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Theorem 4.4: For any deterministic oblivious permutation routing algorithm on
it network of N nodes each of out-degree d, there is an instance of permutation

touting requiring Q(,/N/d) steps.

4.2. Routing in a Parallel Computer

Our first application of the Chernoff bound is another case where a randomize
algorithm yields a performance that is provably superior to any deterministi
algorithm. This application concerns a communication problem in a network ¢
parallel processors.

We model a network of parallel processors by a directed graph on N nod
each of which is a processing element. Edges in the graph represent communic:
tion links between processing elements. All communication between processol
proceeds in a sequence of synchronous steps. Each link can carry a unit messag
or packet, in a step. During a step, a processor can send at most one packet |
each of its neighbors. Each processor has a unique identifying number, betwee
1 and N.

We consider the permutation routing problem on such a network. Each pre
cessor initially contains one packet destined for some processor in the networl
Let v; denote the packet originating at processor i; we denote its destination
d(i). We consider the case when the d(i)’s, for 1 < i < N, form a permutatio
of {1,...,N}, ie., every processor is the destination of exactly one packet. Ho
many steps are necessary and sufficient to route an arbitrary permutation req
d(1), ..., d(N)? This special case is important in realizing abstract models
parallel computatlon (such as the PRAM model described in Chapter 12) |
means of more feasible models.

A route for a packet is a sequence of edges it can follow from its source
its destination. An algorithm for the permutation routing problem must speci
a route for each packet. In following a route, a packet may occasionally ha
to wait at an intermediate node because the next edge on its route is “bus}
transmitting another packet. We assume that each node contains one queue fi
each edge leaving the node; the queue holds packets waiting to leave via th
edge. A routing algorithm must also specify a queueing discipline for resolvi
conflicts between packets that simultaneously wish to follow the same edge o
of a node.

We focus on a class of algorithms that are especially simple to implement
parallel computer hardware. An oblivious algorithm for the permutation routil
problem satisfies the following property: the route followed by v; depends ¢
d(i) alone, and not on d(j) for any j # i. An oblivious algorithm specifi¢
for each pair (i,d(i)), a route between node i and node d(i). Oblivious routi
algorithms are attractive for their simplicity of implementation:-the commur
cation hardware at each node in the network can determine the next link on i
route, simply by looking at the source and destination information carried &
a packet. Often, the topology of the network makes this operation very simpl
The communication hardware at a node does not have to compare the soure
and destinations of different packets in its queues.

The following theorem gives a limit on the performance of determinist
oblivious algorithms; its proof is beyond the scope of this book (see the No
section).

Consider the implications of this theorem for the case when the network
|y the Boolean hypercube, a popular network for parallel processing. The
Boolean hypercube has N = 2" nodes connected in the following manner Let
~ (ly,...,in—1) € {0,1}" be the (ordered) binary representation of i, i.e., i = Y 0 1727
Thcre is a link (a directed edge) from node i to node j if and only if (ip,...,in—1)
und (jo, ..., jn—1) differ in exactly one position. "Every node in the hypercube
has n = log, N directed edges leaving it. Each edge incident on a node is
ussociated with a distinct bit position in the node label, and traversing an edge
gorresponding to the position j will lead to a node whose label differs in exactly
that bit position. Theorem 4.4 then tells us that for any deterministic oblivious
fouting algorithm on the hypercube, there is a permutation requiring Q(+/N/n)
Meps.

We now establish a special case of the lower bound of Theorem 4.4 for the
hypercube, showing that for a natural algorithm there is a natural permutation
{hat results in poor performance. Given that the source and destination addresses
ure n-bit vectors, consider the following simple choice of route to send v; from i
10 the node a(i): scan the bits of ¢(i) from left to right, and compare them with
the address of the current location of v;. Send v; out of the current node along
the edge corresponding to the left-most bit in which the current position and
a(i) differ. Thus, in going from (1011) to (0000) in a 4-dimensional hypercube,
the packet would pass through (0011) and then (0001) en route. This is referred
lo as the bit-fixing routing strategy for obvious reasons.

Exercise 4.2: Suppose that n is even. Consider the transpose permutation: writing i
a8 the concatenation of two binary strings a; and b; each of length n/2, the destination
ol v, is the concatenation of b; and a;. Show that the transpose permutation causes
the bit-fixing strategy to take Q(,/N/n) steps. Why is this permutation called a
franspose?

We now study a randomized oblivious routing algorithm and show that its
expected number of steps is considerably smaller than /N /n. This a]gorlthm
uses a simple two-phase scheme for permutation routing. Under this scheme,
packet v; executes the following two phases independently of all the other
packets.

4 i’hnse 1: Pick a random intermediate destination (i) from {1,...,n}. Packet v;
I travels to node o(i).
Phase 2: Packet v; travels from ¢ (i) on to its destination d(i).

In each phase, each packet uses the bit-fixing strategy to determine its route.
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I8 lntermediate destination (in Phase 1) indeper

o We argue that if the lag of v; reaches ¢ + 1, some packet in S leaves p; with
MR puokots, the scheme is oblivious. Because the a(i) a

i g /. When the lag of v; increases from # to ¢ + 1, there must be at least one
AR ntently at random, it may be that (i) = o(j) for i # j; thus ¢ picket (from S) that wishes to traverse the same edge as v; at that time step,
4 Wl 0 permitation, The choice of routes is now clear; it remains to specif} Aince otherwise v; would be permitted to traverse this edge and its lag would not
IAE sjusiieing discipline. For the above choice of routes, any of several queuein| licrease. Thus, S contains at least one packet whose lag reaches the value .
disciplines will in fact yield a result similar to Theorem 4.7 below. All that i Let ¢’ be the last time step at which any packet in S has lag /. Thus there is
tequired is that if at least one packet is ready to follow an edge ¢ on a step, som packet v ready to follow edge ej at ¢, such that ¢’ — j = /. We argue that
packet follows e on that step. For concreteness, we adopt the following queuein; Mome packet of S leaves p; at ¢'; this establishes the lemma since by the result
discipline: each node maintains a queue for each outgoing edge, with packe Ol Exercise 4.3, a packet that has left pi will never again delay v;.
leaving in FIFO (first in, first out) order. Ties occur only when two packet Since v is ready to follow e; at ¢/, some packet w (which may be v itself) in
simultaneously arrive at a node and wish to leave by the same edge; these tie N follows ey at . Now w leaves p; at ¢'; if not, some packet will follow e,
are broken arbitrarily. The reader should verify that any pair of packets ma Ul step ' + 1 with lag still at ¢/, violating the maximality of ¢. We charge to w
engage in such a tie at most once. the increase in the lag of v; from # to £ + 1; since w leaves p;, it will never be
How many steps elapse before packet v, reaches its destination? Let us fir tharged again. Thus, each member of § whose route intersects pi is charged for
consider this question for Phase 1. Let pi denote the route for v; in Phase 1. il most one delay, establishing the lemma. O
number of steps taken by v; is equal to the length of p;, which is at most n, plu
the number of steps for which it is queued (delayed) at intermediate nodes in p
What is the delay encountered by packet v;? To tackle this problem we requi
two additional facts; the first is a simple exercise. :

3

Let the random variable H;j = 1 if p; and p; share at least one edge, and 0
Otherwise. It follows that the total delay incurred by v; is at most Z}v:, Hj;. Since
the routes of the various packets are chosen independently at random, the s
Mre independent Poisson trials for j # i. Thus, to bound the delay of packet v;
from above using the Chernoff bound, it suffices to obtain an upper bound on
Y., Hyj. To do this, we first bound E[X), Hy). '

For an edge e in the hypercube, let the random variable T(e) denote the
flumber of routes that pass through e. Fix any route pi = (ey,e,...,e), with

< n. Then,

Exerclso_ 4.3: View each route in Phase 1 as a directed path in the hypercube fro
the source to the intermediate destination. Prove that once two routes separate, the
do not rejoin.

v

We now establish an importaﬁi‘:«step in the analysis. Like the statement if
Exercise 4.3 above, it is a deterministic assertion that is independent of th
randomization in our routing algorithm. In preparation for this step, the reade
should first attempt the following exercise.

N k
* ZHij < Z T(e),
i I=1

- ind therefore

N k ;
. E[Y_Hyl <Y E[T(e)]. (4.13)
Exercise 4.4: Does the statement in Exercise 4.3 imply that for any two packets j=1 =1 »
and v;, there is at most one queue q such that v; and v; are in the queue g at t

same step? I'he following is an easy consequence of symmetry.

Bxercise 4.5: Let e, and e, be any two edges in the hypercube. Prove that E[T(e))]
= E[T (en)]. In other words, the expected number of routes passing through an edge

Lemma 4.5: Let the route of v, Jollow the sequence of edges pi = (er,es,...,e)
It the same for all edges in the hypercube.

Let S be the set of packets (other than vi) whose routes pass through at least on
of {e1,e,...,e}. Then, the delay incurred by v; is at most |S)|.

The expected length of p ;j (number of edges traversed by v ) is n/2 for all j,
A0 that the expectation of the total route length summed over all the packets is
“ Nn/2. The number of edges in the hypercube is Nn; by the result of Exercise 4.5,
M follows that E[T(e)] = 1/2 for all edges e. Using this in (4.13) gives

PROOF: A packet in S is said to leave pi at that time step at which it traverses
an edge of p; for the last time. If a packet is ready to follow edge ej at timi
t, we define its lag at time ¢ to be t — J. The lag of v; is initially zero, and th
delay incurred by v; is its lag when it traverses ex. We will show that each step

at which the lag of v; increases by one can be charged to a distinct member of E[i Hy] < k S
S. 20 142
J=1
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By the Chernoff bound (the form in Exercise 4.1 is most convenient), th

probability that E}L, H;; exceeds 6n is less than 27%". An important point: v

apply the Chernoff bound to Ef;l H;j and not to ZLI T(e;). We cannot apply

the Chernoff bound to ZLI T (e;) because the random variables T'(e;) are

independent (and in fact are not Poisson trials). We use the quantity 3°5_, T(
only to obtain an upper bound on E[Ej-i1 H;j], and then apply the Chernof

bound to Z?’:l H;;, which is the sum of independent random variables.

Now Ej-v:l H;; is an upper bound on the delay incurred by v;, so this dela

exceeds 6n with probability less than 27", Since the total number of packets i

N = 2", the probability that any of the N packets experiences a delay exceedin
6n is less than 2" x 276" = 275" Adding the length of the route to the dela!

gives 7n as the number of steps taken by v; in Phase 1.

Theorem 4.6: With probability at least 1 — 27", every packet reaches its inter.
diate destination in Phase 1 in Tn or fewer steps.

What happens to the packets in Phase 2? Observe that the routing schem
for Phase 2 can be viewed as the scheme for Phase 1 “run backwards.” Thi
same analysis then shows that with probability at least 1 —(1/32)", every pack
reaches its destination in 7n or fewer steps. The probability that any packet fail

to reach its target in either phase is less than 2(1/32)", which is less than 1/A

for n > 1. Combining these facts, we have:

Theorem 4.7: With probability at least 1 — (1/N), every packet reaches its des
tination in 14n or fewer steps.

Note that we have bounded the delay of a packet in each phase by assuminj
it is delayed only by packets executing that phase. To avoid packets in Phas
1 delaying packets in Phase 2 and vice versa, rather than allow Phases 1 anc
2 to proceed unchecked for the various packets, we make packets wait at thej

intermediate destinations until 7n steps have elapsed before beginning theil

Phase 2 travel.
An interesting feature of this scheme is that the distribution of the numbej

of steps to completion is insensitive to the instance to be routed. Indeed, it i
likely to take as long to route the identity permutation as any other “hard’

permutation!

Exercise 4.6: Show that the expected number of steps within which all packets are

delivered is less than 15n.

Comparing the performance of the randomized algorithm with the negative
result of Theorem 4.4, we find that our randomized oblivious algorithm is prov=
ably better in that it achieves an expected running time that no deterministic
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ublivious algorithm can achieve. In fact, any deterministic oblivious algorithm
must have performance exponentially worse than that of our randomized obliv-
lous algorithm.

4.3. A Wiring Problem

We now consider another application of the Chernoff bound. The problem is
ihat of global wiring in gate-arrays. A gate-array is a two-dimensional \/n x \/n
Array of gates abutting each other, arranged at regularly spaced points in the
plane. The gates are numbered from 1 through n. A logic circuit is implemented
on such an array by connecting together some of the gates using wires. A
wet is a set of gates to be connected by a wire. Wires run over the array
In “Manhattan” form, ie., they run parallel to the axes of orientation of the
gate-array. In Figure 4.1, n is 9, and we have 4 wires each of which connects
§ pair of gates. Each gate is represented as a square with thin lines defining
the boundaries. Each net connects a pair of gates, and has the same number
marking its end-points (ie., the thick lines 1-1, 2-2, 3-3, and 4-4). Note that in
Jome cases a gate contains the end-point of more than one net.

The wiring problem is the following: we are given a set of nets, each of which
s a set of gates to be connected together (to form one electrical connection).
Here we consider only the simplest case, where each net consists of two gates
{0 be joined by a wire. We wish to specify for each net a physical path between
the two gates in the net, subject to space constraints.

In practice, the wiring problem is usually accomplished in two sequential
phases: global wiring and detailed wiring. In the global wiring phase, we only
apecify which gates a wire will pass over in connecting its end-points. Thus, in
Figure 4.1, the global route for net 4-4 passes through the three gates in the
right-most column of the array. This is followed by the detailed wiring phase,
In which the exact positions of the wires along their routes are specified — in
our example, we would specify that the wire for net 4-4 lies to the right of the
wire for net 3-3 as it leaves the top-right gate, and so on. Here we only concern
ourselves with the global wiring phase.

The boundary between adjacent gates in an array has a fixed physical dimen-
slon and can therefore accommodate only a prescribed maximum number of
wires, say w. We wish to find an assignment of global routes to all the nets in
the wiring problem, such that no more than w nets pass through any boundary.
In Figure 4.1, the set of routes we have indicated is a feasible solution provided

W is at least 2. It is not hard to see that in this instance, we cannot find a feasible

global wiring of the wires if w were only 1 — four wires must leave the top row
of gates, and we have only three boundaries through which they must all pass.

We will solve a somewhat harder optimization problem instead of the fea-
sibility problem — for a boundary b between two gates in the array, let ws(b)
denote the number of wires that pass through b in a solution S to the global
wiring problem. Let wg = max;, wg(b) be the maximum number of wires through
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