
ACOL106: Data Structures and Algorithms (IITD - Abu Dhabi, Semester-I-2025-26) Homework-14

• This homework will not be graded. So, there will be no submission set up on Gradescope.
However, we will continue to have the quiz based on homework. Please ensure that you
complete the homework problems.

• In addition to the homework problems (which are typically few in number), please attempt
the exercises at the end of every chapter of the textbook. Some of the problems in this
homework are, in fact, from the textbook.

• For algorithm design questions, you may either give pseudocode or explain your algorithm
using Mathematical English. You need to ensure that all steps of your algorithm are clearly
outlined in your write-up. Although we allow you the flexibility of expressing your algorithm
in a paragraph, we prefer that you provide pseudocode, as it is a widely accepted format for
expressing algorithms and is easier to parse.

• Please note that one of the main goals of this course is to design efficient algorithms. So,
there are points for efficiency even though we may not explicitly state this in the question.

1. A tree is defined as an undirected graph that does not contain any cycles. An undirected graph is said
to be connected iff, for every pair of vertices, there is a path between them. For this question, you have
to show the following statement:

Any connected undirected graph with n vertices and (n− 1) edges is a tree.

We will prove the statement using Mathematical Induction. The first step in such proof is to define the
propositional function. Fortunately, for this problem, this is already given in the statement of the claim.

P (n): Any connected undirected graph with n vertices and (n− 1) edges is a tree.

The base case is simple. P (1) holds since any graph with 1 node and 0 edges is indeed a tree. For the
inductive step, we assume that P (1), P (2), ..., P (k) holds for an arbitrary k ≥ 1, and then we will show
that P (k+1) holds. Consider any connected graph G with (k+1) nodes and k edges. You are asked to
complete the argument by doing the following:

(a) Show that G has a node v with degree 1.

(b) Consider the graph G′ obtained from G by removing vertex v and its edge. Now use the induction
assumption on G′ to conclude that G is a tree.

2. Consider the following directed graph and answer the questions that follow:
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(a) Is the graph a DAG?

(a)

(b) How many SCCs (strongly connected components) does this graph have?

(b)

(c) How many source SCCs does this graph have?

(c)

(d) Suppose we run the DFS algorithm on the graph exploring nodes in alphabetical order. Given this,
what is the pre-number of vertex F?

(d)

(e) Suppose we run the DFS algorithm on the graph exploring nodes in alphabetical order. Given this,
what is the post-number of vertex J?

(e)

(f) Is it possible to add a single edge to this graph so that the graph becomes a strongly connected
graph? If so, which edge would you add?

(f)

3. Suppose a degree program consists of n mandatory courses. The prerequisite graph G has a node for
each course and an edge from course u to course v if and only if u is a prerequisite for v. Design an
algorithm that takes as input the adjacency list of the prerequisite graph G and outputs the minimum
number of quarters necessary to complete the program. You may assume that there is no limit on the
number of courses a student can take in one quarter. Analyse running time and give proof of correctness
of your algorithm.

4. You are given a DAG G = (V,E) and want to determine if a path in G exists that visits every vertex
exactly once. See Figure 1 for examples.

Figure 1: The DAG on the left does not have any path that visits all nodes but the DAG on the right has
such a path a → c → b → d.

(a) Design an algorithm for this problem. Your algorithm should output ”yes” if G has such a path
and ”no” otherwise. Give running time analysis and proof of correctness.
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