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28.1 Weighted Matching- Problem

Let there be a bipartite graph with vertex sets U and V. The problem is to
find the maximum weighted matching from the edge set, such tha all vertices
are matched once, and only once. Modelling the problem, it reduces to:-

max
∑
e∈E

xewe

s.t. ∑
e∈δ(v)∀v∈U∪V

xe = 1

xe ∈ {0, 1}

This is an integer programming problem and is NP-hard. So, to solve
this, we can perform a relaxation on it.

The new constraint becomes

1 ≥ xe ≥ 0

The Hungarian method discussed earlier foind a matching of maximum
weight. The Hungarian method was the one, in which the weight of the
matching is equal to the weight of the vertices. We would now try and solve
this by another method.

If we calculate the dual of the above program, it would be as follows:

min
∑

yv

s.t.
e = (u, v), yu + yv ≥ we

By weak duality theorem, the solution to the dual ≥ solution to the
primary, as shown.
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Figure 1: Solutions on a number line

Hungarian method gives a solution which is a maximum weight matching,
which also is a solution to the LP Dual. So, all 3 of the above would converge,
and they are the same. So, optimum solution to the Integer Program =
optimum solution to the Linear Program.

We would now see why the linear solution is equal to the integer solution.
Since there are m variables in the objective function, each corresponding

to an edge, we have an m-dimensional space. Also, for each equality con-
straint on each vertex, we get a total of 2n equations. So, intersection of all
these equality constraints yield an (m − 2n) = k dimensional space. So, all
feasible points lie on this k-dimensional hyperplane. Since xe ≥ 0, we take
its intersection with the positive coordinates. Hence, we need k additional
hyperplanes to define a vertex.

So, k hyperplanes are picked from xe ≥ 0 e ∈ E, which when satisfied as
an equality would give us a vertex.

28.2 Constraint Matrix

The constraint matrix has a total of 2n + m rows, 2n corresponding to the
vertices, and m rows corresponding to each edge. The table has m columns,
one for each edge. This matrix is multiplied to the solution.The top 2n rows
equate to an all-1 column matrix, and the lower m rows should be greater
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than a 0 matrix. Then, the k rows in the edge half of the matrix, are made
to satisfy equality, and those variables xe are set to 0.

In the top part now, we remove the columns for which xe’s were set to 0.
So, we get a 2n X 2n matrix, say A.

Ax = b⇒ x = A−1b

If we can prove that the solution is integral, then the linear program polytope
always has integral vertices, and thus the LP solution is an IP solution also.

To prove x is integral, |A−1| = ±1
To prove this, we try and prove that in the original 2n X m matrix,

removing any k would give a matrix with determinant ±1.
To prove this, we take 2n-1 constraints rather the 2n constraints for ver-

tices, as the last constraint is derivable from the rest. So, each column has
two 1’s, one corresponding to each vertex in U and V. One column would
have a single 1, as that vertex would not have that constraint. We expand
along that edge, and reduce the matrix. We keep on doing this until we
can. If there are no 1’s in the matrix, det = 0. So, every submatrix has a
determinant is ±1 or 0. Hence the LP has integral solutions.
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