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Complexity Diagram
Our current view of complexity classes
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The Polynomial Hierarchy
The complexity class ¥5

o Consider the following problems:
o INDSET = {(G, k) : graph G has an independent set of size > k}.
o EXACT-INDSET = {(G, k) :
the largest independent set in G has size exactly k}.
o MIN-EQ-DNF = {{%, k) :
IDNF formula 1)’ of size < k that is equivalent to the DNF formula t}.
@ In which complexity classes do these languages belong?
o INDSET € NP: Since there is a short certificate.
o EXACT-INDSET & NP?

o MIN-EQ-DNF & NP?
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The Polynomial Hierarchy
The complexity class ¥5

o Consider the following problems:
o INDSET = {(G, k) : graph G has an independent set of size > k}.
o EXACT-INDSET = {(G, k) :
the largest independent set in G has size exactly k}.
o MIN-EQ-DNF = {{%, k) :
IDNF formula 1)’ of size < k that is equivalent to the DNF formula t}.
@ In which complexity classes do these languages belong?
o INDSET € NP: Since there is a short certificate.
o EXACT-INDSET € NP? Not known

o MIN-EQ-DNF & NP? Not known
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The Polynomial Hierarchy
The complexity class ¥5

o Consider the following problems:
e INDSET = {(G, k) : graph G has an independent set of size > k}.
o EXACT-INDSET = {(G, k) :
the largest independent set in G has size exactly k}.
o MIN-EQ-DNF = {(1), k) :
IDNF formula ¢’ of size < k that is equivalent to the DNF formula }.
@ In which complexity classes do these languages belong?
o INDSET € NP: Since there is a short certificate.
o EXACT-INDSET € NP.
o MIN-EQ-DNF & NP.

Definition (X5)

The class Zzp is the set of all languages L for which there exists a
polynomial-time TM M and a polynomial g such that

x € L < Jue{0,1390D vy e {0, 139D M(x, u,v) =1
for every x € {0,1}*.
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The Polynomial Hierarchy
The complexity class ¥5

o Consider the following problems:
o INDSET = {(G, k) : graph G has an independent set of size > k}.
o EXACT-INDSET =
{(G, k) : the largest independent set in G has size exactly k}.
o MIN-EQ-DNF = {(s), k) :
IDNF formula 1)’ of size < k that is equivalent to the DNF formula t}.

Definition (X5)

The class Z2P is the set of all languages L for which there exists a
polynomial-time TM M and a polynomial g such that

x € L& 3ue {0,139 vy e {0, 139D M(x, u,v) =1

for every x € {0,1}*.

o Claim 1: EXACT-INDSET € %5.
o Claim 2: MIN-EQ-DNF € ¥¥
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The Polynomial Hierarchy

The complexity class ¥5

Definition (Z5)
The class ZZP is the set of all languages L for which there exists a
polynomial-time TM M and a polynomial g such that

x € L< 3ue{0,1}9) vy e 10,1390 M(x,u,v) =1

for every x € {0,1}*.

o Claim 1: EXACT-INDSET € %¥.
o Claim 2: MIN-EQ-DNF € %5.
o Claim 3: NP € 5 and coNP € £5.
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The Polynomial Hierarchy

The complexity class ¥}

Definition (XF)
For i > 1, a language L is in ):iP if there exists a polynomial-time TM M and a
polynomial g such that

x € Lo 3u e {0,139 vy, € {0,1390D  Q;u; € {0,1}90D M(x, uy, ..., u7) = 1

where Q; denotes V or 3 depending on whether i is even or odd, respectively.

Definition (MP)
Vi>1,NP =coxf ={L:Lexf}

Definition (PH)
The polynomial hierarchy is the set PH = U,-Zip.
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The Polynomial Hierarchy

The complexity class ¥}

Definition (XF)
For i > 1, a language L is in ):iP if there exists a polynomial-time TM M and a
polynomial g such that

x € Lo 3u e {0,139 vy, € {0,1390D . Q;u; € {0,1}9D M(x, uy, ..., u1) = 1

where @; denotes V or 3 depending on whether i is even or odd, respectively.

Definition (MP)
Vi>1,NP =coxf ={L:LexF}.

Definition (PH)
The polynomial hierarchy is the set PH = U,-Zip.

o Claim 1: PH = u,->0I'IiP.s
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The Polynomial Hierarchy

Collapse of polynomial hierarchy

For every i > 1, ifZiP = I'IiP, then PH = ):iP,' that is, the hierarchy
collapses to the ith level.

@ We will show by induction that Vj > i,ZJP =%P and I'IJ!D =nP.
@ Base case (j =i+ 1):

o Consider L € ¥ ;. From the definition, there is a polynomial-time
TM M such that

x € Le IunVuy...Qir1uiv1 M(x,uy,...;uip1) = 1.
o Define L'
(x,u1) € L' & Vup...Qir1uiv1 M(x,uy, .oy tiiyg) = 1.

o Claim: L' e N =%P.
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The Polynomial Hierarchy

Collapse of polynomial hierarchy

For every i > 1, ifZiP = I'IiP, then PH = ):iP,' that is, the hierarchy
collapses to the it" level.

@ We will show by induction that Vj > i, ):P ZP and I'IP I'I
@ Basecase (j =i+ 1):

o Consider L € ZEH From the definition, there is a polynomial-time
TM M such that x € L < JuVup...Qir1uiv1 M(x, ur, ..., ujy1) = 1.
o Define L’ such that
<X U1> cl & Yup.. Q,+1U,‘+1 M(X, Wil ) oooq U,'+1) =1,
o Claim 1: L' e NP = %P.

e So, there is a polynomlal -time TM M’ such that

(x,u) € ' & I Vuy...Qiaul M'(x,un,...;u;) = 1.

o Claim 2: L e xP.
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The Polynomial Hierarchy

Collapse of polynomial hierarchy

For every i > 1, /fZP

I'IP then PH = ZP that is, the hierarchy
collapses to the it /eve/.

 We will show by induction that Vj > i, ¥ = ¥ and N = 7
@ Base case (j =i+ 1):

o Inductive case: Let j > /. If &} = X and N = M7, then
S =% and M7, =NP

o Arguments are similar to the base case.
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The Polynomial Hierarchy

Collapse of polynomial hierarchy

For every i > 1, ifZ-!D = I'IiP, then PH = ZiP,' that is, the hierarchy
collapses to the ith level.

@ Does there exist a PH-complete language?
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The Polynomial Hierarchy

Collapse of polynomial hierarchy

For every i > 1, if ©f = NP, then PH = £F; that is, the hierarchy
collapses to the ith level.

@ Does there exist a PH-complete language?

If there exists a language L that is PH-complete, then there exists
an i such that PH = £F.
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The Polynomial Hierarchy

Collapse of polynomial hierarchy

For every i > 1, /fZP HP then PH = ZP that is, the hierarchy
collapses to the ith /eve/.

| \

Theorem
If there exists a language L that is PH-complete, then there exists
an i such that PH = Zip.

@ Does there exist a PH-complete language? This is unlikely.
@ What is the relationship between PH and PSPACE?
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The Polynomial Hierarchy

Collapse of polynomial hierarchy

For every i > 1, ifZiP = I'IiP, then PH = Zip,' that is, the hierarchy
collapses to the it level.

If there exists a language L that is PH-complete, then there exists an i
such that PH = ZiP.

@ Does there exist a PH-complete language? This is unlikely.
@ What is the relationship between PH and PSPACE? PH C PSPACE.
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The Polynomial Hierarchy

Collapse of polynomial hierarchy

For every i > 1, ifZiP = I'IiP, then PH = Zip,' that is, the hierarchy
collapses to the it level.

If there exists a language L that is PH-complete, then there exists an i
such that PH = ¥F.

@ Does there exist a PH-complete language? This is unlikely.
@ What is the relationship between PH and PSPACE? PH C PSPACE.
@ Is PH equal to PSPACE?
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The Polynomial Hierarchy

Collapse of polynomial hierarchy

For every i > 1, ifZiP = I'IiP, then PH = Zip,' that is, the hierarchy
collapses to the it level.

If there exists a language L that is PH-complete, then there exists an i
such that PH = ¥F.

@ Does there exist a PH-complete language? This is unlikely.
@ What is the relationship between PH and PSPACE? PH C PSPACE.
@ Is PH equal to PSPACE? This is unlikely.
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The Polynomial Hierarchy

Complete problem for

Theorem (Complete problem for £F)

For every i > 1, the class ZiP has the following complete problem
involving quantified boolean expression of the following type with a
limited number of alternations:

YiSAT = 3 Vuo3...Qiu; (u, ...u;) = 1

where 1 is a boolean formula not necessarily in the CNF form,
each u; is a vector of boolean variables, and Q; is ¥ or 3 depending
on whether i is even or odd respectively.

v
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The Polynomial Hierarchy
Hierarchy via Oracle machines

Theorem (Alternate definition of )

For every i > 2, ZiP = NPziflsAT, where the latter denotes the set

of languages decided by polynomial-time NDTM'’s with access to
the oracle X;_1SAT.

@ We will show the following easier theorem that can be
generalised easily to obtain the above theorem.
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The Polynomial Hierarchy
Hierarchy via Oracle machines

¥5 = NPAT,

o Claim 1: ¥5 C NP3AT,
o Forany L € Y5, there isa TM M and a polynomial g such that

x € L e 3w € {0,139 Dvu, e {0, 139D M(x, 1y, 1) = 1

o Claim 1.1 There is an oracle NDTM M’ with SAT oracle that
makes only once call to the oracle and decides L.
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The Polynomial Hierarchy

Hierarchy via Oracle machines

¥5 = NPSAT,

o Claim 1: ¥5 C NPSAT,
o Claim 2: NPAT C ¥

o Consider any L € NPSAT. This means that there is a NDTM
M that is allowed to make SAT oracle queries to decide L. Let
the oracle queries of the machine be denoted by 1, ..., 9.
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The Polynomial Hierarchy

Hierarchy via Oracle machines

TP = NPSAT,

o Claim 1: Y5 € NPSAT,
o Claim 2: NP3AT C 3P
o Consider any L € NP3AT_ This means that there is a NDTM M that is
allowed to make SAT oracle queries to decide L. Let the oracle queries
of the machine be denoted by 1)1, ..., ¢k.
e Claim 2.1: For a suitable choice of ¢;’s, a;'s, u;'s, and v;'s, we may
write

xel & do,...,Cm,a1,...ak, U1, ..Uk VVva, .., VST
M accepts x using choices ¢, ..., ¢y, and answers ay, ..., a
AND
Vi € [k] if a; = 1 then ¢;(y;) =1
AND
Vi € [k] if a; = 0 then ¢;(v;) =0

and hence L € ¥5.

O
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The Polynomial Hierarchy
Hierarchy via Oracle machines

Theorem (Alternate definition of )

For every i > 2, ZIP = NPZi—lSAT, where the latter denotes the set of
languages decided by polynomial-time NDTM'’s with access to the oracle

3 1SAT.
o Note that by the above definition, Z2P = NPSAT,
@ Since SAT is complete for NP, we may abuse notation and use
¥5 = NPNP.
o Similarly, 5 = NPNP™ and so on.
o Note that we may also write, Z3P = NPZg = NP”2P and so on.
o Claim: Let A = PNP(= P<NP) Then
@S =NPCA
(2] I'If =coNPC A
@ ACTYh.
Q AcCTb.
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The Polynomial Hierarchy
Hierarchy via Oracle machines

Theorem (Alternate definition of )

For every i > 2, ZIP = NPZi—lSAT, where the latter denotes the set of
languages decided by polynomial-time NDTM'’s with access to the oracle
>;_1SAT.

Note that by the above definition, Z2P = NPSAT,

Since SAT is complete for NP, we may abuse notation and use
¥5 = NPNP.

Similarly, £ = NPNP" and so on.

Note that we may also write, Z3P = NPZg = NP”2P and so on.

°
o Claim: Let A = PNP(= P<NP) Then
Q" =NPCA
(2] I'If =coNPC A
@ ACTYh.
Q@ ACnf
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The Polynomial Hierarchy

Hierarchy via Oracle machines

Theorem (Alternate definition of )

For every i > 2, ZIP = NPZi—lSAT, where the latter denotes the set of
languages decided by polynomial-time NDTM'’s with access to the oracle
>;_1SAT.

Theorem (AF)

For every i > 2, AIP = PXi-15AT here the latter denotes the set of

languages decided by polynomial-time TM'’s with access to the oracle
Y _1SAT.

NP
@ So, we have AY = PNP AP = PNP™ 3nd so on.
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Complexity Diagram
The Polynomial Hierarchy
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