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Constructive LLL 

 Given a 𝑘-CNF formula such that the frequency of each 

variable is at most 2𝛼𝑘, we saw that there is an efficient 

algorithm that finds a satisfying assignment for the formula.  

 

 On the other hand, from the non-constructive LLL, we know 

that any boolean formula has a satisfying assignment even 

when the frequency bound is as large as 
2𝑘

𝑒𝑘
. 

 

 Question: Is it possible to close this gap? 



Constructive LLL 

 Solve(𝜓) 
 Pick a random assignment 

 While there is an unsatisfied clause 
 Fix(𝐶) 

 Fix(𝐶) 

 Randomly resample the variables of 𝐶. 

 While there is a clause 𝐷 that shares variables with 𝐶 such that 
𝐷 is unsatisfied 
 Fix(𝐷) 
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 Fix(𝐶) 
 Randomly resample the variables of 𝐶. 

 While there is a clause 𝐷 that shares variables with 𝐶 such that 𝐷 is unsatisfied 
 Fix(𝐷) 

 

 Let 𝑡 denote the total number of calls to Fix(). 

 We need to upper bound 𝑡. 

 Claim 1: The length of the random string 𝑅 used by the 

algorithm is (𝑛 + 𝑡𝑘). 

 Claim 2 (informal): With high probability, any description of 

𝑅 will need at least (𝑛 + 𝑡𝑘 − 𝑚) bits. 

 Question: Is there another way of encoding 𝑅? 
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 Question: Is there another way of encoding 𝑅? 

 Claim 3: If we are given the sequence of clauses that are 

called with Fix() and the final satisfying assignment, then we 

can figure out the string 𝑅. 

 Question: Is there a better way to encode 𝑅? 
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 Question: Is there another way of encoding 𝑅? 

 Claim 3: If we are given the sequence of clauses that are 
called with Fix() and the final satisfying assignment, then we 
can figure out the string 𝑅. 

 Question: Is there a better way to encode 𝑅? 

 Suppose we note down the clauses that are called to fix from 
Solve(). We need a better way to encode the clauses within 
recursive calls to Fix(). 



Constructive LLL 
 Solve(𝜓) 

 Pick a random assignment 

 While there is an unsatisfied clause 
 Fix(𝐶) 

 Fix(𝐶) 
 Randomly resample the variables of 𝐶. 

 While there is a clause 𝐷 that shares variables with 𝐶 such that 𝐷 is unsatisfied 
 Fix(𝐷) 

 

 Suppose we note down the clauses that are called to fix from 

Solve(). We need a better way to encode the clauses within 

recursive calls to Fix(). 

 Claim 4: If we are given the sequence of clauses that are 

called to Fix from Solve(), the “edge number” for each 

recursive call, some symbol denoting the end of recursive 

call, and the final assignment, then we can figure out 𝑅. 
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 Question: What is the length of the above description? 
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called to Fix from Solve(), the “edge number” for each 
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 Question: What is the length of the above description? 

 𝑚 + 𝑡 ⋅ log 𝑑 + 𝑂 1 + 𝑛 bits. 



Constructive LLL 
 Solve(𝜓) 

 Pick a random assignment 

 While there is an unsatisfied clause 
 Fix(𝐶) 

 Fix(𝐶) 
 Randomly resample the variables of 𝐶. 

 While there is a clause 𝐷 that shares variables with 𝐶 such that 𝐷 is unsatisfied 
 Fix(𝐷) 

 

 Claim 4: If we are given the sequence of clauses that are 
called to Fix from Solve(), the “edge number” for each 
recursive call, some symbol denoting the end of recursive 
call, and the final assignment, then we can figure out 𝑅. 

 Question: What is the length of the above description? 

 𝑚 + 𝑡 ⋅ log 𝑑 + 𝑂 1 + 𝑛 bits. 

 So we have (whp):  

      𝑚 + 𝑡 ⋅ log 𝑑 + 𝑂 1 + 𝑛 ≥ 𝑛 + 𝑡𝑘 − 𝑚. 
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 So we have (whp):  

       𝑚 + 𝑡 ⋅ log 𝑑 + 𝑂 1 + 𝑛 ≥ 𝑛 + 𝑡𝑘 − 𝑚. 

 Which gives us: 

2𝑚 ≥ 𝑡 ⋅ 𝑘 − log 𝑑  − 𝑂 1 . 

 So when 𝑑 ≤ 2𝑘−𝑂(1), then 𝑡 ≤ 𝑚, which implies that the 

algorithm is efficient.  
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