CSL202: Discrete Mathematical Structures (Semester-11-2017-18) Quiz-12
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There are 2 questions for a total of 10 points.

1. Consider the hash function family H = {hy, ha, h3, ha} where h;’s are defined below and answer the
questions that follow.
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(a) (1 point) State true or false: H is 2-universal.

(a) True
(b) (2 points) Give reasons for your answer to part (a).
Solution: We have :
1. Prpplh(a) =h(b)] =1/4
2. Prpcplh(a) = h(c)] =1/4
3. Prycplh(a) = h(d)] = 1/4
4. Prppglh(b) =h(c)]=0
5. Prppglh(b) = h(d)] =0
6. Prypglh(c) =h(d)]=1/4
Since all the probabilities are < 1/3, H is a 2-universal hash function family.

2. (7 points) Use generating functions to solve the recurrence relation ay = ag—1 + 2a5_o + 2F with initial
conditions ap = 4 and a; = 12.



CSL202: Discrete Mathematical Structures (Semester-11-2017-18)

Quiz-12

This gives:

(1 -z —22?%)-G(x)

Solution: Let G(z) = ag + arx! + asx® + azz® + ... Then we have:
G(r) =aot+ arx' +agz? +aza®+ ...
z - G(x) = apr’ + ar1w? + axx® + ...
222 - G(x) = 2a02% + 2a12> + 2a02* + ...

o0
= ap+ (a1 —ag)x+ Z(ak —Qp_1 — QCLk_Q)Ik
k=2

= 4+8z+ Z 2k2F  (since ap = ap_1 + 2a5_o + 2%)

k=2
= 448z +42” (1+(22) + (22)° + ...
422
= 4
et T,
This implies that:
Gz) = 4 — 1222 __a bx +c .
I+z)(1—-22)2 142 (1-2x)
We solve for constants a, b, c. We get the following equations:
da+b = -—12
—4da+b+c = 0
at+c = 4
which gives a = —%, b= —79—6, and ¢ = %. Collecting the coefficients of x*, we get that:
8 44 76
ar = ——(-1)F+ —(k+1)2" + (——)k2"!
9 9 9
8 e 2, 44,
= —2(=1)F 4+ kb4 2
9( )+ 3 + 9
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