ACOL106: Data Structures and Algorithms (ITTD - Abu Dhabi, Semester-1-2025-26) Homework-02

There are 3 questions for a total of 50 points.

Some help material on big-O: Big-O notation requires practice to become comfortable with. There is a
bit of mathematical jugglery since the definition involves a quantified statement. However, the math-
ematics involved should mot be new to the students of this class. All that is required is to work with
the quantified statement. Let us consider an example. Suppose there is an exponential-time algorithm
with a running time expression 2™. Is it correct to say that the running time is O(3™)? Yes, this would
be correct. Let us work with the definition to verify this. To show that 2™ is O(3™), we need to give
constants ¢ > 0 and ng > 0 such that Vn > ng,2" < c¢-3". It is easy to check that this holds for
constants c =1 and ng = 1.

Let us consider the reverse case. Suppose the running time of an algorithm is 3"™. Is it correct to
say that the running time is O(2™)? No, this would not be correct. The way to arque that 3" is
not O(2") is to show the negation of the quantified statement for this example. That is, we need to
show that for any constants ¢ > 0,ng > 0, there exists n > ng such that 3™ > c-2™. Note that
3" >c 2" & (3/2)" > ce n>logy,c. So, for any constant ¢, 3" > ¢+ 2" when n > logs s c. So, for

any constants ¢ > 0 and ng > 0, let us try n' = max ([logg /5 ¢ + 1],n9). We find that 3V > ¢ 2" and
furthermore n’ > ng. From this, we conclude that 3™ is not O(2").

1. (Concept(s): O,Q,0 definition) Prove or disprove the following statements:
(a) (5 points) Let f(n),g(n) be functions mapping positive integers to positive real numbers such that
7(n) = Olg(n)). et f'(n) = f(5n) and g'(n) — g(5n). Then f'(n) = O(g'(n)).

(b) (5 points) Let f(n), g(n) be functions mapping positive integers to positive real numbers such that
f(n) = O(g(n)). Then 2F(") = O(29(")),

(¢) (5 points) n!is O(2™).

2. (Concept(s): understanding iterative algorithm, analysing performance) Consider the following algorithm
expressed as a Python code that takes as input a list containing integers. Answer the questions that
follow.

def Foo(A):
for i in range(len(A)):

j =1i-1
while(j >= @ and A[j] > AL[il):
j =31

for k in range(j+1, i):
Al1], Alk] = ALk], A[1i]

(a) (3 points) Complete the following statement:
At the end of the it" iteration of the outer for-loop,...

(b) (2 points) Describe in your own words what this algorithm does.

(¢) (5 points) What is the best-case running time of the algorithm as a function of the list size n? You
can express your answer using © notation. Given reasons

(d) (5 points) What is the worst-case running time of the algorithm as a function of the list size n?
You can express your answer using © notation. Give reasons.
(Note that if the question had asked to write the running time of the algorithm, you would simply
write whatever you wrote for this part, since we always do worst-case analysis. In fact, beyond this
homework, we shall forget about best-case analysis and never bring it up in our discussions.)
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3. (Concept: Understanding recursive algorithm, proving properties using induction on input size/value)
Consider the following algorithm written as pseudocode that takes as input two positive integers.

Rec(n,m)
-if (n ==0 or m == 0):
- print(“Hello World”)
- else:

-Rec(n —1,m)
-Rec(n,m —1)

We are interested in the number of times “Hello World” gets printed as a function of n and m. Answer
the questions that follow:

(a)

(2 points) A natural way to start understanding the working of a recursive procedure such as the
one given above is to draw the recursive call tree. Suppose we want to understand the program
behaviour when the inputs are n = 3 and m = 2. We draw a node labelled Rec(3,2) at the top
(called the root node) and then draw the nodes labelled with appropriate inputs corresponding to the
calls made within Rec(3,2) below this root node and as its children. The implicit rule for drawing
the children is that the children corresponding to the earlier recursive call are drawn towards the
left (i.e., from left to right). The subsequent calls are further drawn as nodes to make a tree-like
structure, which is known as a recursive call tree. The nodes that do not have any children are
called the leaf nodes and they correspond to the base case of the recursive procedure. An incomplete
recursive call tree (with initial call Rec(3,2)) is given below. For the first part, you are asked to
complete this tree by filling in the labels of the nodes in the call tree.

(3 points) Draw a the recursive call tree for the function call Rec(2, 3).

(3 points) Let R(n,m) denote the number of times “Hello World” gets printed when Rec(n,m)

is executed. We will prove that R(n,m) = (":m) (recall that for mon-negative integers p > q,

(fl’) = #i,;)!)' Towards this, we first ask you to show the following claim:

Claim _1: For any pair of inputs (n,m), where at least one has value 0, R(n,m) equals ("7™).
(4 points) Let us continue with the proof of the statement R(n,m) = ("*™). We shall prove this
by induction on the value of (n 4+ m). The first step is to define the propositional function:

P(k): For any positive integers n and m where n +m =k, R(n,m) = (";’;Lm)
We will show P(k) holds for every k > 1 using mathematical induction. In this part, we ask you to
show the following claim which shows the base case of our induction argument:

Claim 2 (base case): P(1) holds.
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(e) (8 points) In this part, we ask you to show the inductive step. This is stated as the next claim that
we ask you to prove.
Claim 3 (inductive step): If P(1), P(2),..., P(k) holds for an arbitrary k > 1, then P(k + 1) also
holds.

3 of 3



