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1.1 Introduction

Clustering is the task of partitioning a given set of objects so that similar objects belong to the same
group. This general idea is extremely useful in unsupervised learning where little to no prior knowledge
about the data is available. Clustering is usually the first data analysis technique employed when analysing
big data. The importance of clustering and its applications may be found in a number of books (e.g.,
[37]) on the subject and we avoid the detailed discussion here. Instead, we focus on formulating clustering
and analyzing some mathematically well-defined problems. The first issue that we need to address when
formulating the clustering problem is: how is the data represented? In case it is possible to study and
measure the defining properties and attributes of the objects that need to be clustered, then individual
objects may be represented as points in some Euclidean space Rd, where the dimension d denotes the
number of attributes that define objects. In this scenario, the similarity or dissimilarity between objects
may be defined as a function of the Euclidean distance between the points corresponding to the objects. In
many situations, representing data as points in Euclidean space may not be possible and all that is known
is how similar or dissimilar a pair of objects are. Since the goal of clustering is to group similar objects
in the same group, this pairwise similarity/dissimilarity information suffices. In such cases, what is given
is a distance function D : X × X → R+, where X denotes the set of objects. In most practical scenarios,
(X ,D) is a metric. Any metric (X ,D) satisfies the following three properties: (i) ∀x ∈ X ,D(x,x) = 0,
(ii) ∀x, y ∈ X ,D(x, y) = D(y,x) (symmetry), and (iii) ∀x, y, z ∈ X ,D(x, z) ≤ D(x, y) + D(y, z) (triangle
inequality). The Euclidean setting may be regarded as a special case of the metric setting where X = Rd
and where the distance D(x, y) between two points x, y ∈ X is the Euclidean distance (or squared Euclidean
distance).

Given any set of objects X ⊆ X , the goal of clustering is to partition X into sets X1, ...,Xk (these sets
are called clusters) for some k such that for any pair (x, y) of data points in the same cluster, D(x, y) is
small and for any pair of points in different clusters, D(x, y) is large. In many scenarios, the number of
clusters k is known. In such scenarios, it makes sense to define the clustering problem in one of the following
ways:

• Clustering problem #1: Partition the given dataset X into k clusters X1, ...,Xk such that the

following cost function is minimized: Ψsum(X1, ...,Xk)
def .
=
∑k
i=1

∑
x,y∈Xi

D(x, y).

• Clustering problem #2: Partition the given dataset X into k clusters X1, ...,Xk such that the

following cost function is minized: Ψmax(X1, ...,Xk)
def .
=
∑k
i=1 maxx,y∈Xi

D(x, y).

Note that the goal of minimizing the above objective functions is aligned with the goal of putting similar
objects in the same cluster and different objects in different clusters.1 So, these could be the problems
most relevant for clustering. However, the above problem statements are in terms of partitions of the given
dataset X. Partitions are complex objects (in terms of description) and it would nicer if there was an
alternate formulation where the solution is much simpler to describe compared to a partition. Consider the
following idea: suppose we are given k points {c1, ...ck} ⊆ X (let us call them centers) such that each of

1However, note that the distances across clusters has no contribution in the cost function.
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these centers represent a cluster. That is, all points that have the closest centers as ci are in the cluster Xi.
This is also known as Voronoi partitioning. Note that since D is a metric, all points in cluster Xi defined as
above will be close to each other. So, these centers may be used as compact representation of the clusters
that they define and then the clustering goal would be to find good centers. This motivates the following
clustering problems which we will study in the remainder of this Chapter.

• Clustering problem #3 (Metric-k-median): Given datasetX ⊆ X , find k centers C = {c1, ..., ck} ⊆
X such that the following cost function is minimized: Ψ(C,X)

def .
=
∑
x∈X minc∈C D(x, c).

• Clustering problem #4 (Metric-k-center): Given datasetX ⊆ X , find k centers C = {c1, ..., ck} ⊆
X such that the following cost function is minimized: Ψmax(C,X)

def .
= maxx∈X{minc∈C D(x, c)}.

In the Euclidean setting where X = Rd,D(x, y) = ||x − y|| (||.|| denotes Euclidean distance) and C is
allowed to be any set of k-points from X , these problems are called the Euclidean-k-median and Euclidean-
k-center problem. Furthermore, D(x, y) = ||x− y||2, the problem is called the Euclidean-k-Means problem.
The Euclidean-k-means problem is one of the most studied clustering problems and is popularly known as
the k-means problem. For the sake of clarity, we give the description of these problems below:

• Clustering problem #5 (Euclidean-k-median): Given dataset X ⊆ Rd, find k centers C =

{c1, ..., ck} ⊆ Rd such that the following cost function is minimized: φ(C,X)
def .
=
∑
x∈X minc∈C ||c−

x||.

• Clustering problem #6 (Euclidean-k-center): Given dataset X ⊆ Rd, find k centers C =

{c1, ..., ck} ⊆ Rd such that the following cost function is minimized: φmax(C,X)
def .
= maxx∈X{minc∈C ||c−

x||}.

• Clustering problem #7 (k-means): Given dataset X ⊆ Rd, find k centers C = {c1, ..., ck} ⊆ Rd

such that the following cost function is minimized: Φ(C,X)
def .
=
∑
x∈X minc∈C ||c− x||2.

Clustering problems #3, 4, 5, 6, and 7 together are known as center based clustering problems. Since
they are related to Voronoi partitioning, a brute-force algorithm may end up generating all possible Voronoi
partitioning of n points in d dimensions. It is known [34] that there are O(nkd) possible partitioning defined
by k centers. Clearly, this would be completely impractical. We will be discussing only these center based
clustering problems in the remainder of this chapter. The corresponding weighted version of the above
problems are also important for many applications, in particular, for many facility location problems. Each
point has an associated positive real number and the objective function is weighted by the corresponding
weight for each of the terms. The weighted versions can sometimes be solved by the same algorithms with
some additional adjustments in the analysis. In this chapter, we will address the unweighted versions for
ease of exposition.

1.2 The k-Center Problem

The two versions of the problem that we consider in this section is the Metric-k-center problem (problem
#4) and the Euclidean-k-center problem (problem #6). For both these versions of the k-center problem,
even approximating the solution to within a fixed constant factor is NP-hard [27, 48, 30]. For the Euclidean-
k-center problem, this approximation factor has been shown to be 1.822 and for the Metric version, the
approximation factor is known to be 2. Bern and Eppstein [17] gave a nice summary of these results in
their book chapter about approximation algorithms for geometric problems.

Sequential-selection Here, we will focus on the simple 2-factor approximation algorithm for the Metric-
k-center problem (and hence also the Euclidean-k-center) that is based on iteratively picking k centers such
that the choice of the ith center depends on all the previously chosen centers. Let us call such algorithms
sequential-selection algorithms. We will see more such sequential-selection algorithms in this chapter. The
nice property of these algorithms is that they are extremely simple (and hence easy to implement and
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test) and in many cases run very fast in practice. When solving the k-center problem, the high-level
objective is to find k centers that are well distributed within the given data points. Solutions where two
centers are very close to each other may not optimise the objective function well. Consider a very simple
algorithm that iteratively picks k centers that are far apart from each other. This algorithm is called the
Farthest First Traversal algorithm [30]. This algorithm is used as an effective heuristic for many different
problems such as the Traveling Salesman Problem (TSP). For the Metric-k-center problem, we will show
that this algorithm gives a 2 factor approximation. The hardness of approximation guarantee discussed in
the previous paragraphs tells us that this is the best approximation guarantee that can be achieved unless
P = NP.

(Farthest-first-traversal): Let X denote the given points and D(., .) be the distance function.
Pick the first center arbitrarily from the given points. After having picked (i−1) centers denoted
by Ci−1, pick a point p ∈ X to be the ith center ci such that p is the farthest point from all
centers in Ci−1. That is ci = arg maxx∈X

[
minc∈Ci−1 D(x, c)

]
.

The next theorem shows that the above algorithm gives a 2-factor approximation.

Theorem 1.1 For any metric (X ,D) and any dataset X ⊆ X , let C be the k centers produced by the
Farthest-first-traversal algorithm and let C∗ denote any optimal solution. Then Ψmax(C,X) ≤ 2·Ψmax(C∗,X).

Proof: Let y = arg maxx∈X{minc∈C D(x, c)}. So, y is the point that is farthest from the set of centers C
and let R = minc∈C D(y, c) be this farthest distance. Consider the set C ′ = C ∪ {y}. First, observe that
for every point x ∈ X , D(x,C) ≤ R. Moreover, note that due to the manner in which the centers in the set
C are picked, each pair of points in the set C ′ have distance at least R. Now, at least two points in the set
C ′ share the same nearest center in the set C∗. Let these points be p and q and the center be c∗. Then by
triangle inequality, we have D(p, c∗) +D(q, c∗) ≥ D(p, q) ≥ R. So, we have max (D(p, c∗),D(q, c∗)) ≥ R/2
which further gives Ψmax(C∗,X) ≥ Ψmax(C,X)/2. 2

Note that the approximation factor of 2 given by the above algorithm holds for both Metric and Euclidean
versions of the k-center problem. As mentioned earlier, it has been shown that one cannot get a better
approximation than 2 for the Metric version of the problem unless P = NP. However, for the Euclidean
version the known lower bound on the approximation factor is 1.822. So, the following problem remains
open to the best of our knowledge: Is it possible to design an efficient algorithm for the Euclidean k-center
problem that gives approximation guarantee better than 2? Is it possible to argue that one cannot find an
efficient algorithm with approximation guarantee c > 1.822 unless P = NP?

1.3 The k-Means/Median Problem

We discuss the k-Means (problem #7) and k-Median (problems #3 and #5) problems together in this
section. The reason for similar treatment of k-means and k-median is because the statement of the these
problems are similar. Recall that in the k-means problem the goal is to minimize the sum of squared
distances whereas the goal in the k-median problem is to minimize the sum of distances. However, there
are some crucial differences that one should note between these problems. One key difference due to
squared versus non-squared distance is that in the Euclidean setting, the 1-median problem, also known as
the Geometric Median problem or a special case of the Fermat-Weber problem, is a problem of unknown
difficulty 2 whereas the 1-means problem is easy. In fact, there is a closed form expression for the solution
of any given 1-means problem. The geometric mean of all the given points is the optimal solution for the
problem. This is evident from the following well known fact.

Fact 1.1 For any set X ⊆ Rd and any point p ∈ Rd, we have∑
x∈X
||x− p||2 =

∑
x∈X
||x− µ(X)||2 + |X| · ||p− µ(X)||2,

where µ(X)
def .
=

∑
x∈X x

|X| is the geometric mean (or centroid) of the points in the set X.

2even though simple approximation algorithms exist.
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Another, important difference is due to the triangle inequality that is satisfied when distance is being
considered as in the k-median problem as opposed to squared distance that does not satisfy the triangle
inequality. 3 This happens to be one of the main reasons why the techniques of Arora et al. [7] that work
for the Euclidean k-median problem, cannot be made to work for the k-means problem.

Hardness The k-means and the Euclidean k-median problem are simple in one dimension (i.e., d = 1).
There is a simple Dynamic Programming approach that efficiently solves the 1-dimensional version of these
problems. However, the planar version (d = 2) and higher dimensional version (d > 2) of both the k-
means [24, 50, 47] and k-median [48] have been shown to be NP-hard. So, the next natural question is how
hard are these problems to approximate? For the k-means problem, Awasthi et al. [10] showed that there
exists a constant 0 < c < 1 such that it is NP-hard to approximate the k-means problem to a factor better
than (1 + c). For the Euclidean k-median problem, Guruswami and Indyk [32] showed that under standard
complexity theoretic assumptions, one cannot obtain an efficient algorithm that gives (1+ε) approximation
for an arbitrary small ε. Similarly for the metric k-median problem, it was shown by Jain et al. [38] that
there is no efficient algorithm that achieves an approximation factor better than (1 + 2/e) conditioned on
some standard complexity theoretic assumption.

Approximation algorithms On the positive side, there are efficient constant factor approximation algo-
rithms for the k-means/median problems. More specifically, for the k-median problem (Metric and Euclidean
versions), the best known efficient constant factor approximation algorithm is by Arya et al. [9] who gave
a (3 + ε)-factor approximation algorithm. Similarly, for the k-means algorithm the best known efficient
constant factor approximation algorithm is by Kanungo et al. [42] who gave a (9 +ε)-factor approximation
algorithm. 4 Both the above-mentioned algorithms are based on a technique known as local search. We
discuss these techniques further in the next few subsections.

As far as approximation schemes are concerned, there are PTAS (Polynomial Time Approximation
Scheme)5 for these problems for special cases when either k or the dimension d is a fixed constant. Let us first
discuss the special case where the dimension d is a fixed constant. In a significant technical breakthrough,
Arora et al. [7] gave a PTAS for the Euclidean k-median problem when d is a constant. The running time
of this algorithm was later improved by Kolliopoulos and Rao [43]. Note that the dynamic programming
based approach of [7] and [43] did not extend to the k-means problem for reasons mentioned earlier and
until recently the problem of obtaining a PTAS for k-means in constant dimension was open. In recent
developments, Addad et al. [2] and Friggstad et al. [29] have obtained PTAS for the k-means problem
in constant dimension. For the case when k is a fixed constant, PTAS for the k-means problem has been
known. Kumar et al. [44] gave the first PTAS for the k-means problems under the assumption that k is a
fixed constant. Using different techniques, Feldman et al. [28] and Jaiswal et al. [40, 41] gave algorithms
with improved running time.

Techniques In the remainder of this section, we discuss the k-median and k-means problem with respect
to the three main techniques or approaches that are used to obtain approximate solutions for these problems:
(i) Linear Program (LP) (ii) Local Search, and (iii) Sampling. We discuss these three approaches in the next
three subsections. We will discuss the sampling based approach more elaborately because of the simplicity
of the ideas involved that makes the resulting algorithms more practical.

1.3.1 Linear Program and Rounding

Consider the Metric-k-median problem. Note that the centers C are supposed to be a subset of the given
point set (i.e., C ⊆ X ⊆ X ). This allows us to write a simple Linear Program for this problem. We will
denote the given n points with integers 1, ...,n and the distance between points i and j with D(i, j). Let yi

3The triangle inequality says that ∀p, q, r ∈ Rd, ||p− q||+ ||q− r|| ≥ ||p− q||. Note that even though the sqaured Euclidean
distance does not satisfy the triangle inequality, it does satisfy an approximate version ∀p, q, r ∈ Rd, 2 · ||p− q||2+2 · ||q− r||2 ≥
||p− q||2.

4The running time of the algorithms in [42] and [9] is polynomial in the input parameters and in 1/ε.
5Polynomial Time Approximation Schemes are (1 + ε)-factor approximation algorithms for any given ε. The running time

of such algorithms is polynomial in the input parameters but can be exponential in 1/ε.
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Figure 1.1: A simple one dimensional example for showing that Lloyd’s algorithm may not give any approximation
guarantees. Consider four points as shown above and let their labels also be their x coordinates. For k = 3, the
optimal centers are located at a, b, and (c+ d)/2 with cost (d− c)2/2. However, if the Lloyd’s algorithm picks a, c, d
as the initial 3 centers, then the algorithm outputs centers (a+ b)/2, c, d with cost (b−a)2/2 which may be arbitrarily
bad compared to the optimal.

denote whether the point i is chosen as a center (i.e., yi = 1 when point i is chosen as a center, otherwise
0). Similarly, let xij denote whether point j is assigned to center i. We can write the following program
with respect to these variables:

Minimize:
∑
i,j

D(i, j) · xij

Subject to: ∀j,
∑
i

xij = 1 and ∀i, j,xij ≤ yi and
∑
i

yi ≤ k and ∀i, j, yi,xij ∈ {0, 1}

The main idea in obtaining approximation algorithm using the above Integer Linear Program (ILP) is to
solve a relaxed version of the program (i.e., relax the last two integer constraints to 0 ≤ xij ≤ 1, 0 ≤ yi ≤ 1),
and then round the non-integer solution to obtain an approximate solution.6 Lin and Vitter [45] developed
a bicriteria rounding technique that gave a pseudo-approximation algorithm where the number of centers
produced is 2k and the cost is at most four times the optimal cost (with respect to k centers). Such
algorithms are also called bi-criteria approximation algorithms. Charikar et al. [23] gave a rounding
algorithm that gives an approximation guarantee of 6 2

3 . This was later improved to 3.25 by Charikar and
Li [22].

1.3.2 Local Search

Local search is another very highly explored technique in the context of the center based clustering problems.
This technique has given some very interesting results. The main idea of local search can be summarised
as follows:

(Local search): Start with a set of k centers and in each step update the set of k centers by
making a local change. Perform these local changes interatively until the set of centers satisfy
some stability condition. The local change step is of the following nature: suppose at the start
of the step the set of centers is C, then in the current step update the centers from C to C ′ by
performing one (single-swap) or few (multi-swap) swaps such that C ′ is better than C.

Note that due to the nature of the local search algorithm, the centers that are produced by the algorithm
are either from among the given points or from among a set of possible centers (that may be chosen in a
pre-processing step based on the input points). Arya et al. [9] showed that multi-swap local search gives
a (3 + ε)-factor approximation algorithm for the metric k-median problem with polynomial running time.
Using similar ideas, Kanungo et al. [42] showed that the multi-swap local search gives a (9 + ε)-factor
approximation for the k-means problem. In more recent developments, Addad et al. [2] and Friggstad et
al. [29] showed that the local search technique gives a PTAS7 for the k-means problem for the case when d
is a fixed constant.

1.3.3 Sampling

Despite all the development in approximation algorithms for the clustering problems that we have discussed
here, the algorithms that are used to solve some of these problems in practice are heuristics without any

6Note that it is known that the integrality gap of the above LP relaxation is at least 2. It is also known from the work of
Archer et al. [6] that the integrality gap is upper bounded by 3.

7As explained earlier, a PTAS is a (1 + ε)-approximation where the running time is polynomial in the input parameters
but is allowed to be exponential in 1/ε.
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theoretical guarantees. The reason for using such heuristics over algorithms with guarantees is that these
heuristics are extremely simple (so implementation and debugging is simple) and they produce very good
results on real world input data. For instance, the heuristic that is used to solve the k-means problem in
practice is called the Lloyd’s algorithm. The algorithm works by starting with k centers picked arbitrarily,
and then in a sequence of steps improving the k centers. A single improvement step consists of two parts:
(i) perform a Voronoi partition with respect to the k centers, and (ii) update the k centers to the centroid
of the k Voronoi partitions. This procedure does not give any approximation guarantees. Figure 1.1 gives
a simple example to show this. However, if started with k centers with cost at most c times the optimal,
then the Lloyd’s algorithm trivially gives a c factor approximation since the procedure can only improve
the solution. This encourages development of seeding algorithms that are fast and simple and that give
some approximation guarantee. Such an algorithm, followed by Lloyd’s procedure, would provide a “best
of theoretical and practical worlds” scenario.

Sampling based techniques gives rise to such extremely simple and practical seeding algorithms. Note
that even though we are calling them seeding algorithms, these algorithms are approximate clustering
algorithms by themselves since they produce k centers with provably bounded cost. One of the most
popular seeding algorithm is called the k-means++ seeding algorithm which in essence is a randomized
sequential-selection algorithm. This simple sampling procedure also called the D2-sampling procedure. We
will use k-means++ and D2-sampling interchangeably in this chapter. The description of this algorithm is
given below.

(k-means++ seeding or D2-sampling): Let X denote the given points and d(., .) be the
distance function. Pick the first center randomly from the given points. After having picked
(i − 1) centers denoted by Ci−1, pick a point p ∈ X to be the ith center with probability
proportional to minc∈Ci−1

d(x, c).

Figure 1.2: The figure shows a two dimensional data being clustered into four clusters using the sampling algorithm.
The algorithm samples the centers in four simple steps. The first center is chosen randomly. For the second center,
the points that are further away from the first center is given more priority and so on.

In the context of the k-means problem, the distance function d is the squared Euclidean distance (hence
the name D2-sampling). This sampling procedure runs fast in practice and has a worst-case running time
of O(nkd). Figure 1.2 demonstrates the sampling procedure on a simple two-dimensional problem instance
with four clusters. Arthur and Vassilvitskii [8] showed that the above sampling procedure gives an O(log k)-
factor approximation guarantee in expectation. The formal statement of their result is given below.

Theorem 1.2 (Theorem 3.1 in [8]) Let X ⊆ Rd denote the data points and let C denote the set of k
centers produced by the k-means++ seeding algorithm. Then we have E[Φ(C,X)] ≤ 8(ln k+ 2) ·ΦOPT (X),
where ΦOPT (X) denotes the optimal k-means cost for the input X.

The above result generalises for cost functions of the following form:

Φ`(C,X) =
∑
x∈X

min
c∈C
||x− c||` (1.1)

Note that the k-median cost function corresponds to ` = 1. For such cost functions we will use D`-
sampling instead of D2-sampling. The more general result shows approximation guarantee for the D`-
sampling procedure.
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Theorem 1.3 (Theorem 5.1 in [8]) Let X ⊆ Rd denote the data points and let C denote the set of k
centers produced by the D`-sampling algorithm. Then we have E[Φ(C,X)] ≤ 22`(ln k+ 2) ·Φ`OPT (X), where
Φ`OPT (X) denotes the optimal cost for the input X (defined in equation (1.1)).

The above results are obtained by making clever use of the next two lemmas in an induction based
argument. These lemmas form the foundation for analysing such sampling algorithms. We state these
lemmas in the context of the k-means objective function and D2-sampling (i.e., ` = 2).

Lemma 1.1 (Lemma 3.1 in [8]) Let A denote points in any optimal k-means cluster of data X. Let C
denote a randomly chosen center from A. Then E[Φ(C,A)] ≤ 2 · ∆(A). Here ∆(A) denotes the optimal
1-means cost of A.

Let X1, ...,Xk denote the optimal clusters for any dataset X. From Fact 1.1, we get that OPT (X) =∑k
i=1 ∆(Xi). The above lemma says that if a center is chosen uniformly at random from a set Xi of points,

then this center gives a 2-factor approximation to the 1-means problem for the point set Xi. This means
that if a set C of k points sampled uniformly at random from the dataset X happen to belong to the k
optimal clusters X1, ...,Xk, then C is a 2-approximate solution in expectation. However, some thinking
reveals that the event that k uniformly sampled points belong to the k optimal clusters might be very
unlikely for certain datasets. For example, consider a scenario where k = 2 and the dataset X has one large
cluster and another extremely small cluster that is very far from the larger cluster. There is a very small
chance that uniformly sampled points will belong to the small cluster. On the other hand, if points are
sampled using D2-sampling then the event that points are picked from both large and small cluster is more
likely. The first uniformly sampled point will most likely belong to the large cluster. Now, since we are
picking the second point with D2-sampling, a point that is further away from the first point is more likely
to be picked as compared to a point that is closer. Recall that given data X and center set C, sampling a
center with D2-sampling means to pick a point from x ∈ X with probability proportional to the squared
Euclidean distance of x from its nearest center in C. So, the second point is more likely to be picked from
the smaller cluster. However, in this case, we cannot use Lemma 1.1 since the second sampled point is
not a uniform sample from the smaller cluster. The next lemma helps out by making a claim similar to
Lemma 1.1 but with respect to a center chosen with D2-sampling.

Lemma 1.2 (Lemma 3.2 in [8]) Let A denote any optimal k-means cluster of X and let C denote an
arbitrary set of centers. Let c denote a center chosen using D2-sampling with respect to center set C. Then
E[Φ(C ∪ {c},A)|c ∈ A] ≤ 8 ·∆(A). Here ∆(A) denotes the optimal 1-means cost of A.

The above lemma implies that the conditional expectation of the cost of A with respect to the points
C ∪ {c} is at most 8 times optimal given that the sampled point is from the set A. So, as long as the
sampled point happens to be from the set A, we get that the set of points C ∪ {c} gives a constant factor
approximation with respect to the points in the set A. Arthur and Vassilvitskii [8] gave a clever induction
based argument using Lemmas 1.1 and 1.2 and showed a O(log k) factor approximation in expectation.

Let us try to use Lemma 1.2 in a weaker but simpler manner to get more intuition into the approximation
analysis of the sampling procedure. At a high level, what we can say is that during D2-sampling, if a chosen
center belongs to some optimal cluster A, then we get a constant factor approximation with respect to
that cluster. In some sense we can say that A gets “covered” when this happens. So, in the event that all
optimal clusters get covered, we get a constant factor approximation guarantee. However, the probability
of the event that all optimal clusters get covered by picking k centers may be very small. This can be seen
as follows: Consider sampling the ith center after a set of (i − 1) centers Ci−1 have already been chosen
with D2-sampling. Suppose the probability that the point sampled next is from an “uncovered” cluster is
small, say at most 1/2 and this is true for all i. Then the probability of covering all clusters by picking k
centers will be at most 1/2k. The next lemma shows that in any step of D2-sampling, the probability of
sampling the next point from a currently uncovered cluster cannot be too small unless the current set of
centers already give a constant factor approximation (so picking more points will make the solution only
better).

Lemma 1.3 (Lemma 2.7 in [5]) Let X denote the dataset and X1, ...,Xk denote the k optimal k-means
clusters. Let C denote any set of centers. Let I denote the subset of indices of clusters that are covered
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w.r.t. center set C. That is, for every i ∈ I, we have Φ(C,Xi) ≤ c ·∆(Xi) for some fixed constant c. Let
x ∈ Xj denote the next point that is sampled with D2-sampling. Then at least one of following statements
is true: (i) Pr[j /∈ I] ≥ 1/2, (ii) Φ(C,X) ≤ (2c) · ΦOPT (X).

Proof: Suppose the first statement is false, then we will show that the second statement will be true.

Let Xc = ∪i∈IXi and Xu = X \ Xc. Then we have: 1/2 > Pr[j /∈ I] = Φ(C,Xu)
Φ(C,Xu)+Φ(C,Xc) ⇒ Φ(C,Xc) >

Φ(C,Xu). Using this inequality, we get Φ(C,X) = Φ(C,Xu)+Φ(C,Xc) < 2·Φ(C,Xc) ≤ (2c)·
∑
i∈I ∆(Xi) ≤

(2c) ·
∑k
i=1 ∆(Xi) ≤ (2c) · ΦOPT (X). 2

The above lemma implies that the k-means++ algorithm gives constant approximation with probability
at least 1

2O(k) . The lemma also implies that if we sample O(k log k) centers with D2-sampling (instead of
k centers) and compare the cost with the optimal cost with respect to k centers, then we get a constant
factor pseudo-approximation. This observation was made by Ailon et al. [5]. With a little more work using
martingale analysis, Aggarwal et al. [4] showed that D2-sampling gives a constant pseudo-approximation
even when only O(k) centers are sampled.

Arthur and Vassilvitskii [8] had showed that D2-sampling procedure gives an O(log k) approximation
in expectation. They also support their upper bound on the approximation guarantee with a matching
lower bound of Ω(log k). That is, they give a dataset X such that the k-means++ seeding algorithm when
executed on X gives a solution with expected cost Ω(log k) times the optimal.

After the initial results on the analysis of the sampling algorithm by Arthur and Vassilvitskii [8], there
has been a huge volume of work on understanding the D2-sampling technique. We give a brief review of all
these developments in the next few paragraphs.

Pseudo-approximation Unlike the Lloyd’s algorithm where the number of clusters is used crucially in
the algorithm, the sampling algorithm uses it just as a termination condition. That is, it terminates when
it has sampled k centers. An interesting property of the sampling algorithm is that if one considers the first
i centers Ci that are sampled, then Ci gives a O(log i) factor approximation for the i-means problem for
the dataset. In this scenario, it makes sense to consider sampling more than k centers and then compare
the solution with the optimal solution with respect to k centers. Such algorithms are known as pseudo-
approximation algorithms. We have already mentioned the results of Ailon et al. [5] and Aggarwal et al.
[4] who showed constant pseudo-approximation with O(k log k) and O(k) centers respectively. In a more
recent work, Wei [51] showed that if βk centers are sampled for any constant β > 1, then we get a constant
factor pseudo-approximation in expectation.

Lower bound on approximation The results of Arthur and Vassilvitskii [8], left a natural open question
of whether the k-means++ seeding gives better than O(log k) approximation (say constant factor) with
probability that is not too small (say poly(1/k)). Brunsch and Röglin [20] showed that this is not possible.
More specifically, they created an instance where the sampling procedure gives approximation ratio of
(2/3− ε) log k with probability that is exponentially small in k. However, the instance that they gave was
a high-dimensional instance and they left an important open problem of analysing the sampling procedure
for small dimensional instances. In fact, Brunsch and Röglin [20] conjectured that for constant dimensional
instances, the sampling procedure gives a constant factor approximation with not too small probability.
This conjecture was refuted by Bhattacharya et al. [19] who gave a two dimensional instance such that the
sampling procedure gives an O(log k) approximation on that instance with probability that is exponentially
small in k.

D2-sampling under separation Qualitatively, the D2-sampling procedure samples points that are far
from each other. Consider the case when the optimal clusters are “separated” in some sense. If a center
c from one of the optimal clusters Xi have been picked, then the probability of choosing another center
from the same cluster would be low since the other points in Xi will typically be closer to c as compared
to points from other clusters. So, in such cases it is likely that the sampling procedure will pick one center
from each of the optimal cluster and given this, we know from Lemma 1.2 that the solution will be good. In
order to formulate such results, we first need to define an appropriate notion of separation of clusters. One
popular notion of separation was defined by Ostrovsky et al. [49]. This was in terms of the gap between
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the cost of the optimal solution with respect to k centers and that with respect to k − 1 centers. If the
ratio of the latter to the former is large, then this implies some kind of separation between clusters since
clustering into k cluster is much better than clustering into k − 1 clusters. Jaiswal and Garg [39] showed
that under this kind of separation guarantee, the k-means++ seeding procedure indeed gives a constant
approximation with probability Ω(1/k). Another notion of separation was given by Balcan et al. [14] and is
known as approximation stability. A dataset is said to satisfy approximation stability iff for every clustering
with cost near the optimal cost is “close” to the target optimal clustering. The closeness is in terms of the
number of points that need to be reassigned to resemble the optimal clustering. Agrawal et al. [3] showed
that if the dataset X satisfies approximation stability and if all optimal clusters have some minimum size,
then the D2-sampling algorithm gives a constant factor approximation with probability Ω(1/k).

PTAS using D2-sampling Polynomial Time Approximation Scheme (PTAS) is an algorithm that takes
as input an error parameter ε in addition to the problem and outputs a solution with an approximation
guarantee of (1 + ε). The running time of such an algorithm should be polynomial in the input parameters
(but is allowed to be exponential in the error parameter ε). Such algorithms allow us to obtain solutions
with cost that is arbitrarily close to the optimal cost. As we noted earlier while discussing the hardness for
the k-means problem (and also the k-median problem), such algorithms are not possible. However, when k
or d is not part of the input and is a fixed constant, then there do exist PTAS for these problems. We noted
earlier that a local search based algorithm is a PTAS under the assumption that d is not part of the input.
Here, we will see a simple D2-sampling based PTAS under the assumption that k is not part of the input.
These are results from Jaiswal et al. [40, 41]. We will discuss the k-means problem and later note that the
techniques generalise to k-median and other settings. The main lemma that we will use in the discussion is
the following lemma by Inaba et al. [34].

Lemma 1.4 ([34]) Let S be a set of points obtained by independently sampling M points with replacement
uniformly at random from a point set X ⊂ Rd. Then for any δ > 0,

Pr

[
Φ({Γ(S)},X) ≤

(
1 +

1

δM

)
·∆(X)

]
≥ (1− δ).

Here Γ(S) denotes the geometric centroid of the set S. That is Γ(S) =
∑

s∈S s

|S|

Fact 1.1 tells us that the centroid of any point set X ⊂ Rd is the optimal 1-means solution for X. What
the above lemma tells us is that the centroid of a uniform sample from any point set approximates the
1-means solution to within a factor of (1 + ε) if the size of the sample is Ω(1/ε). This implies that there
exits at least one such subset among the possible nO(1/ε) subsets for which this holds. Worah and Sen [52]
showed how to find such a subset using efficient derandomization. The situation here is different since we
do not even know the clusters.

Let X denote any dataset and let X1, ...,Xk denote an optimal k-means clusters of X. Suppose we
manage to isolate uniform samples S1, ...,Sk from X1, ...,Xk respectively such that ∀i, |Si| = Ω(1/ε). Then,
from the above lemma, we get that the centers (c1, ..., ck) where ci = Γ(Si) is a (1+ε)-approximate solution.
Let us now try to think about how we can possibly perform this task. Without loss of generality, let us
assume that X1 is the largest cluster (in terms of the number of points). Isolating a uniform sample from
X1 is simple may be done in the following manner:

Sample a set U uniformly at random (with replacement) from X such that |U | = poly(k/ε). Let

P1, ...,Pm denote all the
( |U |
d1/εe

)
subsets 8 of size d 1

εe of the set U . Since X1 is well represented in

the sample U (note that at least 1
k · |U | = Ω( 1

ε ) elements in U will belong to X1 in expectation),
it will not be too difficult to argue that at least one of the subsets P1, ...,Pm will represent a
uniform sample from X1. S1 denotes that subset.

Note that even though we are not able to isolate a single uniform sample S1 from X1, we are able
to produce a list of samples such that one of them is such a sample. This is sufficient for developing an

8This can be bounded by 2
O
(

1
ε
log
|U|
ε

)
using the inequality

(x
y

)
≤ ( ex

y
)y .
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Find-k-means(X, k, ε)
- Let N = Θ( kε2 ), M = Θ( 1

ε ) and initialize L to ∅.
- Repeat 22k times: Make a call to Sample-centers(X, k, ε, 0, {}).
- Return the set of k centers from L that has least cost.

Sample-centers(X, k, ε, i,C)
(1) If (i = k) then add C to the set L.
(2) else

(a) Sample a multi-set S of N points with D2-sampling (w.r.t. centers C)
(b) For all subsets T ⊂ S of size M :

(i) C ← C ∪ {Γ(T )}.
(ii) Sample-centers(X, k, ε, i+ 1,C)

Figure 1.3: (1 + ε)-approximation algorithm for k-means. Note that Γ(T ) denotes the centroid of T .

algorithm. What we can do is calculate the centroid of each of the subsets and try each of these centers
as a possible first center. The next question is: how do we compute the uniform samples S2, ...,Sk from
X2, ...,Xk? Note that uniformly sampling from X and trying all possible subsets (as we did for S1) may
not work since X2, ...,Xk may be tiny clusters and a uniformly sampled set from X may not have adequate
representatives from X2, ...,Xk. This is where D2-sampling becomes helpful. Suppose at this stage, we
sample a set U with D2-sampling. We can now argue that there is a good chance that U has adequate
representation from X2, ...,Xk and so at least one of its subsets of size d 1

εe has points entirely from one of
X2, ...,Xk. Moreover, we can argue that if the size of U is chosen carefully, at least one of the subsets of
size d 1

εe will resemble a uniform sample from one of X2, ...,Xk. Hence, the centroid of that set will be a
good addition to the set of centers from Lemma 1.4. We continue this argument to show that one set of k
centers will have a good center from each of the k-optimal clusters. Since this is a branching algorithm with a

branch factor of 2Õ(1/ε) and a depth of k, the running time of the algorithm is O(nd ·2Õ(k/ε)).9 The detailed
algorithm is given in Figure 1.3. We give an analysis of this algorithm showing (1 + ε)-approximation in
sufficient detail below. Following is the main result that we show:

Theorem 1.4 Let 0 < ε ≤ 1/2, k be a positive integer, and X ⊆ Rd. Then Find-k-Means(X, k, ε) runs in

time O(|X|d · 2Õ(k/ε)) and gives a (1 + ε)-approximation to the k-means problem.

The algorithm Find-k-Means maintains a set C of centers, that is initially empty. Every recursive
call to the function Sample-centers increments the size of C by one. In step (2) of the sub-routine
Sample-centers, it tries out various candidates that can be added to C. First, it samples a multi-set S of
size N = O(k/ε3) by D2-sampling from X with respect to center set C. Then it considers all subsets of S
of size M = O(1/ε) - for each such subset it adds the centroid of the subset to C and makes a recursive call
to itself. Thus each invocation of Sample-centers makes precisely

(
N
M

)
recursive calls to itself. It will be

useful to think of the execution of this algorithm as a tree T of depth k. Each node in T can be labeled
with a set C – it corresponds to the invocation of Sample-centers with this set as C (and i being the depth
of this node). The children of a node denote the recursive calls made by the corresponding invocation of
Sample-centers. Finally, the leaves denote the set of candidate centers produced by the algorithm.

Let X1, ...,Xk denote the optimal k-means clustering of the given dataset X and let OPT (X) denote the
optimal k-means cost for dataset X. As defined before, let ∆(R) denote the optimal 1-means cost for any

dataset R. Note that OPT (X) =
∑k
r=1 ∆(Xr). A node v at depth i in the execution tree T corresponds

to a set C of size i. Let us call this set Cv. Our proof will argue inductively that for each i, there will be a
node v at depth i such that the centers chosen so far in Cv are good with respect to a subset of i distinct
clusters among X1, ...,Xk or the entire set X. More specifically, we will argue that the following invariant
P (i) is maintained during the recursive calls to Sample-centers:

P(i): With probability at least 1
2i−1 , there is a node vi at depth (i − 1) in the tree T such

that either (a) Φ(Cvi ,X) ≤ (1 + ε) · OPT (X), or (b) there is a set of (i − 1) distinct clusters

9Here Õ hides logarithmic factors in k and ε. Also, the branching structure will be more clear when we discuss the algorithm
in detail below.
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Xj1 ,Xj2 , ...,Xji−1
such that: Φ(Cvi ,Xj1 ∪ ... ∪Xji−1

) ≤ (1 + ε
2 ) ·

∑i−1
r=1 ∆(Xjr ).

Theorem 1.4 follows from the above since P (k+ 1) holds and 22k repeated calls to the Sample-centers

procedure are made and the best set of k centers picked. We prove the invariant using induction. Note
that P (1) is trivially true since for the root v of the tree, Cv is the empty set. Now assume that P (i)
holds for some i ≥ 1. We will show that P (i + 1) also holds. For this, we condition on the event P (i)
(that happens with probability at least 2i−1). Note that if Φ(Ci,X) ≤ (1 + ε) · OPT (X), then P (i + 1)
is trivially true. So, for the rest of the discussion we will assume that this does not hold. Let vi and
Xj1 , ...,Xji−1 be as guaranteed by the invariant P (i). For ease of notation and without loss of generality,
let assume that the index jr is r and let us call Cvi as just Ci. So, we have good approximation with
respect to points in X1 ∪ ...Xi−1 and these cluster may be thought of as “covered” clusters. Note that
the probability of D2-sampling a point from one of the uncovered clusters Xi, ...,Xk, say Xr, is equal to
Φ(Ci,Xr)
Φ(Ci,X) . Let ī ∈ {i, i+ 1, ..., k} be the index for which Φ(Ci,Xī) is the largest. We can break the analysis

into the following two parts – (i) Φ(Ci,Xī)
Φ(Ci,X) ≤

ε
2k , and (ii) Φ(Ci,Xī)

Φ(Ci,X) > ε
2k . In the former case, we will argue

that Φ(Ci,X) ≤ (1 + ε) ·OPT (X), that is, the current set of centers already gives (1 + ε)-approximation for
the entire dataset and hence P (i+1) holds. In the latter case, we will argue that sufficient number of points
will be sampled from Xī when sampling is done using D2-sampling and the added center corresponding to
at least one of the branches incident on vi in the tree T , will be a good center for Xī with probability at
least 1/2. Hence, P (i+ 1) holds again. These two cases are discussed in the next two lemmas.

Lemma 1.5 Let 0 < ε ≤ 1/2. If Φ(Ci,Xī)
Φ(Ci,X) ≤

ε
2k , then Φ(Ci,X) ≤ (1 + ε) ·

∑k
r=1 ∆(Xr) = (1 + ε) ·OPT (X).

Proof: Since Φ(Ci,Xī)
Φ(Ci,X) ≤

ε
2k , we have

∑k
r=i Φ(Ci,Xr)∑i−1

r=1 Φ(Ci,Xr)+
∑k

r=i Φ(Ci,Xr)
≤ ε

2 which implies
∑k
r=i Φ(Ci,Xr) ≤

ε/2
1−ε/2 ·

∑i−1
r=1 Φ(Ci,Xr). We use this inequality to prove the lemma in the following manner:

Φ(Ci,X) =

i−1∑
r=1

Φ(Ci,Xr) +

k∑
r=i

Φ(Ci,Xr) ≤
1

1− ε
2

·
i−1∑
r=1

Φ(Ci,Xr) ≤
1 + ε

2

1− ε
2

·
i−1∑
r=1

∆(Xr) ≤ (1 + ε) ·OPT (X).

Note that the second to last inequality follows from the invariant. 2

The above lemma handles case (i). Let us now discuss case (ii). So, we have Φ(Ci,Xī)
Φ(Ci,X) > ε

2k . What

this essentially says is that the set S in the Find-k-Means algorithm that is obtained by D2-sampling with
respect to center set Ci will have good representation from Xī as long as N = Θ(k/ε2) (since the expected
number of points in the set S from Xī will be Ω(1/ε)). So, the important question now is that if we consider
all possible subsets of S of size M = Θ(1/ε), are we guaranteed that at least one of these subsets will
be a uniform sample from Xī? If this were true, then we can straightaway apply Inaba et al. ’s lemma
(Lemma 1.4) and argue that the centroid of such a sample will “cover” Xī and so P (i+ 1) holds. However,
this may not be true since there may be points in Xī that are very close to centers in Ci and hence have
very small probability of being sampled. In order to handle this issue, we partition the set Xī into two sets,
Xnear
ī

and Xfar
ī

denoting the points that are near to the centers in Ci and those that are far respectively.

More specifically, a point x ∈ Xī belongs to Xfar
ī

iff Φ(Ci,{x})
Φ(Ci,Xī)

> ε
16 ·

1
|Xī|

. This means that given that

the sampled point is from Xī, the conditional probability of sampling any given point x ∈ Xfar
ī

is at least
ε
16 fraction of the probability if it were sampled uniformly from Xī. So, what we can argue for points in

Xfar
ī

is that if N = |S| is chosen carefully, there is a good chance that one of the subsets of S will be a

uniform sample from Xfar
ī

and given this, the center corresponding to this subset will provide a (1 + ε
4 )

approximation for the set Xfar
ī

. We omit the details of this analysis which may be found in [40]. As for
points in Xnear

ī
, we will argue that the cost of these points with respect to centers in Ci is small (at most

ε
4 · ∆(Xī)) and so they do not contribute to the overall cost (even if no further centers are chosen). So,

given that a good center for Xfar
ī

is chosen (this happens with high probability), the overall cost of X̄i will

be at most (1 + ε
4 ) ·∆(Xfar

ī
) + ε

4 ·∆(Xī) ≤ (1 + ε
2 ) ·∆(Xī). The details of this part of the analysis is given

in the next lemma which is a combination of Lemmas 2 and 3 in [41]).

Lemma 1.6 Φ(Ci,X
near
ī

) ≤ ε
4 ·∆(Xī).
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Proof: Let D(p, q) denote the squared Euclidian distance between p and q. Let cī denote the centroid of
Xī. For any point x ∈ Xnear

ī
let cx = arg minc∈Ci{D(c,x)}. We have:

ε

16
· 1

|Xī|
≥ Φ(Ci, {x})

Φ(Ci,Xī)
≥ D(x, cx)

Φ(cx,Xī)

Fact 1.1
=

D(x, cx)

∆(Xī) + |Xī| ·D(cx, cī)
≥ D(x, cx)

∆(Xī) + 2|Xī| · (D(x, cx) +D(x, cī))
.

The last inequality uses the fact that for any three points p, q, r,D(p, q) ≤ 2(D(p, r) + D(r, q)). Re-

arranging the terms of the above inequality, we get that: D(x, cx) ≤ ε/16
1−ε/16 ·

(
∆(Xī)
|Xī|

+D(x, cī)
)
≤

ε
8 ·
(

∆(Xī)
|Xī|

+D(x, cī)
)

. Using this, we can get a bound on Φ(Ci,X
near
ī

) as follows:

Φ(Ci,X
near
ī ) =

∑
x∈Xnear

ī

D(x,Ci) ≤
∑

x∈Xnear
ī

ε

8
·
(

∆(Xī)

|Xī|
+D(x, cī)

)
≤ ε

4
·∆(Xī).

This completes the proof of the lemma. 2

This D2-sampling technique generalizes for the Euclidean k-median problem and we have a similar
result as above. Interestingly, these techniques generalizes for distance measures other than Euclidean and
squared Euclidean distance such as the Mahalanobis distance and µ-similar Bregman divergences (see [1]
for discussion on these distance functions). The analysis uses only simple properties of the distance measure
such as (approximate) symmetry and (approximate) triangle inequality which causes the analysis to carry
over to these settings.

The D2-sampling technique also extends to the setting of constrained clustering which is relevant in
many machine learning applications. In many clustering scenarios, optimising the k-means cost function
is not the only objective. Depending on the clustering context there may be additional constraints. For
example, consider the r-gather problem where the additional constraint is that each cluster should have
at least r points. Ding and Xu [25] gave a general framework in which such algorithms can be studied
and also gave a (1 + ε)-approximation algorithm (not based on D2-sampling). Note that in such scenarios,
the separation between optimal clusters is not as well defined as in the classical k-means problem (where
the clusters are optimal Voronoi partitions). However, even under such scenarios the algorithm based on
D2-sampling can be made to work with minimal changes in the overall outline. This is one of the main
results by Bhattacharya et al. [18]. Let us go back to the outline of the algorithm and see the main issue.
After finding good centers for clusters X1, ...,Xi, we sample point set U using D2-sampling. This is done
to isolate a uniform sample from one of the remaining clusters Xi+1, ...,Xk. However, some of the points of
these clusters may be very close to the i good centers that we have already picked and hence will have low
chance of being sampled. This is handled by taking appropriate copies of the already chosen centers in the
set U (which act as proxies for points in remaining clusters that are close to the already chosen centers).
The analysis becomes slightly tricky than before but it goes through without changing the basic outline of
the algorithm for the classical k-means problem as in [40].

Variations of k-means++ seeding Due to its simplicity, many practitioners have been interested in the
D2-sampling technique and have used it in various data mining tasks. A number of optimizations have also
been suggested that make the sampling procedure more efficient in various contexts. One such context is
parallel computing. With advancement in parallel architectures there is a move towards developing parallel
algorithms for popular data mining tasks such as clustering. It would be nice if we can come up with a
parallel version of the k-means++ seeding algorithm. However, we note that the sampling algorithm is
inherently sequential. This is because the sampling of the ith center depends on the previous i− 1 centers.
So, since a minimum of k sequential steps are required, parallelism cannot give arbitrary running time
improvements. Bahmani et al. [13] gave a slightly modified version of the algorithm that they called the
k-means|| (k-means parallel). The main idea is that in the ith iteration, instead of sampling a single point,
sample ` points (for some ` > 1) in parallel and run this algorithm for t iterations (for some t < k).
Finally, the sampled points are pruned to obtain k centers. On the experimental side, it was shown that
the behaviour of this algorithm is similar to that of the k-means++ even when t is very small and on the
theoretical side, they showed a constant approximation guarantee under some reasonable assumption on
the lower bound on t.
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The D2-sampling algorithm runs in k iterations, one center being picked in each iteration. Note that the
running time of each of these iterations is O(nd). This is because, at the start of every iteration, we need to
compute the distribution from which the next center will be sampled and for this we need to compute the
distance of every point to its nearest center (from among the centers chosen until that iteration). Bachem
et al. [11] suggest a simple Monte Carlo Markov Chain (MCMC) based technique to improve the running
time in every iteration. Their algorithm is called the k-MC2 algorithm. The main idea is that in order to
sample x ∈ X with probability p(x), we perform a bounded-length random walk on a Markov chain where
the states denote points in X and we make a transition from x to y with probability min(1, p(y)/p(x)). Note
that p(x), p(y) is proportional to the squared distance of x and y from their nearest centers respectively.
Since the transition only requires the ratio of these quantities, we do not need to compute the distance
of every point from its nearest center. So, the running time in every iteration of the sampling algorithm
is proportional to the length of the random walk performed. This may be much smaller than n in many
different contexts. In a follow-up paper, Bachem et al. [12] gave an improvement where we can put an
upper bound on the length of the random walk at a small cost to the approximation guarantee.

Streaming Algorithm In typical data mining tasks where these clustering algorithms are typically used,
the data is so large that the standard random access model of computation (where data is assumed to be
in the memory) is not appropriate. In such large-data scenarios the algorithm typically gets to see the data
by making one pass (or a few passes) over the data. This model of computation is called the streaming
model since the data is accessible as a stream. The question in this context is whether we can solve the
center based clustering problems in the streaming setting where the memory available is small compared
to the number of data points. The tradeoff of interest in this setting is that between the approximation
guarantee and the amount of space required by the streaming algorithm. There is a standard method of
using classical approximation algorithms to design approximation algorithms in the streaming setting where
the memory is limited. Let A,B be an approximation algorithms for the weighted k-means problem that
gives an approximation factor of α,β respectively and use linear amount of memory. The weighted k-means
problem is a simple generalization of the k-means problem where each point has an associated weight and
the goal is to minimize the sum of squared distances multiplied by the weights (instead of just the squared
distances as in k-means). Using A and B we will design a streaming algorithm that uses O(k

√
n) memory.

Imagine having a bucket that can store at most
√
n data points. As we make a pass over the data, we

keep filling this bucket. Once the bucket is full, we execute A on the data points in the bucket and find k
centers. We empty the bucket and keep these weighted k centers separately, the weight of a center being
the number of points in the bucket for which this center is the closest. We continue with the data stream,
repeating the same procedure as above. Once all the n points have been seen, we go back to the weighted
O(k
√
n) centers that have been saved and use algorithm B to cluster these weighted centers and obtain the

final k centers. Note that the total memory used is O(k
√
n) and the algorithm just makes one pass over

the data. Guha et al. [31] showed that the approximation guarantee obtained by using algorithms A and
B in such a manner (that is, using B on the output of A) is 2α+ 4β(2α+ 1). Also, algorithm A may be a
pseudo-approximation algorithm. Ailon et al. [5] used the sampling based pseudo-approximation algorithm
in the above general technique to obtain a streaming algorithm that for any constant ε > 0 uses O(nε) space
and gives O(c1/ε log k) approximation guarantee for some constant c. Note that this is not the best tradeoff
that is known between space and approximation guarantee and there are better tradeoffs known [21] using
other techniques.

1.4 Other Topics on Clustering

Even tough the title of this Chapter is Approximate Clustering, there are many important topics on clus-
tering that we did not discuss. The simple reason for this is that the literature on clustering has now
become so vast that a comprehensive coverage in a book chapter is not possible. There are a few books and
surveys [33, 37, 36, 16, 35] on various clustering topics that the reader may find useful. In this chapter, we
discussed center-based clustering problems such as k-center/means/median and even within this topic, our
main focus was on sampling based sequential selection algorithms. Given that we have left out discussions
on many clustering topics, it will be useful to mention at least a few of them here.
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It is important to note that the center-based clustering problems provide just one way to partition the
data into meaningful clusters. These problems make sense in contexts where the target clusters satisfy
locality property, meaning that the points within the same cluster are all close to each other (or tightly
packed in some sense). However, there are other contexts where the meaningful clusters do not satisfy such
properties and in these scenarios, modelling the clustering problem in terms of center-based problems such as
k-center/means/median may not give the best results. The Figure 1.4 (left figure), shows one such scenario.
In such contexts, a density based model makes much more sense. The main idea is to keep neighbouring

Figure 1.4: (a) The figure on the left shows a simple two dimensional dataset where the two meaningful clusters is unlikely to be found using
center-based clustering algorithms, (b) The figure on the right shows a simple graph clustering problem.

points in the same cluster even if all points within a cluster are not close to each other as in the scenario
above. DBSCAN [26] is a density based algorithm that is widely used such scenarios.

Data Clustering can also be modelled as a graph theoretic problem in the following manner: For a given
dataset along with similarity measure, we can define a graph where the vertices correspond to the data
points and there is an edge between vertices x and y iff similarity exceeds some threshold and the weight
of the edge equals the similarity. Modelling in terms of a graph also makes sense in contexts where the
similarity/dissimilarity between data points are known at a coarse level such as for every pair x, y all that is
known is whether x and y are similar or not. The high-level goal is to find a clustering of the vertices such
that the sum of weight of the edges that go across clusters is minimized (or in other words find cuts with
small capacity). Figure 1.4 (right figure) shows a simple graph clustering problem where all edge weights are
1. Note that in this formulation, the number of clusters k may not be given as input. Spectral techniques [46]
are popularly used for such cut problems in graphs. Correlation clustering [15] may be described as a more
general version of the graph clustering problem discussed in the previous paragraph. Here the edges in the
graph may have positive weight (indicating similarity) or negative weight (indicating dissimilarity). The
goal is to find a partition of the vertices into clusters such that sum of weights of positive edges within
clusters minus the sum of weights of negative edges across clusters is maximized.
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