ACOL106: Data Structures and Algorithms (CSE, IITTD-AD, Semester-1-2025-26) Quiz - 3

Name:

Entry number:

There are 1 questions for a total of 10 points.

1. Given an array A containing n distinct integers (the indices are 0,1,...,n — 1) in increasing order,
we want to determine whether there is an index 0 < i < n — 1 such that A[i] = i (i.e., the i'" index
contains the integer i). Consider the following pseudocode of a recursive procedure for this problem that
outputs any one index in case such an index exists and —1 if no such index is present. The input to the
algorithm is the array A, the start index i, and the end index j (both inclusive). The initial call to the
algorithm is made with the input (A4,0,n — 1).

FindIndex(A,1,j)
-if (§ < 4) return(-1)
mid = (i +)/2]
- if (A[mid] = mid) return(mid)
- if (A[mid] < mid) return(FindIndex (A, mid + 1, 7))
- else return(FindIndex (A, i, mid — 1))

(a) (2 points) Drawing a call tree for an example input is the quickest way to start understanding
a recursive procedure. Complete the incomplete call tree below for input (A,0,9), where A =
[-1,0,1,3,6,7,9,10,11,13] (note that for this array, A[3] = 3).

FindIndex(A, 0, 9)

FindIndex(A,

FindIndex(A,

FindIndex(A,

(b) (2 points) Give running time analysis expressing the running time in big-O notation.
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(¢) Next, we will prove by induction that the above recursive algorithm is correct. Towards this, let us
first define the propositional function:
P(k): Forany 0 < i < j <n-—1with j —i+ 1 = k, the algorithm FindIndex(A,1,j)
returns an index ¢ such that ¢ < ¢ < j and A[t] = ¢ if such an index exists, and outputs —1
if no such index exists.

We will use induction to show that Vk, P(k), which proves the correctness of the algorithm.
i. (3 points) Prove the following claim:
Claim 1: P(1) holds.

ii. (3 points) Complete the proof of the following claim:
Claim 2: If P(1), P(2),..., P(k) hold for an arbitrary k > 1, then P(k+ 1) also holds.

Proof. For any input (4,4, j) where j —i+1 = k+1, the algorithm computes mid = |(i+j)/2]
which satisfies ¢ < mid < j. If A[mid] = mid, then the algorithm correctly returns the index
mid. If not, then there are two cases:

1. A[mid] < mid: In this case, there cannot exist an index ¢ < ¢ < mid such that Aft] =t
because .....ooeeeveeiiiiiinneenens (complete by giving a reason)
So, if there is an index ¢ < ¢t < j such that A[t] = ¢, it can only happen when mid+1 <t < j.
Our algorithm makes a call to (A, mid + 1,7) and returns the answer. This is the correct
answer since P(j — mid) holds from the induction hypothesis.

2. A[mid] > mid: This is symmetric to the first case.

This completes the proof of claim 2. O



