of Dequeue() operation?

When B is not empty, then the operation takes O(1) times.
When B is empty, then one has to pop all elements from A and push
them into B. This would take O(|A|) time. But, then the next |A|
dequeue operations will take O(1) time.
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Data Structures
Digression: Queue and Stack → Amortized Analysis

Amortized analysis: Per-operation running time averaged over a series
of operations.
Suppose a series of n operations are performed on the queue. What is
the average running time of Dequeue() operation?

When B is not empty, then the operation takes O(1) times.
When B is empty, then one has to pop all elements from A and push
them into B. This would take O(|A|) time. But, then the next |A|
dequeue operations will take O(1) time.

We can compute the total cost by considering the cost per element of
the queue and then sum over all elements.
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Data Structures
Digression: Queue and Stack → Amortized Analysis

Amortized analysis: Per-operation running time averaged over a series
of operations.
Suppose a series of n operations are performed on the queue. What is
the average running time of Dequeue() operation?

When B is not empty, then the operation takes O(1) times.
When B is empty, then one has to pop all elements from A and push
them into B. This would take O(|A|) time. But, then the next |A|
dequeue operations will take O(1) time.

We can compute the total cost by considering the cost per element of
the queue and then sum over all elements.
What is the cost associated with each element?

1 The element is pushed into Stack A.
2 The element (at some point of time) needs to be moved from Stack A

to Stack B.
3 The element is finally popped out from B.
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Data Structures
Digression: Queue and Stack → Amortized Analysis

Amortized analysis: Per-operation running time averaged over a series
of operations.
Suppose a series of n operations are performed on the queue. What is
the average running time of Dequeue() operation?

When B is not empty, then the operation takes O(1) times.
When B is empty, then one has to pop all elements from A and push
them into B. This would take O(|A|) time. But, then the next |A|
dequeue operations will take O(1) time.

We can compute the total cost by considering the cost per element of
the queue and then sum over all elements.
What is the cost associated with each element? 4 operations

1 The element is pushed into Stack A. This costs 1 operation.
2 The element (at some point of time) needs to be moved from Stack A

to Stack B. This costs 2 operations.
3 The element is finally popped out from B. This costs 1 operation.
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Data Structures
Digression: Queue and Stack → Amortized Analysis

Amortized analysis: Per-operation running time averaged over a series
of operations.
Suppose a series of n operations are performed on the queue. What is
the average running time of Dequeue() operation?

When B is not empty, then the operation takes O(1) times.
When B is empty, then one has to pop all elements from A and push
them into B. This would take O(|A|) time. But, then the next |A|
dequeue operations will take O(1) time.

We can compute the total cost by considering the cost per element of
the queue and then sum over all elements.
What is the cost of dequeue associated with each element? 4
operations

1 The element is pushed into Stack A. This costs 1 operation.
2 The element (at some point of time) needs to be moved from Stack A

to Stack B. This costs 2 operations.
3 The element is finally popped out from B. This costs 1 operation.

So, O(n) operations will be performed in total over a series of n
operations.
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Data Structures
Digression: Queue and Stack → Amortized Analysis

Amortized analysis: Per-operation running time averaged over a series
of operations.
Suppose a series of n operations are performed on the queue. What is
the average running time of Dequeue() operation?

When B is not empty, then the operation takes O(1) times.
When B is empty, then one has to pop all elements from A and push
them into B. This would take O(|A|) time. But, then the next |A|
dequeue operations will take O(1) time.

We can compute the total cost by considering the cost per element of
the queue and then sum over all elements.
What is the cost of dequeue associated with each element? 4
operations

1 The element is pushed into Stack A. This costs 1 operation.
2 The element (at some point of time) needs to be moved from Stack A

to Stack B. This costs 2 operations.
3 The element is finally popped out from B. This costs 1 operation.

So, O(n) operations will be performed in total over a series of n
operations.
So, the amortized running time for the operations are:

Enqueue(e): O(1)
Dequeue(): O(1)
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