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Dissecting a Transformer:
Variants of Attention



Motivation: Long Context

• Quadratic attention expensive as sentence length increases

• Do we NEED “all pair” attention?

• Example use cases:

• Summarize a 64000 word book

• Generate a 5000 word story

• Find an answer in a long instruction manual

• Sequence length of 10s audio signal can be 80000 inputs (based on 8kHz 
sampling rate)

• Sequence length of 100x100 color image is 30000 



Scaling Up Context Length
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Complexity of Self Attention
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Time Complexity of Self Attention

• Context Window Size: T

• The size of the (projected) 
embeddings:  d = dq=dk

• Number of operations for computing 
one row of unnormalized attention 
weights  Z ∈ ℝ𝑇×𝑇 is
• T.d multiplications, T.(d-1) additions

• To compute QKT we need O(T2d) 
operations5

One dot product between 
QiKj requires:

 d multiplications

 d-1 additions



Time Complexity of Self Attention

• Normalize each row of Z: O(T)

• T rows in Z. ➔ computing softmax: O(T2)

• Computational Complexity of A: O(T2d)6



Time Complexity of Self Attention

• Attention Score A multiplied with value matrix V: O(T2d)

• Entire self attention block is quadratic O(T2d) in length of input
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Space Complexity of Self Attention
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Space Complexity of Self Attention

• Total Memory required  is the sum of memory for
• Storing Activation values

• Storing Parameters

• Storing Gradients

• Which of these do you think takes the most memory?
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Space Complexity of Transformer Layer

• Parameters
• WQ, WK, WV, WO : 4nh.(dmodelxd)

• FF layer: 2(dmodelxdff)

• LayerNorm: 4dmodel

• For a single sample (MHA)
• mha = Q ; K ; V 

• mha = 3nh.(Txd)

• For Batch: 3BT(nh.d)
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• Z = QKT

• BnhT2

• A=softmax(QKT)
• BnhT2

• Projection via WO

• BT(nhd + dmodel)

• FF
• BT(dff + dmodel)

• LayerNorm 
• 2BT(dmodel)

Transformer 
is linear in 
batch size 
and quadratic 
in context 
window 
length T. 

How to 
reduce 
complexity? 



Objective

• What we have is the full attention mechanism with O(T2d). 

• What we want is sub-quadratic complexity O(cTd). 

• How do we achieve that?

• A study on BERT in NLP tasks concluded that the neighbouring inner products 
are extremely important in self-attention and not all heads attend to all tokens.
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Attention Patterns

• We can localize the attention in multiple ways.

• ➔ a plethora of approaches that approximate the full attention.12



Full Attention → Sparse Attention

13

• Computational Complexity: O(T2d)

• Space Complexity: O(T2)

• Goal: reduce computational complexity

• Approach:
• Have one word attend to subset of words



Sparse Attention
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Local (Sliding Window) Attention

• Each word attends to 
𝑐

2
 words to the left 

and to 
𝑐

2
 words to the right.

• Time Complexity: O(cTd)
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Local (Sliding Window) Attention

We could vary c for each layer of the 
model such that topmost layer uses 
the full global attention.
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Dilated Attention

• Similar to dilated convolutions

• Different dilation rates in diff heads/layers

• Receptive Field View
• Sliding Window: layer1: 5, layer2: 10, layer3: 15

• Dilated: 

• layer1 (0): 5, layer2 (5): 25, layer3 (25): 125
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Global + Local (Dilated) Attention

• A few words are global, rest as before.

• Tokens like [cls] require full attention to get 
good performance in downstream tasks.

• We manually set tokens that require global 
attention based on the task.
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BigBird: Global + Random + Local (S.W.) Attention

• Intersperse random tokens

• Along with other ideas.
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Recent Strategy

• Every 4th layer 
is full self-
attention 
without 
position 
embeddings
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Sliding Window → Block Attention

• Intuition:
• How to process a paragraph? 

• Split into sentences

• How to process a sentence?

• Split into blocks

• Approach: all pair attention within a block
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Local Block Attention
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Local Block Attention
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90%+ 

compute 

saving at 

~no 

accuracy 

loss 



Block Attention

• We can divide Q and K matrices into n blocks each. This will 
result in n2 blocks in QKT as shown in the figure above.

• Can we generalize this?
• Idea: permute blocks in different heads.25



Block Attention
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Block-wise Multi-Head Attention

  Use different permutation per MHA head.
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What Happens if we increase n?

28



Capturing Long Range Dependency
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Summary (so far)
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Weaknesses of Sparse Attention

• Rigid attention patterns

• Harder to implement efficiently in GPUs

• Limited benefit in practice
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Sparse → Dense (Simple) Attention

• A=QKT matrix is assumed to structurally sparse

• What if the matrix is dense, but… simple?

• A ≈ UVT where U, V are ℝ𝑇×𝑟 where r << T
• Although A is TxT it lives in a small subspace

• Intuition: All attention patterns are combinations of a small 
number of global patterns. Example:
• Attend to previous token

• Attend to nouns

• Attend to sentence start…32



Empirical Observation
• Apply SVD on A=QKT 

across different 
layers and different 
heads of the model, 
and plot the 
normalized 
cumulative singular 
value averaged 
over 10k sentences.

➔ QKT is low-rank
33



LinFormer

• How to multiply with V? 
34



LinFormer

• AV → AFV

• Complexity: O(kTd) based on rank k35



LinFormer: Results
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Weakness of LinFormer

• Projection matrices are
• Dependent on length

• May lose information: quality drops for long range dependencies

• Objective: instead of approximating matrix (QKT), let us 
approximate (factorize) the softmax itself!
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PerFormer

• 𝐴 𝑖, 𝑗 = exp(𝑞𝑖 . 𝑘𝑗/ 𝑑)
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PerFormer

The approximated attention matrix for the 
given query and key is given by
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Comparison

LinFormer PerFormer

Approximates attention matrix Factorizes softmax computation

Assumes low rank attention Uses kernel feature maps

Projections are learned Features are random directions

Compresses the attention table Changes how similarity is computed so the 
attention table doesn’t need to exist
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Experiments 
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Weaknesses of Performer

• Approximation noise
• Random features induce variance: hurts training stability, perplexity

• Kernel tricks break causal caching
• KV caching hard with Performer

• Hardware advances beat algorithmic tricks
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Hardware Advances
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Profiling Self-Attention on GPU Hardware
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Operation

1.
𝐴 =

𝑄𝐾𝑇

𝑑

2. 𝐴 = 𝐴 + 𝑚𝑎𝑠𝑘

3. 𝐴 = 𝑠𝑜𝑓𝑡𝑚𝑎𝑥 𝐴

4. 𝑜𝑢𝑡𝑝𝑢𝑡 = 𝐴𝑉

Operation FLOPs

1.
𝐴 =

𝑄𝐾𝑇

𝑑

𝑂(𝑇2𝑑)

2. 𝐴 = 𝐴 + 𝑚𝑎𝑠𝑘 𝑂(𝑇2)

3. 𝐴 = 𝑠𝑜𝑓𝑡𝑚𝑎𝑥 𝐴 𝑂(𝑇2)

4. 𝑜𝑢𝑡𝑝𝑢𝑡 = 𝐴𝑉 𝑂(𝑇2𝑑)

Operation FLOPs Wall Time

1.
𝐴 =

𝑄𝐾𝑇

𝑑

𝑂(𝑇2𝑑) 16%

2. 𝐴 = 𝐴 + 𝑚𝑎𝑠𝑘 𝑂(𝑇2) 36%

3. 𝐴 = 𝑠𝑜𝑓𝑡𝑚𝑎𝑥 𝐴 𝑂(𝑇2) 32%

4. 𝑜𝑢𝑡𝑝𝑢𝑡 = 𝐴𝑉 𝑂(𝑇2𝑑) 16%

Masking and Softmask take more wall time even though they are 

relatively compute light.

Why?

Operation FLOPs Wall Time

1.
𝐴 =

𝑄𝐾𝑇

𝑑

𝑂(𝑇2𝑑) 16%

2. 𝐴 = 𝐴 + 𝑚𝑎𝑠𝑘 𝑂(𝑇2) 36%

3. 𝐴 = 𝑠𝑜𝑓𝑡𝑚𝑎𝑥 𝐴 𝑂(𝑇2) 32%

4. 𝑜𝑢𝑡𝑝𝑢𝑡 = 𝐴𝑉 𝑂(𝑇2𝑑) 16%



A Closer Look at GPU
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GPU Cores 𝐴 =
𝑄𝐾𝑇

𝑑

• Read 𝑄 an 𝑉 of sizes 

(𝑇, 𝑑) from HBM to SRAM

• Compute 𝐴 of size (T, T) 

in SRAM

• Write A to HBM from 

SRAM

I/O operations - 𝑇2 + 2𝑇𝑑



Memory I/O Profiling

49

Operation FLOPs Wall Time Mem I/O

1.
𝐴 =

𝑄𝐾𝑇

𝑑

𝑂(𝑇2𝑑) 16% 2𝑇𝑑 +  𝑇2

2. 𝐴 = 𝐴 + 𝑚𝑎𝑠𝑘 𝑂(𝑇2𝑑) 36%

3. 𝐴 = 𝑠𝑜𝑓𝑡𝑚𝑎𝑥 𝐴 𝑂(𝑇2) 32%

4. 𝑜𝑢𝑡𝑝𝑢𝑡 = 𝐴𝑉 𝑂(𝑇2𝑑) 16%

Operation FLOPs Wall Time Mem I/O

1.
𝐴 =

𝑄𝐾𝑇

𝑑

𝑂(𝑇2𝑑) 16% 2𝑇𝑑 +  𝑇2

2. 𝐴 = 𝐴 + 𝑚𝑎𝑠𝑘 𝑂(𝑇2𝑑) 36% 2𝑇2

3. 𝐴 = 𝑠𝑜𝑓𝑡𝑚𝑎𝑥 𝐴 𝑂(𝑇2) 32% 2𝑇2

4. 𝑜𝑢𝑡𝑝𝑢𝑡 = 𝐴𝑉 𝑂(𝑇2𝑑) 16% 2𝑇𝑑 +  𝑇2

Masking and Softmask require more memory I/O.

Transformers are bottlenecked by memory access.



I/O Aware Attention

• Problem – Transformers are bottlenecked by memory access.

• Main Culprit – Realization of (𝑇, 𝑇) matrices during attention 
computation leads to under-utilization of GPU.

• Solution – Compute attention without realizing (𝑇, 𝑇) matrices 
→ FlashAttention
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FlashAttention

Computes exact QKV attention (no approximation) efficiently on a 
GPU.

• Tiling and Online Softmax – Perform blockwise computation to 
reduce I/O to HBM

• Fused Kernels – Implementation strategy to gain low-level 
memory control
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Tiling
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𝑄1 (𝑏, 𝑑)

𝑄2

𝑄𝑇𝑟

𝑉1

𝑉2

𝑉𝑇𝑐

𝐾1
𝑇 𝐾2

𝑇 𝐾𝑇𝑐

𝑇

• Split the Q, K and V matrices in blocks of size b

• Perform attention computation block wise in SRAM
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Let’s ignore softmax for now..

𝑂𝑖

𝑄𝑖 𝑉1

𝑉2

𝑉𝑇𝑐

𝐾1
𝑇 𝐾2

𝑇 𝐾𝑇𝑐

𝑇
Softmax
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𝑂𝑖

𝑄𝑖

𝑉𝑗𝐾𝑗
𝑇෍

𝑗=1

𝑇𝑐

Why is this efficient?

Why would such algorithm not work 

with softmax?

No more 𝑇2
 reads/writes to HBM

Softmax requires complete input



Online Softmax

• Input – 𝑎1, 𝑎2, . . , 𝑎𝑇𝑐
 (blocks of) unnormalized attention scores

• Output – 𝑝1, 𝑝2, … , 𝑝𝑇𝑐
 (blocks of) softmaxed attention scores

• Constraint – we receive 𝑎𝑗 in a streaming fashion, i.e, global information is 

not available till the end.

Online Softmax – Iteratively builds to the final solution. Let at 𝑡-th iteration

• 𝑚𝑡 = max 𝑎1, 𝑎2, … , 𝑎𝑡

• 𝑙𝑡 = σ𝑗=1
𝑡 𝑒(𝑎𝑗–𝑚𝑡)
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Numerically stable version

= 𝑠𝑜𝑓𝑡𝑚𝑎𝑥 𝑎1 − mTc
, 𝑎2 − mTc

, … , 𝑎𝑇𝑐
− mTc

𝑃1, 𝑝2, … 𝑝𝑇𝑐
= 𝑠𝑜𝑓𝑡𝑚𝑎𝑥 𝑎1, 𝑎2, … , 𝑎𝑇𝑐

Thus,

𝑃𝑗 =
𝑒𝑎𝑗−𝑚𝑇𝑐

𝑙𝑇𝑐
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Now

𝑙𝑇𝑐
= ෍

𝑗=1

Tc

𝑒𝑎𝑗–𝑚𝑇𝑐 = ෍

𝑗=1

Tc−1

𝑒𝑎𝑗 – 𝑚𝑇𝑐 + 𝑒𝑎Tc– 𝑚𝑇𝑐 = emTc−1 – 𝑚𝑇𝑐 ෍

𝑗=1

Tc−1

𝑒𝑎𝑗 – 𝑚𝑇𝑐−1 + 𝑒𝑎Tc– 𝑚𝑇𝑐

𝑙𝑇𝑐
= (emTc−1 – 𝑚𝑇𝑐 )𝑙𝑇𝑐−1 + 𝑒𝑎Tc– 𝑚𝑇𝑐

𝑙𝑇𝑐
= ෍

𝑗=1

Tc

𝑒𝑎𝑗–𝑚𝑇𝑐 = ෍

𝑗=1

Tc−1

𝑒𝑎𝑗 – 𝑚𝑇𝑐 + 𝑒𝑎Tc– 𝑚𝑇𝑐 = emTc−1 – 𝑚𝑇𝑐 ෍

𝑗=1

Tc−1

𝑒𝑎𝑗 – 𝑚𝑇𝑐−1 + 𝑒𝑎Tc– 𝑚𝑇𝑐

𝑙𝑇𝑐
= (emTc−1 – 𝑚𝑇𝑐 )𝑙𝑇𝑐

 + 𝑒𝑎Tc– 𝑚𝑇𝑐

𝑙𝑇𝑐
= ෍

𝑗=1

Tc

𝑒𝑎𝑗–𝑚𝑇𝑐 = ෍

𝑗=1

Tc−1

𝑒𝑎𝑗 – 𝑚𝑇𝑐 + 𝑒𝑎Tc– 𝑚𝑇𝑐 = emTc−1 – 𝑚𝑇𝑐 ෍

𝑗=1

Tc−1

𝑒𝑎𝑗 – 𝑚𝑇𝑐−1 + 𝑒𝑎Tc– 𝑚𝑇𝑐

𝑙𝑇𝑐
= (emTc−1 – 𝑚𝑇𝑐 )𝑙𝑇𝑐

 + 𝑒𝑎Tc– 𝑚𝑇𝑐

𝑙𝑇𝑐
= ෍

𝑗=1

Tc

𝑒𝑎𝑗–𝑚𝑇𝑐 = ෍

𝑗=1

Tc−1

𝑒𝑎𝑗 – 𝑚𝑇𝑐 + 𝑒𝑎Tc– 𝑚𝑇𝑐 = emTc−1 – 𝑚𝑇𝑐 ෍

𝑗=1

Tc−1

𝑒𝑎𝑗 – 𝑚𝑇𝑐−1 + 𝑒𝑎Tc– 𝑚𝑇𝑐

𝒍𝑻𝒄
= (𝒆𝒎𝑻𝒄−𝟏 – 𝒎𝑻𝒄 )𝒍𝑻𝒄−𝟏  + 𝒆𝒂𝑻𝒄– 𝒎𝑻𝒄



Further, p𝑗 =
𝑒

𝑎𝑗−𝑚𝑇𝑐

𝑙𝑇𝑐

= (𝑒mTc−1−𝑚𝑇𝑐 )
𝑒

𝑎𝑗−𝑚𝑇𝑐−1

𝑙𝑇𝑐
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Fused Kernels

• To implement FlashAttention, we need to decide the data movement 
between SRAM and HBM.

• Operations such as online-softmax, do not need to store full intermediate 
attention scores, i.e., they are fused into attention computation

• High-level libraries such as PyTorch do not allow fine-grained GPU memory 
control

• Thus, FlashAttention is implemented as low-level CUDA Fused Kernel.
64



Results

65

Question: Why would FlashAttention discussed so far fail on 

training?



Recomputation

• FlashAttention does not realize the attention scores

• But, attention scores are needed during backpropagation.

• Solution: Recompute them when needed.
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Results – Training
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Supporting Longer Contexts
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Impact

FlashAttention highlights

• Exact computation

• Faster run times

• Lower memory usage

• Train LLMs over longer context and/or more data faster under same resource budget 
→ high quality models

• Fast generation from LLMs → large scale deployments

• New modalities → Develop models for high-res images, audio, video, MRI, time series 
and so on.
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Fast Attention during Inference Time
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Naïve Implementation of Autoregressive Inference
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Naïve Implementation of Autoregressive Inference
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Can you spot 

inefficiency?

• Compute 

all keys 

and values 

from 

previous 

queries as 

well!



KV Caching 

73



 https://medium.com/@joaolages/kv-caching-explained-276520203249
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Example
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Multi-Query Attention

Lets set num_heads = 1. I.e., we 
want to access key-value pairs for 
all heads in const. time. How?
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Memory Bound vs. Compute Bound Jobs
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MQA and Arithmetic Intensity

• Arithmetic Intensity  = #FLOPS/#Memory Accesses

https://fireworks.ai/blog/multi-query-attention-is-all-you-need
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Grouped Query Attention (GQA)
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Results
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Paged Attention
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A Look into Attention Formulation

• Input: 𝑋 (𝑇, 𝑑)

• Projections:  𝑊𝑄
ℎ, 𝑊𝐾

ℎ, 𝑊𝑉
ℎ of shapes 𝑑, 𝑑ℎ  for head h.
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Oh = 𝑠𝑜𝑓𝑡𝑚𝑎𝑥 𝑋𝑊𝑄
ℎ 𝑋𝑊𝐾

ℎ 𝑇
𝑋𝑊𝑉

ℎ

Choices for Key caching Choices for Value caching

• 𝑋 (T, d)

• 𝑋𝑊V
ℎ (T, dh)nh

• 𝑋 (T, d)
• 𝑋𝑊𝐾

ℎ (T, dh)nh

Oh = 𝑠𝑜𝑓𝑡𝑚𝑎𝑥 𝑋𝑊𝑄
ℎ 𝑋𝑊𝐾

ℎ 𝑇
𝑋𝑊𝑉

ℎOh = 𝑠𝑜𝑓𝑡𝑚𝑎𝑥 𝑋𝑊𝑄
ℎ 𝑋𝑊𝐾

ℎ 𝑇
𝑋𝑊𝑉

ℎ

Observation: Caching options are tied to attention formulation

What makes this formula so special?
- It scales.

But, is this the best possible formulation?
-  Not necessarily



Changing Attention Formulation
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Oh  = 𝑠𝑜𝑓𝑡𝑚𝑎𝑥 𝑋𝑊𝑄
ℎ 𝑋𝑊𝐾

ℎ 𝑇
𝑋𝑊𝑉

ℎ
Oh  = 𝑠𝑜𝑓𝑡𝑚𝑎𝑥 𝑋𝑊𝑄

ℎ 𝑋(WCWD)𝑊𝐾
ℎ 𝑇

𝑋𝑊𝑉
ℎ

Choices for Key Caching:

• 𝑋 (T, d)
• 𝑋Wc (T, dc)
• XWcWDK (T, d)

• XWcWDKWK
h (T, dh) ∗ nh

Where 𝑊𝐶 𝑑, 𝑑𝑐  and 

𝑊𝐷K 𝑑𝑐 , 𝑑  are head 

independent matrices 

with 𝑑𝑐 < 𝑑

Oh  = 𝑠𝑜𝑓𝑡𝑚𝑎𝑥 𝑋𝑊𝑄
ℎ 𝑿(WCWD)𝑊𝐾

ℎ 𝑇
𝑋𝑊𝑉

ℎOh  = 𝑠𝑜𝑓𝑡𝑚𝑎𝑥 𝑋𝑊𝑄
ℎ 𝑿(𝑾𝑪WD)𝑊𝐾

ℎ 𝑇
𝑋𝑊𝑉

ℎOh  = 𝑠𝑜𝑓𝑡𝑚𝑎𝑥 𝑋𝑊𝑄
ℎ 𝑿(𝑾𝑪𝑾𝑫)𝑊𝐾

ℎ 𝑇
𝑋𝑊𝑉

ℎOh = 𝑠𝑜𝑓𝑡𝑚𝑎𝑥 𝑋𝑊𝑄
ℎ 𝑿(𝑾𝑪𝑾𝑫K)𝑾𝑲

𝒉 𝑇
𝑋𝑊𝑉

ℎ



Caching Values
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Choices for Value Caching:

• 𝑋 (T, d)
• 𝑋Wc (T, dc)
• XWcWDV (T, d)

• XWcWDVWK
h (T, dh) ∗ nh

Where 𝑊𝐶 𝑑, 𝑑𝑐 , 

𝑊𝐷K 𝑑𝑐 , 𝑑  and 𝑊𝐷V 𝑑𝑐, 𝑑  

are head independent 

matrices with 𝑑𝑐 < 𝑑

𝑂 = 𝑠𝑜𝑓𝑡𝑚𝑎𝑥 𝑋𝑊𝑄
ℎ 𝑿(𝑾𝑪𝑾𝑫K)𝑾𝑲

𝒉 𝑇
𝑿(𝑾𝑪𝑾𝑫𝑽)𝑾𝑽

𝒉



Multihead Latent Attention (MLA) Inference

At each layer,

• Compute compressed vectors 𝑍 = 𝑋𝑊𝐶 and cache them

• Compute keys Kh = 𝑍𝑊𝐷𝐾𝑊𝐾
ℎ and values Vh = 𝑍𝑊𝐷V𝑊V

ℎ for head h on the 
fly.

• Perform attention as usual.

Question: Why is it okay to perform more computation to reduce cache 
operations?

- As in FlashAttention, memory/data movement is the bottleneck.
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Matrix Absorption
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𝑋𝑊𝑄
ℎ 𝑋(𝑊𝐶𝑊𝐷𝐾)𝑊𝐾

ℎ 𝑇

= 𝑋 𝑊𝑄
ℎ𝑊𝐾

ℎ𝑇𝑊𝐷𝐾
𝑇 𝑍𝑇

= 𝑋𝑊𝑄𝐷𝐾
ℎ 𝑍𝑇

Use 𝑊𝑄𝐷𝐾
ℎ  (d, dc) during inference



Matrix Absorption - Values
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Oh = 𝑠𝑜𝑓𝑡𝑚𝑎𝑥 𝑋𝑊𝑄
ℎ 𝑋(𝑊𝐶𝑊𝐷𝐾)𝑊𝐾

ℎ 𝑇
𝑋(𝑊𝐶𝑊𝐷𝑉)𝑊𝑉

ℎ

𝑈 = 𝑜1 𝑜2 … 𝑜𝑛ℎ
Wo  =  ෍

h=1

nh

oh Wo
h

= ෍

h=1

nh

A 𝑋(𝑊𝐶𝑊𝐷𝑉)𝑊𝑉
ℎ Wo

h = ෍

h=1

nh

AZ𝑊𝐷𝑉𝑊𝑉
ℎWo

h

= ෍

h=1

nh

AZWODV
h

Use WODV
h  at inference

DeepSeek V2 uses compression for Query as 

well.



Results
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Multi-Head Latent Attention

90

https://liorsinai.github.io/machine-learning/2025/02/22/mla.html



Gated Attention
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Gated Attention
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Gated Attention
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Gating Mechanism

• Granularity: 
• Headwise: A single scalar gating score modulates the entire output of an attention head. 

• Elementwise: Gating scores are vectors with the same dimensionality as Y, enabling fine-
grained, per-dimension modulation.

• Head Specific or Shared. 
• Head-Specific: each attention head has its specific gating scores, enabling independent 

modulation for each head. 

• Head-Shared: Wθ and gating scores are shared across heads.
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Intuition

• Expressiveness Argument

• Attention Sink Argument
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Mitigates Attention Sink

• Conclusions:
• enhances non-linearity

• introduces input-dependent sparsity

• eliminates inefficiencies like the 
‘attention sink’ phenomenon
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