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Lovász Local Lemma (LLL) 



LLL: Motivation 

 Suppose there are independent events 𝐸1, … , 𝐸𝑚 such  that 

the probability of any event 𝐸𝑖  <  1. Then the following 

holds true:  

 Pr  ≦𝐸𝑖
𝑚
𝑖=1 = ? 
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 Can we say a similar statement even when the events are not 

completely independent but have some independence in 

some limited sense. 

 Problem: Consider boolean formulas in 𝑘-CNF (i.e., each 

clause has exactly 𝑘 literals), and that the frequency of each 
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. Show that any such formula is satisfiable.  
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 Question: Does this help? 



LLL: Statement 

 Lovász Local Lemma (LLL): Let 𝐺 = (𝑉, 𝐸) denote the 

dependency graph for events 𝐸1, … , 𝐸𝑚. Suppose there 

exists 𝑥𝑖 ∈ 0,1  for all 0 ≤ 𝑖 ≤ 𝑚 such that  

    ∀i, Pr 𝐸𝑖 ≤ 𝑥𝑖 ⋅  (1 − 𝑥𝑗)𝑖,𝑗 ∈𝐸 , 

then  

      Pr  ≦𝐸𝑖
𝑚
𝑖=1 ≥  (1 − 𝑥𝑖)

𝑚
𝑖=1 . 

 Dependency graph: A dependency graph for dependent 

events 𝐸1, … , 𝐸𝑚 is defined as follows: there is a node 𝑖 for 

each event 𝐸𝑖 and there is an edge (𝑖, 𝑗) for every pair of 

dependent events (𝐸𝑖 , 𝐸𝑗). 

 Note that there may be an edge between two independent 

events. 



 Claim: Let 𝑆 ⊂ *1, … ,𝑚+ and 𝑖 ∉ 𝑆, then  

  Pr 𝐸𝑖|  ≦𝐸𝑗𝑗∈𝑆 ≤ 𝑥𝑖. 

LLL: Proof 

 Proof of LLL (using above claim): 
Pr  ≦𝐸𝑖

𝑚
𝑖=1 =

1 − Pr 𝐸1|  ≦𝐸𝑖
𝑚
𝑖=2 ⋅

1 − Pr 𝐸2|  ≦𝐸𝑖
𝑚
𝑖=3 … 1 − Pr 𝐸𝑚  

≥  (1 − 𝑥𝑖)
𝑚
𝑖=1 . 



LLL: A useful corollary 

 LLL Corollary: Let 0 < 𝑝 < 1. Let 𝐸1, … , 𝐸𝑚 be some 

events in some probability space such that ∀𝑖, Pr 𝐸𝑖 ≤ 𝑝. If 

each event is mutually independent of all other events except 

for at most 𝑑 events, and if 𝑒 ⋅ 𝑝 ⋅ 𝑑 + 1 ≤ 1, then 
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 Problem: Consider boolean formulas in 𝑘-CNF (i.e., each 

clause has exactly 𝑘 literals), and that the frequency of each 

variable is ≤
2𝑘

𝑒𝑘
. Show that any such formula is satisfiable.  

 Let 𝐸𝑖 denote the event that clause i is not satisfied (for 
random assignment). The degree of dependence is at most 

2𝑘

𝑒
− (𝑘 − 1) and we have 𝑒 ⋅ 2−𝑘 ⋅

2𝑘

𝑒
− 𝑘 − 1 ≤ 1 

for 𝑘 ≥ 3. So, Pr  ≦𝐸𝑖
𝑚
𝑖=1 > 0. 
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