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Divide and Conquer
Fast Fourier Transform

Problem

Given two polynomials:

Ax)=ao+a1-x+ax x>+ ... +a,1-x""1 and

B(x) = by -+ by -x+by-x*>+...4 b,_1-x"71, design an algorithm
to that outputs A(x) - B(x).
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Divide and Conquer
Fast Fourier Transform

Problem

Given two polynomials:
Ax)=ao+a1-x+ax-x>+...+a,1-x""1 and

B(x) = by -+ by -x+by-x*>+...4 b,_1-x"71, design an algorithm
to that outputs A(x) - B(x).

@ We have to obtain the polynomial C(x) = A(x) - B(x)

o C(x) may be written as:
C(X) =C+Cc1- X+ x2 + ...+ Cop_2 . x2n—2
@ What is ¢; in terms of coefficients of A and B?
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Divide and Conquer
Fast Fourier Transform

Problem

Given two polynomials:
Ax)=ag+a1-x+ax-x>+...+a,_1-x""1, and

B(x) = by + by - x+ by - x?>+ ...+ by_1 - x"~1, design an algorithm
to that outputs A(x) - B(x).

@ We have to obtain the polynomial C(x) = A(x) - B(x)
o C(x) may be written as:
C(X) =+l x+co- x2 4 .. + Cop—2 - x2n=2
@ What is ¢; in terms of coefficients of A and B?
e ci=aj-byp+aj_1-bi+..+a b

@ The vector (¢, ..., c2n—2) is called the convolution of vectors
(ao, ey a,,_l) and (bo, vy bn—l)-
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Divide and Conquer

Fast Fourier Transform

SimpleMultiply((ag, ..., an—1), (bo, .-y bn—1))
-Fori=0to2n—2
-Forj=0toi
-ci+¢ci+aj-bi_j
= return((co, Cl, ..., C2n_2))

@ What is the running time of the above algorithm?
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Divide and Conquer

Fast Fourier Transform

SimpleMultiply((ao, ..., an—1), (bo,-..; bn—1))
-Fori=0to2n—-2
-Forj=0to
- c,-<—c,--|—aj-b,-_j
- return((co, c1, ..., C2n—2))

o What is the running time of the above algorithm? O(n?)

o Is there another way to compute the polynomial C(x)?
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Divide and Conquer
Fast Fourier Transform

@ Another way to compute the polynomial C(x):
o Compute A(s1), A(s2), ..., A(S2n).
o Compute B(s1), B(s2), ..., B(s2n)-
o Compute:
o C(s1) = A(s1) - B(s1)
o ((s2) = A(s2) - B(s2)
°:
o C(s2n) = A(s2n) - B(s20)
o Interpolate to obtain the polynomial C(x).
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Divide and Conquer
Fast Fourier Transform

@ Another way to compute the polynomial C(x):
o Compute A(s1), A(s2), ..., A(S2n)-
o Compute B(s1), B(s2), ..., B(S2n)-
o Compute:
e C(s1) = A(s1) - B(s1)
o ((s2) = A(s2) - B(s2)
°:
o C(s2n) = A(s2n) - B(s20)
o Interpolate to obtain the polynomial C(x).

@ How fast can you compute A(s) given value of s?
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Divide and Conquer
Fast Fourier Transform

@ Another way to compute the polynomial C(x):
o Compute A(s1), A(s2), ..., A(s2n).
o Compute B(s1), B(s2), ..., B(s2n)-
o Compute:
o C(s1) = A(s1) - B(s1)
4 C(Sz) = A(Sz) . B(Sg)
°:
o C(s2n) = A(s2n) - B(s20)
o Interpolate to obtain the polynomial C(x).
@ How fast can you compute A(s) given value of s?

o O(n) arithmetic operations using Horner's rule.
o A(s)=ao+s-(ar+s-(a2+..+5 (an-1)...))
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Fast Fourier Transform

(dgs er Gn1)
(bgy «er bp—1)

(A(s1), s A(S3)
(B (si), o B(SZZn)) om (C (515 -+, C(520))
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Divide and Conquer
Fast Fourier Transform

@ Polynomial interpolation: We have C(s1), ..., C(s2n) and we
need to compute (¢, ..., C2p—2)-

1 st (s1)2 ... (s1)*"1 co C(s1)
1 s (52)2 R (52)2n—1 C1 C(SQ)
C(s3)

1 s3 (53)2 (53)2"_1 . () = (53

1 s (s20)% ... (s2n)?" 1 Con—1 C(s2n)

@ Is the above square matrix invertible?
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Divide and Conquer
Fast Fourier Transform

@ Polynomial interpolation: We have C(s1), ..., C(s2n) and we
need to compute (cp, ..., C2p—2)-

1 5 (51)2 R (51)2n_1 Co C(Sl)
1 s (52)2 e (52)2"_1 (a] C(s2)
1 s3 (53)2 . . (53)2’771 . C — C(S3)
1 s (s20)? y (Szn)-2”_1 C2I;—1 C(s2n)

@ Is the above square matrix invertible?
@ Fact: A square matrix is invertible iff its determinant is
non-zero.
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Divide and Conquer
Fast Fourier Transform

e Polynomial interpolation: We have C(s1), ..., C(s2n) and we
need to compute (cp, ..., C2p—2).

1 s (51)2 - (51)2’771 Co C(Sl)
1 S (52)2 o (52)2'7_1 Cc1 C(Sz)
1 s3 (53)2 c. (53)2n71 . C — C(S3)
i 52-n (52;1)2 : : (Szn)-2"_1 sz;—l C(;Zn)

@ Is the above square matrix invertible?

@ Fact: A square matrix is invertible iff its determinant is
non-zero.

@ The square matrix above has a special name: Vandermonde
matrix.
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Divide and Conquer
Fast Fourier Transform

o Fact: A square matrix is invertible iff its determinant is
non-zero.

o The square matrix above has a special name: Vandermonde
matrix.

@ Claim 1: For any Vandermonde matrix V shown below,

1 s (51)2 ... (51)2n_1
1 s (52)2 - (52)2n71
V = 1 s3 (53)2 . (53)2n—1
1 sy, (52,,)2 ce (52,,)2’7_1

Det(V) = H1§j<i§2n(si - 5j).
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Divide and Conquer
Fast Fourier Transform

@ Fact: A square matrix is invertible iff its determinant is
non-zero.

@ The square matrix above has a special name: Vandermonde
matrix.

@ Claim 1: For any Vandermonde matrix V' shown below,

1 s (51)2 .. (51)2n_1
1 s (52)2 R S 2n—1
V = 1 s3 (53)2 . (53)2n—1
1 s, (52,,)2 R (52,,)2’7_1

Det(V) = [Ii<jci<on(si — 5j)-

@ So, as long as we use distict values of sy, ..., sp,, we will be
able to do polynomial interpolation.
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Divide and Conquer
Fast Fourier Transform

(ao, eny %_1) O(nZ)
(bOJ o) bn—l)

p oo 'A(SZn))
, 0y B(S3,))

o(n)
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Fast Fourier Transform

0(n?

o)
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Divide and Conquer
Fast Fourier Transform

@ Example of polynomial evaluation:
A(x) = 3+ 4x + 6x2 + 2x3 + x* +10x° 4 2x° + x*
A(x) = (34 6x% + x* + 2x®) + x - (4 + 2x + 10x* + x5)
Let Ag(x) = 3 + 6x% + x* + 2x°
Let Aj(x) =4 +2x% + 10x* + x°
How do we compute A(1)?
o Ao(1) =12, A (1) = 17.
o So, A(1) = Ag(1) +1- Ay(1) = 12 + 17 = 29.
Now, suppose we want to compute A(—1).

® © 6 ¢ o

A(=1) = Ao(-1)+(-1) A(-1)
= Ao(1)+(=1)- A(1)
12—-17=-5
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Divide and Conquer
Fast Fourier Transform

@ Example of polynomial evaluation:
A(x) = 3+ 4x + 6x2 + 2x3 + x* +10x° 4 2x° + x’
A(x) = (34 6x% + x* + 2x®) + x - (4 + 2x + 10x* + x5)
Let Ag(x) = 3 + 6x% + x* + 2x°
Let Aj(x) =4 +2x% + 10x* + x°
How do we compute A(1)?
o Ao(1) =12, Ay(1) = 17.
o So, A(1) = Ao(1) + 1 Ay(1) = 12 + 17 = 29.
o Now, suppose we want to compute A(—1).

® ©6 6 o o

A-1) = A=+ (-1)- Au(-1)
= Ao(D)+(-1)-Au(1)
12-17= -5

o If we want to compute Aon —1,1,—2,2,—3,3, —4, 4, then we
only need to compute Ag and A; on 1,2,3 4.
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Divide and Conquer

Fast Fourier Transform

o Example of polynomial evaluation:

A(x) = 34+ 4x + 6x2 + 2x3 + x* + 10x® + 2x% + x7
A(x) = (3+6x2 + x* +2x5) + x - (4 +2x® + 10x* + x5)
Let Ao(x) = 3 + 6x% + x* + 2x°

Let Ai(x) =4+ 2x% + 10x* + x°

© o o

em/4
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Divide and Conquer
Fast Fourier Transform

o Example of polynomial evaluation:

A(x) =3+ 4x + 6x2 + 2x3 + x* + 10x> + 2x° + x7
A(x) = (34 6x2 + x* +2x8) + x - (4 4+ 2x% + 10x* + x9)
Let Ag(x) = 3+ 6x% + x* 4+ 2x8

Let Ar(x) = 4 + 2x2 + 10x* + x°

Let Aoo(X) =3+ X4, A01(X) =64 2x*

Let Alo(X) =4+ 10X4, A11(X) =24+ x*

©

®© 6 6 o o
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Fast Fourier Transform

(ag - an-1) 0(n?)

(bg, «-s» bp—1)

(A(s), ) A(S20))
(B(S), -, B(S20))

o(n)
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Divide and Conquer

Fast Fourier Transform

@ Can we choose sy, ..., S5, in @ more clever manner so that
evaluating the polynomials A and B on these points cost fewer
operations?

o We will use complex roots of unity!

o We will use 2n roots of the equation

x"—-1=0
2mi
@ 53 =¢€ 2
2. 2mi
@ S =€ 2
o
]
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Fast Fourier Transform

Let w be one of the 2n roots of unity

A(w) = (ap + aaw? + agw?* + ..) + w- (a1 + a3w? + asw* +..)

A(w) = Ag(w?) + w - A1 (w?)

If we have Ag(w?) and A;(w?), then computing A(w) takes a

constant number of operations.

@ Suppose T(n) denotes the worst case time to compute a
polynomial at all 2n roots of unity.

@ Using the above equation, we can say that:

® 6 6 ¢

T(n)=2T(n/2) + O(n)

o Since w? is one of the nt’ roots of unity.
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Fast Fourier Transform

0o(n?

ey A(S2))
) o(n)
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Divide and Conquer
Fast Fourier Transform

@ Claim 2: Let w = e2n . Let V be the Vandermonde matrix w.r.t.
the 2n roots of unity. That is,

1 1 1 1 1

1 (Wl)l (Wl)z o (W1)2n—1
V= 1 (W2)1 (W2)2 o (W2)2n—1

i (W2n:71)1 (W2n.71)2 . (W2n .1)2n 1

_ -
Then [V 1],-J- =

1 1 1 1 1
1 (w i) (w2 . (w2l
vl= 111 (w=2)! (w2)2 (w2)2n-1
2n : : : : :
i (w*(2.”*1))1 (w—(2n=1)y2 (W7(2n;1))2n—1
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Fast Fourier Transform

o We have
o
1 1 1 1 1
1 (Wﬁl)1 (Wfl)2 . (W71)2n71
\/*1 — i 1 (W72)1 (W72)2 . (W72)2n71
2n : )
i (W7(2.n71))1 (W7(2.n71))2 ) ) (W*(anll))anl
Q
@ c)
V. C.1 _ C(.w)
C2r;71 C(wé"*l)

@ How do we compute ¢;'s?
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Fast Fourier Transform

(ag - an-1) 0(n?)
(bo' e b‘n—l)

0 0o0p A(SZn))
RLLY B(SZn))

o(n)
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Divide and Conquer

Fast Fourier Transform
(ag - an-1) 0(n?)
(bg, -+ » bp—1)

O(nlogn) O(nlogn)

(A(s1), s A(S20))
(B (si), o B(szz,l)) o (C(51)s -, C(520))
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End
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