ACOL106: Data Structures and Algorithms (ITTD - Abu Dhabi, Semester-1-2025-26) Homework-04

There are 4 questions for a total of 50 points.

1. (Concept(s): Amortized analysis for dynamic resizing) We have seen in the lecture that dynamic resizing
of an array is one of the key ideas for managing the space requirements of data structures, such as a
list, that are implemented using arrays. In the class, we were trying to analyse the amortized running
time for the append operation on a list, where the dynamic resizing strategy was to create an array of
double the current size whenever an overflow happens. Answer the following parts:

(a) (5 points) Let us first complete that analysis of the doubling strategy. Show that for any sequence
of n append operations, the total running time is O(n), which implies that the amortized running
time of an append operation is O(1).

(b) (5 points) What is the amortized running time for the append operation, given that the resizing
strategy is to increase the array size by a multiplicative factor of «, (i.e., new size = current size*
a), where 1 < a < 2 is a constant (e.g., a = 1.25).

(c) (5 points) What is the amortized running time for the append operation, given that the resizing
strategy is to increase the array size by 100, i.e., new size = current size + 100.

2. (Concept(s): Amortized analysis for dynamic resizing) In the previous question, we considered the
resizing strategy for only increasing the size. In this question, let us consider two operations on a
list: (i) append, and (ii) pop (i.e., removing the last element). If there is a long sequence of pop
operations, then the size of the list will become small compared to the size of the underlying array. In
such a situation, it will make sense to free the space by creating a new, smaller array and copying the
elements of the old to the new. So, we need to come up with a size reduction strategy in addition to
our size increment strategy. Moreover, when there is more than one interrelated operation, it makes
sense to do an amortized analysis for both operations together, just as we did for the enqueue/dequeue
operation for the implementation of a queue using two stacks. (There is a way to interpret the amortized
analysis of interrelated operations and obtain an amortized bound separately for operations, but that will
be discussed in a later course.) Answer the following questions:

(a) (5 points) Consider the following resizing strategy: (i) On an overflow, create an array twice the
size and copy, (ii) as soon as the array becomes half empty, create an array of half the size and copy.
Do an amortized analysis for append/pop operations for this resizing strategy, i.e., for a sequence
of n append/pop operations, calculate %, where T'(n) is the number of operations in the worst
case.

(b) (5 points) Design a resizing strategy such that the amortized time for append/pop is O(1). Give
details of the amortized running time analysis.

3. (10 points) (Concept(s): Amortized analysis for dynamic resizing) A student in a data structures class
was asked to design a backup data storage solution for an upcoming institute. The issue is that the
institute does not have a good estimate of the size of the data storage that will be needed. It does not
want its investment to go to waste if most of the money used to set up storage will not end up getting
used. The student comes up with the following strategy:

(Storage strategy) Start with an initial infrastructure of D units of storage and call this Sp.
As soon as an overflow happens, invest in 2D additional units of storage named S;. Then,
transfer the data from Sy to S, which frees up Sy to be used. Subsequently, new data is
always stored in Sy. When that is full, the data from Sy is moved to S; if there is space. If
S1 is also full, then data is first moved from S; to Sy to create space in Sy, and then data
from Sy is moved to S;. In general, data is moved from S; to S;41 in case required. If all
the current stores, say Sy, S1, So, ..., .5;, are full, then the institute invests in additional storage
with capacity 2t - D and calls it S;;.
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Do an amortized analysis for the insert operation for this data storage solution. You should assume
that storing one unit of data into Sy costs O(1) time. Also, moving one unit of data from S to S;4 for
any j costs O(1) time.

4. (Concept(s): Using a stack and amortized analysis) Suppose you have a Stack class that supports the
standard push(e) and pop() operations. You are asked to use a stack to maintain a binary counter that
starts with 0 and supports the “increment” operation, which increments the binary counter value by one
(e.g., 0 -1—10 — 11 — 100 — ...). The stack must store the bits of your counter.

(a) (5 points) Give code for a binaryCounter class that supports the increment () operation.
(b) (5 points) What is the amortized running time for the increment () operation? Show your analysis.

(¢) (5 points) Add a method printCounter () that prints the current value of your counter as a binary
string. You can use another local instance of the Stack class within this method. You should do
this using only print and stack operations.
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