
COL865: Special Topics in Computer Applications 
Physics-Based Animation

19 — Position-based and projective dynamics 



Reading

• Bender et al., A survey on position based dynamics, 
Eurographics 2017 course notes, Ch. 3–5.5 

• Bouaziz et al., “Projective dynamics: Fusing constraint 
projections for fast simulation”, SIGGRAPH 2014 

Optional: 

• Overby et al., “ADMM ⊇ projective dynamics: Fast simulation 
of hyperelastic models with dynamic constraints”, TVCG 2017 

• Liu et al., “Quasi-Newton methods for real-time simulation 
of hyperelastic materials”, TOG 2017



Reminder: Backward Euler

ẍ = M−1 (f(x) + fext) 

Backward Euler: 

vn+1 = vn + Δt M−1 (f(xn+1) + fext) 
xn+1 = xn + Δt vn+1 

Rearrange: 

x̃ = xn + Δt vn + Δt2 M−1 fext 
xn+1 = x̃ + Δt2 M−1 f(xn+1)



Constrained dynamics

xn+1 = x̃ + Δt2 M−1 f(xn+1) 

Replace forces with constraints  ⇒  constraint projection: 

xn+1 = x̃ + Δt2 M−1 J(xn+1)T λ  
c(xn+1) = 0 

Fast projection: 

x ← x + Δx  
where Δx = Δt2 M−1 J(x)T Δλ, 
              c(x) + J(x) Δx = 0



Position-based dynamics

x ← x + Δx  
where Δx = Δt2 M−1 J(x)T Δλ, 
              c(x) + J(x) Δx = 0 

PBD [Müller et al. 2007] = fast projection + Gauss-Seidel on 
constraints: 

x ← x + Δx  
where Δx = Δt2 M−1 ∇cj Δλj, 
              cj(x + Δx) ≈ 0 
        ⇒ Δλj = −cj(x)/(Δt2 ∇cjT M−1 ∇cj)



[Müller et al. 2007]



[Macklin et al. 2014]



[Macklin et al. 2016]



XPBD

Hard constraints:  fj = ∇cj λj,  cj(x) = 0 

Soft constraints:    fj = ∇cj λj,  cj(x) + αj λj = 0 

XPBD [Macklin et al. 2016]: 

x ← x + Δx  
where Δx = Δt2 M−1 ∇ci Δλi, 
              ci(x + Δx) + αj (λj + Δλi) ≈ 0 
        ⇒ Δλi = −(ci(x) + αj λj)/(Δt2 ∇ciT M−1 ∇ci + αj)



[Macklin et al. 2016]



Course schedule
Mon Wed Thu

24, 26, 27 Sep Lecture Lecture Lecture

1, 3, 4 Oct Friday time table Minor 2

8, 10, 11 Oct Lecture

15, 17, 18 Oct Mid-semester break

22, 24, 25 Oct Presentations Presentations

29 Oct, 1, 2 Nov Presentations

5, 7, 8 Nov Presentations Diwali No class

12, 14, 15 Nov Project presentations

Major



Optimization-based backward Euler

Backward Euler for conservative forces: 

x̃ = xn + Δt vn + Δt2 M−1 fext 
xn+1 = x̃ − Δt2 M−1 ∇U(xn+1) 

Optimization form: 

minx ½ (x − x̃)T M (x − x̃) + Δt2 U(x)



Projective dynamics

minx ½ (x − x̃)T M (x − x̃) + Δt2 U(x) 

Constraint energy: 

Uj(x) = ½ kj d(Aj x, Sj)2  
          = minpj∈Sj ½ kj ‖Aj x − pj‖2 

Backward Euler (optimization form): 

minx,p₁,p₂,… ½ (x − x̃)T M (x − x̃) + ½ Δt2 ∑ kj ‖Aj x − pj‖2 

Projective dynamics [Bouaziz et al. 2014]: 

• Update pj by projecting Aj x to Sj 

• Update x by minimizing quadratic



[Bouaziz et al. 2014]



[Bouaziz et al. 2014]



Nonlinear projective dynamics

ADMM form [Overby et al. 2017]: 

minx,z ½ (x − x̃)T M (x − x̃) + ½ Δt2 ∑ kj ‖zj − pj‖2  
s.t. Aj x = zj 

Quasi-Newton form [Liu et al. 2017]: 

f(x) = ½ (x − x̃)T M (x − x̃) + ½ Δt2 ∑ kj minpj ‖Aj x − pj‖2 
∇f(x) = M (x − x̃) + Δt2 ∑ kj AjT (Aj x − pj(x))


