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Complexity of Counting

PH C P#SAT

Theorem (Toda, 1991)
PH C P#SAT,

@ Proof plan: Show that PH C &P.

o We will start by showing that for every language L € NP, there exists a
language L' € ®P such that L <, L’. This is known as the Valiant-Vazirani
Theorem (1986).

Definition (Unique SAT)

USAT = {¢ : ® is a Boolean formula that has a unique satisfying assignment}.

Theorem (Valiant, Vazirani, 1986)

There exists a polynomial-time algorithm f such that for every n-variable Boolean

formula 1
1 € SAT = Pr[f(¢) € USAT] > n

¢ ¢ SAT = Pr[f(y) € SAT] =0
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Complexity of Counting

PH C P#SAT

Theorem (Toda, 1991)
PH C P#SAT,

@ Proof plan: Show that PH C &P.

@ We will start by showing that for every language L € NP, there exists a
language L’ € ®P such that L <, L’. This is known as the Valiant-Vazirani
Theorem and was proved in 1986.

Definition (Unique SAT)

USAT = {¢ : 1 is a Boolean formula that has a unique satisfying assignment}.

Theorem (Valiant, Vazirani, 1986)

There exists a polynomial-time algorithm f such that for every n-variable Boolean
formula v 1
1 € SAT = Pr[f(y)) € USAT] > o

¢ SAT = Pr[f(¢) € SAT] =0

Corollary (Corollary of Valiant-Vazirani Theorem)

There exists a polynomial-time algorithm f such that for every n-variable Boolean
formula v 1
1 € SAT = Pr[f(y)) € BSAT] > T

¢ ¢ SAT = Pr[f(y) € ®SAT] =0
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Complexity of Counting
Valiant-Vazirani Theorem

Theorem (Valiant, Vazirani, 1986)

There exists a polynomial-time algorithm f such that for every n-variable Boolean
formula 1
¥ € SAT = Pr[f(¢) € USAT] > n

G ¢ SAT = Pr[f(v) € SAT] =0

Lemma (Valiant-Vazirani Lemma)

Let Hp x be a family of pairwise independent hash function family from {0,1}" to
{0,1}% and S C {0,1}" such that 2k=2 < |S| < 2k=1. Then

Proea, [there is a unique x € S satisfying h(x) = Ok] >1/8.
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Complexity of Counting
Valiant-Vazirani Theorem

Theorem (Valiant, Vazirani, 1986)

There exists a polynomial-time algorithm f such that for every n-variable Boolean
formula 1
¥ € SAT = Pr[f(¢) € USAT] > n

¢ ¢ SAT = Pr[f(v) € SAT] =0

Lemma (Valiant-Vazirani Lemma)

Let Hp x be a family of pairwise independent hash function family from {0,1}" to
{0,1}% and S C {0,1}" such that 2k=2 < |S| < 2k=1. Then

Pruea, [there is a unique x € S satisfying h(x) = Ok] >1/8.

@ Given a Boolean formula ¢ on n variables, pick k € {2,3,...,n+ 1} and
h € H, k at random and consider the formula

P(x) A (h(x) == 0X). O
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Complexity of Counting
Valiant-Vazirani Theorem

Theorem (Valiant, Vazirani, 1986)

There exists a polynomial-time algorithm f such that for every n-variable Boolean
formula 1
Y € SAT = Pr[f(¢) € USAT] > n

¢ ¢ SAT = Pr[f(v) € SAT] =0

o Claim: If USAT € P, then NP = RP.
@ Open question: Is it possible to amplify the probability in the above theorem?
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Complexity of Counting
Valiant-Vazirani Theorem

Theorem (Valiant, Vazirani, 1986)

There exists a polynomial-time algorithm f such that for every n-variable Boolean
formula

weSAT = Pr[f(1) € USAT] > 8in
¥ SAT = PrF(4) € SAT] = 0

o Claim: If USAT € P, then NP = RP.

@ Open question: Is it possible to amplify the probability in the above theorem?
Not known.

@ However, the following theorem can be proven.

Theorem (Randomized reduction from PH to ¢SAT)

Let c € N be some constant. There exists a probabilistic polynomial-time algorithm
A that given a parameter m and any quantified Boolean formula 1) of size n and ¢
levels of alternations, runs in poly(n, m) time and satisfies

P is true = Pr[A(y) € @SAT] >1-27"7
P is false = PrlA(y) € ®SAT] <277
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Complexity of Counting

PH C P#SAT

Theorem (Toda, 1991)
PH C P#SAT,

@ Proof plan: Show that PH C @&P.
o If we can derandomize the following theorem, then we are done.

Theorem (Randomized reduction from PH to ¢SAT)

Let c € N be some constant. There exists a probabilistic polynomial-time algorithm
A that given a parameter m and any quantified Boolean formula 1) of size n and ¢
levels of alternations, runs in poly(n, m) time and satisfies

) is true = Pr[A(Y) € @SAT] >1—-27"7
) is false = Pr[A(y) € @SAT] <277

@ Proof sub-plan: We will first prove the above theorem, and then try to
derandomize it.

Ragesh Jaiswal, CSE, IIT Delhi CSL853: Complexity Theory



Complexity of Counting
Randomized reduction from PH to &SAT

Theorem (Randomized reduction from PH to &SAT)

Let ¢ € N be some constant. There exists a probabilistic polynomial-time algorithm
A that given a parameter m and any quantified Boolean formula 1) of size n and ¢
levels of alternations, runs in poly(n, m) time and satisfies

P s true = Prl[A(y) € @SAT]|>1—-2""7
P is false = Prl[A(y) € @SAT] <277

@ We will need some tools and definitions.

Definition (#v and @)

Given a boolean formula 1 over n variables, #1 denotes the number of satisfying
assignments of ¢ and @y = #¢ (mod 2).

Lemma

There are polynomial time algorithms A, B that, given formulas ¢ in n variables and
¥ in m variables, output formulas ¢ o v in (m+ n) variables and ¢ 1 1) in

max(n, m) + 1 variables such that #(¢ o ) = (#¢) - (#¢) and

#(0 1) = (#0) + (#1) respectively
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Complexity of Counting
Randomized reduction from PH to &SAT

Theorem (Randomized reduction from PH to 4

Let ¢ € N be some constant. There exists a probabilistic polynomial-time algorithm
A that given a parameter m and any quantified Boolean formula v of size n and c
levels of alternations, runs in poly(n, m) time and satisfies

W is true = PrlA(Y) € @SAT| >1-27"
P is false = Pr[A(y) € @SAT] < 27"

Lemma

There are polynomial time algorithms A, B that, given formulas ¢ in n variables and
¥ in m variables, output formulas ¢ o1 in (m + n) variables and ¢ T 1 in

max(n, m) + 1 variables such that #(¢ o ) = (#9) - (#v) and

#( T ¢) = (#¢) + (#1) respectively.

Lemma

Let ¢ and 1) be Boolean formulas and 1 denote some canonical Boolean formula
that has exactly one satisfying assignment. Then the following hold:

0 (2x0(x) A (By¢(y)) & Bxy(doP)(x, y).

9 "(®X¢(X)) A4 @x,z(¢ -‘— 1)(X?Z).

© (3x0(x) V (8y¥(y))) & Exy (0 T1) 0 (¥ 11) T1)(x, y,2).
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Complexity of Counting
Randomized reduction from PH to &SAT

Theorem (Randomized reduction from PH to ®SAT)

Let c € N be some constant. There exists a probabilistic polynomial-time algorithm
A that given a parameter m and any quantified Boolean formula 1) of size n and ¢
levels of alternations, runs in poly(n, m) time and satisfies

P is true = Pr[A(y) € @SAT] >1-2""
¥ is false = PrlA(y) € @SAT] <277

Let ¢ and v be Boolean formulas and 1 denote some canonical Boolean formula
that has exactly one satisfying assignment. Then the following hold:

O (Dxp(x)) A (ByP(y)) © Dxy(P o) (x,y).

Q ~(Bxp(x)) & Bxz(¢ T 1)(x,2).

O (Dxp(x) V (ByP(y))) & Dxyz((¢T1) 0 (¥ 11) T1)(x,y,2).

@ The following lemma follows from the previous one.

Lemma (Randomized reduction from NP to ®SAT)

There exists a probabilistic polynomial-time algorithm A that given a parameter m
and any Boolean formula v of size n, runs in poly(n, m) time and satisfies

¢ €SAT = Pr[A(¢) € ®SAT] >1—27"
¥ ¢ SAT = PrlA(¥) € @SAT] <2 ™
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Complexity of Counting
Randomized reduction from PH to &SAT

Theorem (Randomized reduction from PH to &SAT)

Let c € N be some constant. There exists a probabilistic polynomial-time algorithm
A that given a parameter m and any quantified Boolean formula v of size n and c
levels of alternations, runs in poly(n, m) time and satisfies

¥ as true = Pr[A(y) € @SAT] >1-277
P is false = Pr[A(y) € @SAT] <277

Proof.

o Claim: It is sufficient to show that theorem for formulas that begin with the 3
quantifier.
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Complexity of Counting
Randomized reduction from PH to &SAT

Theorem (Randomized reduction from PH to &SAT)

Let c € N be some constant. There exists a probabilistic polynomial-time algorithm
A that given a parameter m and any quantified Boolean formula 1) of size n and c
levels of alternations, runs in poly(n, m) time and satisfies

¥ is true = Pr[A(y) € @SAT] >1—-277
P is false = Pr[A(y) € @SAT] <277

Proof.

@ Claim: It is sufficient to show that theorem for formulas that begin with the 3
quantifier.

@ The proof is by induction on the number of alternations ¢ of the quantified
Boolean formula.

@ The base case (¢ =1)?
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Complexity of Counting
Randomized reduction from PH to &SAT

Theorem (Randomized reduction from PH to &SAT)

Let c € N be some constant. There exists a probabilistic polynomial-time algorithm
A that given a parameter m and any quantified Boolean formula 1) of size n and c
levels of alternations, runs in poly(n, m) time and satisfies

¥ is true = Pr[A(y) € @SAT] >1—-277
P is false = Pr[A(y) € @SAT] <277

Proof.

@ Claim: It is sufficient to show that theorem for formulas that begin with the 3
quantifier.

@ The proof is by induction on the number of alternations ¢ of the quantified
Boolean formula.

@ The base case (¢ = 1) follows from the previous lemma.
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Complexity of Counting
Randomized reduction from PH to &SAT

Theorem (Randomized reduction from PH to &SAT)

Let c € N be some constant. There exists a probabilistic polynomial-time algorithm
A that given a parameter m and any quantified Boolean formula 1) of size n and c
levels of alternations, runs in poly(n, m) time and satisfies

¥ is true = Pr[A(y) € @SAT] >1-277
P is false = Pr[A(y) € @SAT] <277

Proof.

@ Claim: It is sufficient to show that theorem for formulas that begin with the 3
quantifier.

@ The proof is by induction on the number of alternations ¢ of the quantified
Boolean formula.

@ The base case (¢ = 1) follows from the previous lemma.

o Let ¢ = Ix;Vxo...¢0. For any value of xp, let ¥)(x1) denote the quantified
formula where xj is fixed.
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Complexity of Counting
Randomized reduction from PH to &SAT

Theorem (Randomized reduction from PH to ©SAT)

Let ¢ € N be some constant. There exists a probabilistic polynomial-time algorithm
A that given a parameter m and any quantified Boolean formula 1) of size n and ¢
levels of alternations, runs in poly(n, m) time and satisfies

P is true = Pr[A(¢) € ®SAT]

>1-27"
¥ is false = Pr[A(y) € ®SAT] < 2

Proof.

o Claim: It is sufficient to show that theorem for formulas that begin with the 3
quantifier.

@ The proof is by induction on the number of alternations ¢ of the quantified
Boolean formula.

@ The base case (¢ = 1) follows from the previous lemma.

o Let ¢ = Ix1Vxp...¢p. For any value of xp, let ¢(x1) denote the quantified
formula where x; is fixed.

@ By the induction hypothesis, there is an efficient reduction that outputs a
@SAT formula B(x1) that is equivalent to ¥ (x;) with probability at least
(1 _ 27(m+2))‘
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Complexity of Counting
Randomized reduction from PH to &SAT

Theorem (Randomized reduction from PH to ©SAT)

Let ¢ € N be some constant. There exists a probabilistic polynomial-time algorithm
A that given a parameter m and any quantified Boolean formula v of size n and ¢
levels of alternations, runs in poly(n, m) time and satisfies

Y is true = PrlA(v) € ®SAT] >1-2""
Y is false = Pr[A(y) € @SAT] < 27"

o Claim: It is sufficient to show that theorem for formulas that begin with the 3
quantifier.

o The proof is by induction on the number of alternations ¢ of the quantified

Boolean formula.

The base case (¢ = 1) follows from the previous lemma.

Let ) = Ix1Vxz...¢p. For any value of xz, let 9(x1) denote the quantified

formula where x; is fixed.

@ By the induction hypothesis, there is an efficient reduction that outputs a
@SAT formula B(x1) that is equivalent to ¥(x1) with probability at least
(1 _ 27(m+2))l

o Consider o = \/jK:1(7'j A B(x1)), where (7j A B(x1)) is the output of the
reduction in the Valiant-Vazirani corollary given input 3(x).
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Complexity of Counting
Randomized reduction from PH to &SAT

Theorem (Randomized reduction from PH to &SAT)

Let ¢ € N be some constant. There exists a probabilistic polynomial-time algorithm
A that given a parameter m and any quantified Boolean formula 1 of size n and ¢
levels of alternations, runs in poly(n, m) time and satisfies

i is true = Pr[A(y) € ®SAT] >1—-2""
P is false = Pr[A(y) € @SAT] <277

o Claim: It is sufficient to show that theorem for formulas that begin with the 3
quantifier.

@ The proof is by induction on the number of alternations ¢ of the quantified

Boolean formula.

The base case (¢ = 1) follows from the previous lemma.

Let ¥ = 3x1Vxz...¢p. For any value of xy, let 1)(x1) denote the quantified

formula where xq is fixed.

@ By the induction hypothesis, there is an efficient reduction that outputs a
@SAT formula 5(x1) that is equivalent to 1(x1) with probability at least
(1- 2—(m+2))'

o Consider o = VJ'K:1(Tj A B(x1)), where (75 A B(x1)) is the output of the
reduction in the Valiant-Vazirani corollary given input S(x1).

o Claim: For large enough K, if 3, 3(x1) is true, then
Pr]o is true] > (1 —2-9(™) and the probability of 0 otherwise.
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Complexity of Counting

Randomized reduction from PH to &SAT

Theorem (Randomized reduction from PH to &SAT)

Let ¢ € N be some constant. There exists a probabilistic polynomial-time algorithm
A that given a parameter m and any quantified Boolean formula 1) of size n and c
levels of alternations, runs in poly(n, m) time and satisfies

P is true = Pr[A(y) € @SAT] >1—-27""
¥ is false = Pr[A(Y) € @SAT] <277

o Claim: It is sufficient to show that theorem for formulas that begin with the 3
quantifier.

@ The proof is by induction on the number of alternations c of the quantified

Boolean formula.

The base case (¢ = 1) follows from the previous lemma.

o Let ¢ = Ix1Vxp...¢. For any value of xz, let ¥(x1) denote the quantified
formula where xp is fixed.

@ By the induction hypothesis, there is an efficient reduction that outputs a
®SAT formula B(x1) that is equivalent to t(x1) with probability at least
(1- 2—(m+2))'

o Consider a = VjK:1(7'j A B(x1)), where (7; A B(x1)) is the output of the
reduction in the Valiant-Vazirani corollary given input 3(x1).

o Claim: For large enough K, if 3,, 3(x1) is true, then
Pr[o is true] > (1 —279(™) and the probability of 0 otherwise.

o Finally, & may be converted to an equivalent @SAT formula. O
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Complexity of Counting

PH C P#SAT

Theorem (Toda, 1991)
PH C P#5AT,

@ Proof plan: Show that PH C ®P.
@ Proof sub-plan: Derandomize the following theorem.

Theorem (Randomized reduction from PH to &SAT)

Let c € N be some constant. There exists a probabilistic polynomial-time algorithm
A that given a parameter m and any quantified Boolean formula 1) of size n and c
levels of alternations, runs in poly(n, m) time and satisfies

) is true = Pr[A(y) € @SAT] >1—-27"
Y is false = Pr[A(y) € @SAT] <277

There is a polynomial time algorithm B that, on input (v, 1’) outputs a formula
such that

Y€ ®SAT = #(B(¥)) = —1 (mod 2*1)

¢ ¢ @SAT = #(B(¢)) =0 (mod 2'*1)
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Complexity of Countin

There is a polynomial time algorithm B that, on input (1, 1') outputs a formula
such that

¢ € ®SAT = #(B(¢)) = —1 (mod 2"1)
Y ¢ GSAT = #(B(v)) =0 (mod 2'*1)

Let p(x) = 3x* 4 4x3. For any integers x and n:

x=—1(mod n) = p(x)=-1 (mod n?)
x=0(mod n) = p(x)=0 (mod n?)
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Complexity of Countin

There is a polynomial time algorithm B that, on input (1, 1') outputs a formula
such that

¢ € ®SAT = #(B(¢)) = —1 (mod 2"1)
Y ¢ GSAT = #(B(v)) =0 (mod 2'*1)

Let p(x) = 3x* 4 4x3. For any integers x and n:

x=—1(mod n) = p(x)=-1 (mod n?)
x=0(mod n) = p(x)=0 (mod n?)

v

o Set g =1, Vi, i1 =4 O’QZJ? +3o0 1/1?, and B(’g/)) = w[IogIJrl'\- O
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Complexity of Counting

PH C P#SAT

Theorem (Toda, 1
PH C P#SAT,

_

Let ¢ € N be some constant. There exists a probabilistic polynomial-time algorithm
A that given a parameter m and any quantified Boolean formula v of size n and ¢
levels of alternations, runs in poly(n, m) time and satisfies

W is true = Pr[A(y) € @SAT] >1—-2""
P is false = Pr[A(Y) € ®SAT] <2°™

There is a polynomial time algorithm B that, on input (1, 1/) outputs a formula
such that 1) € ©SAT = #(B(v))) = —1 (mod 2'*1) and
Y ¢ ®SAT = #(B()) = 0 (mod 2!*1)

o Let m =2 and ¢ be a quantified Boolean formula (with constant number of
alternations).

o Let the randomized algorithm use R random coin tosses and let the output of
A with random coins r € {0,1}R be denoted by A(3), r).

o Claim 1: Let f(v) = 3=, c(o13r #B(A(¥1)). f € #P.
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Complexity of Counting

PH C P#SAT

Theorem (Toda, 1991)
PH C P#SAT,

Theorem (Randomized reduction from PH to 65SAT)

Let ¢ € N be some constant. There exists a probabilistic polynomial-time algorithm
A that given a parameter m and any quantified Boolean formula v of size n and ¢
levels of alternations, runs in poly(n, m) time and satisfies

P is true = Pr[A(Y) € @SAT] >1-27"7
W is false = Pr[A(y)) € ®SAT] <277

[

There is a polynomial time algorithm B that, on input (1, 1) outputs a formula
such that ¥ € ®@SAT = #(B(v)) = —1 (mod 2'*1) and
¥ ¢ BSAT = #(B(1)) = 0 (mod 2/*1)

Let m = 2 and ¢ be a quantified Boolean formula (with constant number of
alternations).

Let the randomized algorithm use R random coin tosses and let the output of
A with random coins r € {0,1} be denoted by A(%, r).

Claim 1: Let f(v) = 3, cq0.1yr #B(A(, r)). f € #P.

Claim 2: If 4 is true, then —2R < f(1)) < —[(3/4)2R] and if ¢/ is false, then
—[(1/4)2f] < f(y) <0.

@ The proof follows from observing that the range is disjoint for 2/+% > 2R+2 ]
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Complexity Diagram
Our current view of complexity classes
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