ACOL106: Data Structures and Algorithms (ITTD - Abu Dhabi, Semester-1-2025-26) Homework-01

There are 7 questions for a total of 50 points.

Some help material on big-O: Big-O notation requires practice to become comfortable with. There is a
bit of mathematical jugglery since the definition involves a quantified statement. However, the math-
ematics involved should mot be new to the students of this class. All that is required is to work with
the quantified statement. Let us consider an example. Suppose there is an exponential-time algorithm
with a running time expression 2™. Is it correct to say that the running time is O(3™)? Yes, this would
be correct. Let us work with the definition to verify this. To show that 2™ is O(3™), we need to give
constants ¢ > 0 and ng > 0 such that Vn > ng,2" < c¢-3". It is easy to check that this holds for
constants c =1 and ng = 1.

Let us consider the reverse case. Suppose the running time of an algorithm is 3. Is it correct to
say that the running time is O(2™)? No, this would not be correct. The way to argue that 3™ is
not O(2") is to show the negation of the quantified statement for this example. That is, we need to
show that for any constants ¢ > 0,ng > 0, there exists n > ng such that 3™ > c-2™. Note that
3" >c-2" & (3/2)" > c e n>logysc. So, for any constant ¢, 3" > ¢ 2" when n > logy s c. So, for
any constants ¢ > 0 and ng > 0, let us try n' = max ([logg /5 ¢ + 1],n9). We find that 3V >¢-2" and
furthermore n' > ng. From this, we conclude that 3™ is not O(2").

—_

. Answer the following:
(a) (1 point) State true or false: 2V!°%2™ is O(n).

(b) (4 points) Give reason for your answer to part (a).

2. Answer the following:
(a) (1 point) State true or false: 4™ is O(3™).

(b) (4 points) Give reason for your answer to part (a).

3. Consider functions f(n) = 10n2™ + 3" and g(n) = n3™. Answer the following:
(a) (1 point) State true or false: f(n) is O(g(n)).
(b) (1 point) State true or false: f(n) is Q(g(n)).

(¢) (4 points) Give reason for your answer to part (b).

4. (5 points) Show using induction that for all n > 0, 1 + 2% + 2% + 2% + ..+ 2% = —2—

5. The O, 2, © notation can be used to express quantities other than running time. In this example, we will
express the number of times a statement gets executed in a recursive program in © notation. Consider
the following recursive function:

Foo(n)
-If (n>1) Foo(n//2)  # remember that // denotes integer division
- Print(“Hello World”)
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Let R(n) denote the number of times the function Foo defined above prints “Hello World” given the
positive integer n as input.

(a) (2 points) What is R(n), in © notation.

(b) (5 points) Give reason for your answer to part (a).

6. Use the definition of big-O to show that:
(a) (3 points) If d(n) = O(f(n)) and f(n) = O(g(n)), then d(n) = O(g(n)).
(b) (3 points) max {f(n), g(n)} = O(f(n) + g(n)).
(¢) (4 points) If a(n) = O(f(n)) and b(n) = O(g(n)), then a(n) 4+ b(n) = O(f(n) + g(n)).

7. (12 points) Consider the two algorithms given below. In the input, A denotes an integer array and n
denotes the size of the array. Analyse the running time of these algorithms and express the running time
in © notation.

Alg1(A,n)
-fori=1ton
-j 1
- while(j < n)
- Aj] < A[j] + 10
-j&—J+3

Alg2(A,n)
-fori=1ton
-forj=2iton
- Ali] + Alj]+1
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