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Divide and Conquer

Median finding

Problem

Median Finding: Given an array of unsorted numbers and an
integer k, design an algorithm that finds the k" smallest number
in the array. Assume that A contains distinct numbers.
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Divide and Conquer
Median finding

Median Finding: Given an array of unsorted numbers and an

integer k, design an algorithm that finds the k" smallest number
in the array. Assume that A contains distinct numbers.

Algorithm

Kth-smallest-incomplete (A, k)

- Pick a number p as pivot

- Partition the numbers in A into A; (all numbers < p) and
Agr (all numbers > p)

- If (JAL| = k — 1), then return(p)

- If (JAL| > k — 1), then
return(Kth-smallest-incomplete (A, k))

- If (JAL| < k —1), then
return(Kth-smallest-incomplete (Ag, k — |Af| — 1))

| A\
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Divide and Conquer
Median finding

Problem

Median Finding: Given an array of unsorted numbers and an integer k,
design an algorithm that finds the k" smallest number in the array.
Assume that A contains distinct numbers.

Algorithm

Kth-smallest-incomplete (A, k)

- Pick a number p as pivot

- Partition the numbers in A into A; (all numbers < p) and
Ag (all numbers > p)

- If (|JAL| = k — 1), then return(p)

- If (JAL| > k — 1), then
return(Kth-smallest-incomplete (A, k))

- If (JAL| < k—1), then
return(Kth-smallest-incomplete (Ag, k — |AL| — 1))

| \

@ What is the running time of this algorithm if the pivot is picked
arbitrarily?
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Divide and Conquer
Median finding

Problem

Median Finding: Given an array of unsorted numbers and an integer k,
design an algorithm that finds the k" smallest number in the array.
Assume that A contains distinct numbers.

Algorithm

Kth-smallest-incomplete (A, k)

- Pick a number p as pivot

- Partition the numbers in A into A; (all numbers < p) and
Ag (all numbers > p)

- If (JAL| = k — 1), then return(p)

- If (JAL] > k — 1), then
return(Kth-smallest-incomplete (A, k))

- If (JAL] < k — 1), then
return(Kth-smallest-incomplete (Ag, k — |AL| — 1))

| A\

@ What is the running time of this algorithm if the pivot is picked
arbitrarily? O(n?)
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Divide and Conquer

Median finding

Kth-smallest-incomplete (A, k)

- Pick a number p as pivot

- Partition the numbers in A into A; (all numbers < p) and
Agr (all numbers > p)

- If (JAL| = k — 1), then return(p)

- If (|AL| > k — 1), then
return(Kth-smallest-incomplete (AL, k))

- If (JAL| < k — 1), then
return(Kth-smallest-incomplete (Ag, k — |AL| — 1))

@ How do we pick a good pivot number?

o Randomly: We will look at this later.
o Deterministically:
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Divide and Conquer

Median finding

@ How do we pick a good pivot number?

o Randomly: We will look at this later.
o Deterministically:

[@unleln]olalalxsals]m] 8ol ]eloles]sn]ulo]

410 [13 (70 [62 30 ]
nm * Consider groups of 5 elements.
49 (83 773 [ 78]
50 [+ |46 456 |
85 |25 [29 [11 60 ]
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Divide and Conquer

Median finding

@ How do we pick a good pivot number?

o Randomly: We will look at this later.
o Deterministically:

(o3[m0 [ [et e[ |7 ]77]3 |04 s o [ss ] n 1 e

13 [30 [0 (6270 ]

nu * Consider groups of 5 elements.
um * Sort Individual groups.

[+ [6 4649 [50]

1125 [29 [60 |55 |
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Divide and Conq

Median finding

@ How do we pick a good pivot number?

o Randomly: We will look at this later.
o Deterministically:

(a3 [m e ln]iala]nnalan]s ni0l o]0l o= ]o o)

13 30 [0 62 70 ]
nm * Consider groups of 5 elements

* Sort Individual groups
Em * Consider the median of the medians:

nnm ® Here it is 46.
* Use this as the pivot element.
1125 [29 (60 |85 |
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Divide and Conquer

Median finding

@ How do we pick a good pivot number?

o Randomly: We will look at this later.
o Deterministically:

EEeEEE e E EEEEEEEEE EEEE
mmmﬂ * Consider groups of 5 elements
2 67 | 94 * Sort Individual groups
n-m-- * Consider the median of the
n medians:
nmm * Here it is 46.
[11] 25 | 29| 60 | 5| * Use this as the pivot element p.

@ How many elements in A are larger than p?
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Divide and Conquer

Median finding

@ How do we pick a good pivot number?

o Randomly: We will look at this later.
o Deterministically:

EEeEEE e E EEEEEEEEE EEEE
mmmﬂ * Consider groups of 5 elements
2 67 | 94 * Sort Individual groups
n-m-- * Consider the median of the
n medians:
nmm * Here it is 46.
[11] 25 | 29| 60 | 85| * Use this as the pivot element p.

@ How many elements in A are larger than p?

o Claim 1: There are at least (3n/10 — 6) numbers in A that are
larger than p.
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Divide and Conquer

Median finding

@ How do we pick a good pivot number?

o Randomly: We will look at this later.
o Deterministically:

EEEEEFEEEEEEEEEEEEEE B E R
mmnm * Consider groups of 5 elements
2% 67 | 94 * Sort Individual groups
n-m-- * Consider the median of the
nmm medians:
4 49 ® Here it is 46.
[+ [6 [46]49]50]

nﬂmmm * Use this as the pivot element p.

@ How many elements in A are larger than p? at least (3n/10 — 6)
@ How many elements in A are smaller than p?
o Claim 2: There are at least (3n/10 — 6) numbers in A that are
smaller than p.

Ragesh Jaiswal, CSE, IITD COL351: Analysis and Design of Algorithms



Divide and Conquer

Median finding

@ How do we pick a good pivot number?

o Randomly: We will look at this later.
o Deterministically:

EEEEE e E EEEEEEEEE EEEE
mmmﬂ * Consider groups of 5 elements
2% 67 | 94 * Sort Individual groups
n-m-- * Consider the median of the
n medians:
nmm * Here it is 46.
[11] 25 | 29| 60 | 5| * Use this as the pivot element p.

@ How many elements in A are larger than p? at least (3n/10 — 6)
e How many elements in A are smaller than p? at least (3n/10 —6)
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Divide and Conquer

Median finding

Find-Kth-smallest (A, k)
- ... //Base cases
- Consider groups of 5 numbers, sort each group and create another
array B containing the median number from each group
- p  Find-Kth-smallest (B, [ 2l))
- Partition the array A into A; and Ag using p as the pivot
- If (JAL| = k — 1), then return(p)
- If (JAL] > k—1), then
return(Find-Kth-smallest (AL, k))
- If (JAL| < k — 1), then
return(Find-Kth-smallest (Ag, k — |AL| — 1))

@ What is the running time of the above algorithm?
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Divide and Conquer

Median finding

Find-Kth-smallest (A, k)

- ... //Base cases

- Consider groups of 5 numbers, sort each group and create another
array B containing the median number from each group

- p + Find-Kth-smallest (B, [ 2l))

- Partition the array A into A; and Ag using p as the pivot

- If (JAL| = k — 1), then return(p)

- If (JAL] > k—1), then
return(Find-Kth-smallest (AL, k))

- If (JAL| < k —1), then
return(Find-Kth-smallest (Ag, k — |AL| — 1))

@ What is the running time of the above algorithm?
o T(n) < T([n/5])+ T(7n/10+6) + O(n); T(1) = O(1)
o Whatis T(n)?
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Divide and Conquer

Median finding

Find-Kth-smallest (A, k)

- ... //Base cases

- Consider groups of 5 numbers, sort each group and create another
array B containing the median number from each group

- p + Find-Kth-smallest (B, [ 2l))

- Partition the array A into A; and Ag using p as the pivot

- If (JAL| = k — 1), then return(p)

- If (JAL] > k—1), then
return(Find-Kth-smallest (AL, k))

- If (JAL| < k —1), then
return(Find-Kth-smallest (Ag, k — |AL| — 1))

@ What is the running time of the above algorithm?
o T(n) < T([n/5])+ T(7n/10+6) + O(n); T(1) = O(1)
o Whatis T(n)? O(n)
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Divide and Conquer

Median finding

o Suppose we want to find the 12" smallest element in the
following array.

(ol lmlelnlolalalx]x]aleln]z nl0l Jelo]c Js]s]n]n]«]
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Divide and Conq

Median finding

o Suppose we want to find the 12" smallest element in the
following array.

(o] [0]a0lv]ala s als]m]s BI04 el s]s]n]ulo

mmm * Consider groups of 5 elements.
19 |64 [67] 24 [ o4
49 83773 | 78]
(504 [46 (4916 |
85 |25 (29|11 0]
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Divide and Conquer

Median finding

o Suppose we want to find the 12" smallest element in the
following array.

(o]]n]e|n]blclaunlas(n]s 8]0 6]o]ss]s]nua]
nmmm * Consider groups of 5 elements.
mm“ * Sort individual groups
mOEnn
[+ 6l ]49 50
(1125129 [0 |5 |
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Divide and Conquer

Median finding

o Suppose we want to find the 12" smallest element in the
following array.

(o]]n]@|n]blclaunlals(n]s 8]0 6o s]s]nuo]
nmmm * Consider groups of 5 elements.
mm“ * Sort individual groups.
* Consider medians of each group.
(3 [ 172078 83 ] £
[+ 6 l46]49 50
(1125 129 60 |85 |
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Divide and Conquer

Median finding

@ Suppose we want to find the 12t" smallest element in the
following array.

(13706 0o e a]ula]s]7]s [B]50]4]6]o0]6 [s]5]a]1]e]
ﬂmn * Consider groups of 5 elements.
nm * Sort individual groups.
* Consider medians of each group.
ummm * Make a recursive call to find median element of medians.
[+ 16 [46] o9 [50]
1125 |29 6o |85

T nooom
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Divide and Conquer

Median finding

@ Suppose we want to find the 12t" smallest element in the
following array.

(o]]m@|nvlaasluals|n(s BI04 ol s]ssle
mm * Consider groups of 5 elements.
mu * Sort individual groups.
* Consider medians of each group.
m * Make a recursive call to find median element of medians.
[+ 6 J46]49 50
1[5 129 60 |85

T pooon

25 [40 [ 46 6 | 77]
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Divide and Conquer

Median finding

@ Suppose we want to find the 12t" smallest element in the
following array.

(o3[ ]@2|0[]e]6 2% a]s]7]3 B0+ wlole]s]sn]t]e
mm * Consider groups of 5 elements.
mu * Sort individual groups.
* Consider medians of each group.
m * Make a recursive call to find median element of medians.
[+ 6 [46 49 0]
1125 |29 60 |85

s pooom

(25 [ 40 [46 ] 6 | 77]
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Divide and Conquer

Median finding

o Suppose we want to find the 12" smallest element in the
following array.

(o]u]mal0lnlalaululaln]n]nl0]+ o] ]ss s«
EEEEEEREEEE B BENEOEOOEERRRa0

* Consider groups of 5 elements.

* Sort individual groups.

* Consider medians of each group.

* Make a recursive call to find median element of medians.
* Partition using the pivot as 46.
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Divide and Conquer

Median finding

o Suppose we want to find the 12" smallest element in the
following array.

o1 [ nla [ ol Lo s [n [0 ]4 Lo s [ 51o L L)
CUSEEENEEED E DUOoRuoEEoREnD
| J

1

11 elements

* Consider groups of 5 elements.

* Sort individual groups.

* Consider medians of each group.

* Make a recursive call to find median element of medians.
* Partition using the pivot as 46.

Ragesh Jaiswal, CSE, IITD COL351: Analysis and Design of Algorithms



Divide and Conquer
Fast Fourier Transform

Problem

Given two polynomials:

Ax)=ao+a1-x+ax x>+ ... +a,1-x""1 and

B(x) = by -+ by -x+by-x*>+...4 b,_1-x"71, design an algorithm
to that outputs A(x) - B(x).
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Divide and Conquer
Fast Fourier Transform

Problem

Given two polynomials:
Ax)=ao+a1-x+ax-x>+...+a,1-x""1 and

B(x) = by -+ by -x+by-x*>+...4 b,_1-x"71, design an algorithm
to that outputs A(x) - B(x).

@ We have to obtain the polynomial C(x) = A(x) - B(x)

o C(x) may be written as:
C(X) =C+Cc1- X+ x2 + ...+ Cop_2 . x2n—2
@ What is ¢; in terms of coefficients of A and B?
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Divide and Conquer
Fast Fourier Transform

Problem

Given two polynomials:
Ax)=ag+a1-x+ax-x>+...+a,_1-x""1, and

B(x) = by + by - x+ by - x?>+ ...+ by_1 - x"~1, design an algorithm
to that outputs A(x) - B(x).

@ We have to obtain the polynomial C(x) = A(x) - B(x)
o C(x) may be written as:
C(X) =+l x+co- x2 4 .. + Cop—2 - x2n=2
@ What is ¢; in terms of coefficients of A and B?
e ci=aj-byp+aj_1-bi+..+a b

@ The vector (¢, ..., c2n—2) is called the convolution of vectors
(ao, ey a,,_l) and (bo, vy bn—l)-
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Divide and Conquer

Fast Fourier Transform

SimpleMultiply((ag, ..., an—1), (bo, .-y bn—1))
-Fori=0to2n—2
-Forj=0toi
-ci+¢ci+aj-bi_j
= return((co, Cl, ..., C2n_2))

@ What is the running time of the above algorithm?

Ragesh Jaiswal, CSE, IITD COL351: Analysis and Design of Algorithms



Divide and Conquer

Fast Fourier Transform

SimpleMultiply((ao, ..., an—1), (bo,-..; bn—1))
-Fori=0to2n—-2
-Forj=0to
- c,-<—c,--|—aj-b,-_j
- return((co, c1, ..., C2n—2))

o What is the running time of the above algorithm? O(n?)

o Is there another way to compute the polynomial C(x)?
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Divide and Conquer
Fast Fourier Transform

@ Another way to compute the polynomial C(x):
o Compute A(s1), A(s2), ..., A(S2n).
o Compute B(s1), B(s2), ..., B(s2n)-
o Compute:
o C(s1) = A(s1) - B(s1)
o ((s2) = A(s2) - B(s2)
°:
o C(s2n) = A(s2n) - B(s20)
o Interpolate to obtain the polynomial C(x).
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Divide and Conquer
Fast Fourier Transform

@ Another way to compute the polynomial C(x):
o Compute A(s1), A(s2), ..., A(S2n)-
o Compute B(s1), B(s2), ..., B(S2n)-
o Compute:
e C(s1) = A(s1) - B(s1)
o ((s2) = A(s2) - B(s2)
°:
o C(s2n) = A(s2n) - B(s20)
o Interpolate to obtain the polynomial C(x).

@ How fast can you compute A(s) given value of s?
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Divide and Conquer
Fast Fourier Transform

@ Another way to compute the polynomial C(x):
o Compute A(s1), A(s2), ..., A(s2n).
o Compute B(s1), B(s2), ..., B(s2n)-
o Compute:
o C(s1) = A(s1) - B(s1)
4 C(Sz) = A(Sz) . B(Sg)
°:
o C(s2n) = A(s2n) - B(s20)
o Interpolate to obtain the polynomial C(x).
@ How fast can you compute A(s) given value of s?

o O(n) arithmetic operations using Horner's rule.
o A(s)=ao+s-(ar+s-(a2+..+5 (an-1)...))
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Divide and Conquer
Fast Fourier Transform

(dgs er Gn1)
(bgy «er bp—1)

(A(s1), s A(S3)
(B (si), o B(SZZn)) om (C (515 -+, C(520))
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Divide and Conquer
Fast Fourier Transform

@ Polynomial interpolation: We have C(s1), ..., C(s2n) and we
need to compute (¢, ..., C2p—2)-

1 st (s1)2 ... (s1)*"1 co C(s1)
1 s (52)2 R (52)2n—1 C1 C(SQ)
C(s3)

1 s3 (53)2 (53)2"_1 . () = (53

1 s (s20)% ... (s2n)?" 1 Con—1 C(s2n)

@ Is the above square matrix invertible?
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Divide and Conquer
Fast Fourier Transform

@ Polynomial interpolation: We have C(s1), ..., C(s2n) and we
need to compute (cp, ..., C2p—2)-

1 5 (51)2 R (51)2n_1 Co C(Sl)
1 s (52)2 e (52)2"_1 (a] C(s2)
1 s3 (53)2 . . (53)2’771 . C — C(S3)
1 s (s20)? y (Szn)-2”_1 C2I;—1 C(s2n)

@ Is the above square matrix invertible?
@ Fact: A square matrix is invertible iff its determinant is
non-zero.
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Divide and Conquer
Fast Fourier Transform

e Polynomial interpolation: We have C(s1), ..., C(s2n) and we
need to compute (cp, ..., C2p—2).

1 s (51)2 - (51)2’771 Co C(Sl)
1 S (52)2 o (52)2'7_1 Cc1 C(Sz)
1 s3 (53)2 c. (53)2n71 . C — C(S3)
i 52-n (52;1)2 : : (Szn)-2"_1 sz;—l C(;Zn)

@ Is the above square matrix invertible?

@ Fact: A square matrix is invertible iff its determinant is
non-zero.

@ The square matrix above has a special name: Vandermonde
matrix.
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Divide and Conquer
Fast Fourier Transform

o Fact: A square matrix is invertible iff its determinant is
non-zero.

o The square matrix above has a special name: Vandermonde
matrix.

@ Claim 1: For any Vandermonde matrix V shown below,

1 s (51)2 ... (51)2n_1
1 s (52)2 - (52)2n71
V = 1 s3 (53)2 . (53)2n—1
1 sy, (52,,)2 ce (52,,)2’7_1

Det(V) = H1§j<i§2n(si - 5j).
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Divide and Conquer
Fast Fourier Transform

@ Fact: A square matrix is invertible iff its determinant is
non-zero.

@ The square matrix above has a special name: Vandermonde
matrix.

@ Claim 1: For any Vandermonde matrix V' shown below,

1 s (51)2 .. (51)2n_1
1 s (52)2 R S 2n—1
V = 1 s3 (53)2 . (53)2n—1
1 s, (52,,)2 R (52,,)2’7_1

Det(V) = [Ii<jci<on(si — 5j)-

@ So, as long as we use distict values of sy, ..., sp,, we will be
able to do polynomial interpolation.
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End

Ragesh Jaiswal, CSE, IITD COL351: Analysis a

Design of Algorithms



