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e COL 100: Introduction to Computing Science
e Venue: IV LT3

e Days: Mondays and Thursdays
(exceptions: holidays or make-up days)

e Credits: L-T-P = 3-0-2
28 x 1.5 hour lectures;
6-57 hours of self study and assignments/week




e Two Sections.
Morning 9:30-10:50 (Sanjiva Prasad)
Afternoon 15:30-16:50 (Amitabha Bagchi)

e Material similar, different styles
e Common tests and assignments
e Labs as scheduled (No labs in the first week)

e Labs: Formal contact hours for assistance and
demonstration of assignments

e Attend the class (esp labs) to which you are as-
signed.




e Lectures:

e Labs and assistance: Set of Teaching Assistants
TAs are the first point of contact

e Remember your TA’s name and email address.
e E-mail instructors only when necessary.
e DO NOT mail assignments to instructors

e No facebook or LinkedIn requests.




Marking

e Minors Tests 1 and 2: 15% each
e Major Exam: 25%

e Assignments: 36%

e Two Quizzes: 5%

e Attendance and participation: 4%

Combination of absolute/relative grading.
Exams: Open notes




e COMPULSORY
e 4% weightage

e Why? Because that’s how you learn!
(Awesome teachers?)

e Absences must be documented.
Medical certificates or prior intimation

e Frequent absences will be reported to the Dean




e 7 assignments, each 6%

e Best 6 will be counted

e Will be put up on moodle

e Online submission

e Follow instructions carefully (automated scripts)
e No late submissions

e Do not mail instructors your assignments




e Best policy!

e All work to be done individually (may discuss be-
fore)

e F grade for any dishonesty

e Disciplinary action

e Exams, assignments, tampering with papers
e Tampering with attendance records

e Copying checks across groups




To develop solutions to problems that are

Systematically from an analysis of the problem domain

Use modern computing tools

To test and demonstrate your programs




e (though you will have to learn one or two)

e (though you will learn a few)

e (though the skill you learn here will help)

e (though some solutions are “paradigmatic”)




e 10 solve a problem effectively (Su-
doku?)

e (that comes up repeatedly)

e (Or where everyone has to be in
agreement)

e To model a system

e TO process, represent and
information, methods

e For fun (games!)




e This course is about

o as a process Is nearly
as fundamental as

o as a mental process

) may be done with a va-
riety of which may or may not
assist the mind

o may be done with tools

other than a “computer”




e Sticks and stones (counting)
e Ropes (quipu)
e Abacus (still used in Japan!)

e Paper and pencil (an aid to mental
computing)

e Slide rules (ask a retired engineer!)
e Straight-edge and compass
e Looms and yarn (Jacquard)




Actually it is a tool.

e Construct a length that is of a
given length

o an angle

e Construct a square that is the

area of a given square
e Construct




° IS much more funda-
mental

o may be done without a
too!

e But a cannot do much

besides . (OK, it can be

an expensive paper-weight)
(Or you can post cute pictures of
cats)




e Each tool has a set of capabilities called
or

Can specify lines, rays and line seg-
ments.

Can define and . Can com-
pare lengths along a line.

Can specify points of
intersection.

e The primitives may be combined in various ways to
perform a

o Constructing a perpendicular bisector of a
given line segment.




Given a to be solved with a

given , the attempt is to evolve a

combination of of the tool
to solve the problem.

An explicit statement of this combina-
tion along with the order is an




e dre
e dre

— precise in form
— precise in meaning

 J

o take (when? where?)

e yield an (why? when? what? where?)
Is a recipe for pizza an algorithm?




e A machine with software running on it

e An easy to learn language ( ) in which to write
small yet interesting programs

e An interpreter which makes the machine under-
stand your ocaml program

e An “editor” to create and store a program: emacs

e A browser that lets you read material from the web
to learn new stuff

e A learning management system for assignments




e Intimately related to programming

e Even Ig seemingly non-
mathematical problems (Logic!)

e Specification, modelling
e Datal




A one element set

prompt> ocaml
Objective Caml version

"CInterrupted.
# "D
prompt>




prompt> ocaml
Objective Caml version
# true;;
— : bool = true
# false;;
— : bool = false

# not true;;

— : bool = false
# not false;;

— : bool = true




And, Or

true & false;;
bool = false

true & true;;
bool = true

false & false;;
bool = false

true or false;;
bool = true

true or true;;
bool = true

false or false;;
bool = false




Algorithmic Computation: A finite specification of the
solution to a given problem using the primitives of the
computing tool.

e It specifies a relationship between input and
output

o ltis

e It specifies a solution as a finite process, i.e. the
number of steps in the computation is finite




An algorithm will be written in a mixture of English and
standard mathematical notation (usually called pseudo-
code). Usually,

e algorithms written in a natural language are often
ambiguous

e mathematical notation is not ambiguous, but still
cannot be understood by a machine

e algorithms written by us use various mathemati-
cal properties. We know them, but the machine
doesn't.

e Even mathematical notation is often not quite pre-
cise and certain intermediate objects or steps are
left to the understanding of the reader (e.g. the use

of “-.” and “” or “similarly”).




e Require a way to communicate with a machine
which has essentially no intelligence or understand-

ing.
e Translate the algorithm into a form that may be “un-
derstood” by a machine

e This “form” is usually a

An algorithm written in a

c.f. Wirth’s book “Algorithms+Data Structures=Programs”




e Every programming language has a well defined
vocabulary and a well defined grammar (called the
syntax of the language).

e Each has to be written following rigid
grammatical rules (syntactic rules).

e A programming language, and the computer (and
the translator and system software in between) to-
gether form our single computing tool

e Each program uses only the primitives of the com-
puting tool




An algorithm written in the of a

A is a set of rules for forming phrases or sen-
tences in a language.

Each programming language also has its own vocab-
ulary and grammar just as in the case of natural lan-
guages.

We will learn the vocabulary and grammar of the lan-
guage as we go along.




The act of writing programs and validating (testing, rea-
soning about) them is

Even though most programming languages use essen-
tially the same computing primitives, each program-
ming language needs to be learned. (cf “taught”)

Programming languages differ from one another in
terms of the convenience and facilities they offer even
though they usually are all “equally” “powerful” in terms
of what they can (or can’t) actually compute.




We consider mainly two models.

o (Declarative or Functional): A pro-
gram is specified simply as a mathematical expres-
sion — focus on specifying needs to be com-
puted.

o (Imperative: A program is specified
by a sequence of commands to be executed — more
attention on compute it.

Programming languages also come mainly in these
two flavours. We will often identify the computing
model with the programming language.




Every programming language offers the following ca-
pabilities to define and use:

e Primitive expressions and data
e Methods of combination of expressions and data

e Methods of abstraction of both expressions and
data

The functional model




The simple objects and operations in the computing
model. These include

e basic data elements: numbers, characters, truth
values etc.

e basic operations on the data elements: addition,
subtraction, multiplication, division, boolean oper-
ations, string operations etc.

e 2 naming mechanism for various quantitities and
expressions to be used without repeating defini-
tions




In Ocaml|

Simple values and their types; and simple operations.
e (): unit
e true, false: bool
e &_, _or_, not _

e integers, floats (reals), strings, ...




Means of combining simple expressions and objects
to obtain more complex expressions and objects.

# (not true or false) & (not false or true);;
- : bool = false

More advanced: composition of functions, inductive
definitions




e Means of naming

e Means of grouping objects and expressions as a
single unit

Examples: functions, data structures, modules,
classes etc.

# let x = true;;

val x : bool = true

# let bit b = if b then 1 else 0;;

val bit : bool -> int = <fun>

# bit true;;

- : 1nt =1

# bit false;;

- : int = 0

# let imply(x,y) = not x or yj;;

val imply : bool x bool -> bool = <fun>




The model is very convenient and easy to
use:

e Programs are written (more or less) in mathemati-
cal notation

e It is like using a hand-held calculator

e Interactive and so answers are immediately avail-
able

e The closeness to mathematics makes it convenient
for developing, testing, proving and analysing algo-
rithms.

OCaml




input X || output : not X input X | wnput Y || output : X &y
true false true true true
false true false | true false
true | false false
false | false false
input X | input Y || output : X or Y
true true true
false | true true
true | false true
false | false false




User Types

Can define arbitrary types

# type digit = Zero | One | Two
| Three | Four | Five | Six
| Seven | Eight | Nine ;;
type digit =
Zero
One
Two
Three
Four

Six
Seven
Eight

|
|
|
|
| Five
|
|
|
| Nine




Seven digital lines:

Horizontal: htop, hmid, hbot
Vertical: ltop, lbot, rtop, rbot.

A bool expression for display of a digit:

Zero —> ltop & lbot & rtop & rbot
& htop & hbot & (not hmid);;
Four -> ltop & hmid & rtop & rbot &
(not htop) & (not hbot) & (not lbot);;




Factorial math ver 1

informally we may write it as

1 if (n>0)and (n < 1)
TV 1x2x...xn otherwise




Factorial

Or more formally we use mathematical induction to de-
fine it as

1 if (n>0)andn <1
"= n x (n—1) otherwise




Factorial

How about this definition?

_J1 ifn<1 0
"\ m+1)/(n+1) otherwise

Mathematically correct since a definition implicitly de-
fines a mathematical equality or identity. But ...




Factorlal functional
program

let rec fact n = 1f (n>= 0) & (n<l)
then 1
else nx (fact (n-1));;
val fact : int —-> int = <fun>




Factorial

fact 4;;
int = 24
fact 8;;
int = 40320
fact 12;;
int = 479001600
fact 13;;
int = -215430144




e type unit and value ().

e type bool and values true, false

e Boolean operations &, or, not

eif then else toanalyse bool values.
e Can build up expressions

e Can give names to expressions using let
e Can define new types using type

e Can define functions

e Can define recursive functions with 1et rec.




e Define values and functions

e Write an expression using previously defined
names, values, functions

e “Simplify” the expression by replacing the defined
term by the rhs of the definition, substituting argu-
ment values for the parameter variables.




Factorial program

Assume n > 0.

let rec fact n = 1f (n=0)

then 1

else n* (fact (n-1));;
val fact : int —-> int = <fun>




Factorial

3!
= 3x (3-1)!
3 x 2!
3>< 2x(2-1)
X (2 x 1)
(1> (1 =1)1)
(1 01)

X (2%

X (2%

X (2 (1 x 1))
X (2x1)
2

3><
6

The bracketing and association shown above are fol-
lowed by the machine.




Algorithms vs Math

Recall we said that

1 ifn=20
= { (n+1)!/(n+1) otherwise 2)

is NOT an algorithm. Why not?

Not an effective way to compute.




Since the system would execute “blindly” by a pro-
cess of replacing every occurrence of k! by the right
hand-side of the definition (in this case it would be
(k+1)!/(k+1)). So for 3! we would get

3!
= 3+ 1!/(3+1)
41/4
(4+1D)!/(4+1))/4
(5!/5)/4

which goes on forever!




e An algorithm should guarantee that all its computations
terminate.

e |n fact for all our algorithmic definitions we would have
to prove guaranteed termination.

e NOTE: It is possible to write definitions in any program-
ming language whose computations do not terminate
for some legally valid arguments.

e Would like a method to prove termination, without trac-
ing the behaviour for all inputs.




A Silly Example

# let rec facb x =

X * (facb (x-1));;
val facb : int -> int = <fun>
# facb 1;;
Stack overflow during evaluation (looping recursion?

No base case to stop regress.
Also try

let rec foo x = foo X




Another Example

# let rec f x = if x = 0

then 1
else x - (f (x-1));;

val £ : int -> int = <fun>

# £ 0;;

- : 1nt =1

¥ £ 1;;

- : int = 0

# £ 2;;

— : 1nt = 2

# £ 3;;

— : 1nt = 1

# £ 4;;

- : int = 3

# £ 5;;




I == | == | == | == | +H= | =+

6;;

Example contd

4

3

5




Representational
Limitations

Recall also

# fact 12;;

— : int = 479001600
# fact 13;;

- : int = -215430144

The result “overflowed”.
Could not be represented correctly using OCaml type
int.




Peano’s Axioms.

Closure
e 0 is a natural number.

e For every natural number n, its successor s(n) is a
natural number.

Equality is reflexive, symmetric, transitive. Also:
e For every natural number n, s(n) = 0 is false

e For all natural numbers m and n, if s(m) = s(n),
then m = n.




# type nat = O | S of nat;;
type nat = O | S of nat

# let succ x = (S x);;

val succ : nat —-> nat = <fun>

# succ O;;

- ¢ nat = S O

# succ (S 0);;

- : nat = S (S O)

Representation of n: n occurrences of S before O.




Peano’s Induction Scheme
If © is a unary predicate such that:

e ©(0) is true, and

e for every natural number n, if ¢(n) is true, then
©(S(n)) is true,

then p(n) is true for every nat n.




Addition

a+0 = a

a+s(b) = s(a+b)

# let rec add x y = match y with
O —> X
| (S y'") —> S (add x y');;
val add : nat —-> nat -> nat = <fun>




e Pattern matching “match y with”
— Case Analysis: case — expression.

e Correctness: If x, y represent z,y, then add x y
returns representation of = + .

e Correctness by induction on y.

e Termination proved “because induction” (on y).

So how do we prove the following?
e add O x=x
e add x y=add y x
e Associative Law for add




Multiplication

a.0 = 0

a.s(b) = a+a.b

# let rec mult x y = match y with
O —> O
| (S y’) —> add x (mult x y’)
val mult : nat —-> nat -> nat = <fun>




e Again a recursive function

e Correctness: If x, y represent z,y, then mult x y
returns representation of z.y

e Correctness by induction on y
e Termination “because induction” on y

e mult defined in terms of add

Can we prove
emult O x=0
enmult x y=mult y X

e Associative law for mult




e Canwe prove mult a (add b c) =
add (mult a b) (mult a c)?

e How many steps does it take to compute add x y?

e How much “space” (symbols) does it take to write
the answer?

e How many steps does it take to compute mult x
v'?

e How much “space” (symbols) does it take to write
this answer?

e Can we easily define a program to compute z¥?
e How about a program for x = y?

e And for z > y?




Math |Programming

Set Type
1 unit
Element Value

0

Operations? None!
Case analysis? trivially only one value...

How many functions from 1 to any set A? |A| = |A|'.




Math Programming
B bool
Elements Values
true true
false false
BooleanFunctions | Operations
A, V, - &, or,not
Example:
# let imply(x,y) = not x or y;;
val imply : bool x bool —> bool = <fun>

Case analysis: if b then e; else ey
How many functions from B to any set A? |A[*.




Keyword: type
Example: Digits

# type digit = Zero | One | Two
| Three | Four | Five | Six
| Seven | Eight | Nine ;;
Math Programming
Digit digit
Elements Values
0 Zero
1 One
9 Nine
Constants | Constructors




What are “Constructors”?

First answer: Names (new) that represent elements of
a set that you wish to define.

Example: Zero, .. Nine.

Here, the Constructors are the values of the set called
digit.

Given a type made of Constructors, what does one do
with them?

Case analysis!

In OCaml: match e with

zZero —>eg

| Nine —> eg




Functions by cases

let digval d = match d with
Zzero —> 0
| One —> 1
| Two —> 2
| Three —> 3
| Four —> 4
| Five —> 5
|
|
|
|

Six —> 6
Seven —> 7
Eight -> 8

Nine —> 9
rr

val digval : digit —> int = <fun>




Lab Exercise;

1. Define a data type bit of “binary digits” (represent-
ing 0 and 1.

2. Map bool to bit and vice versa.

3. Define a function badd that given twobits, returns
the (lower) bit of the sum.

4. Define a function carryb that when adding two
bits, returns the carrybit

5. Combine the two functions into one function
bitadd: bitxbit —-> bitxbit, returning a
pair of bits representing the carry and the lower

bits.
bl b2 cbit | 1b
O/0f O |O
1710 0 |1
o1} O |1
171} 1 |0




Lab Exercise (contd):

1.

Refine the function to include a carry in bit, to de-
fine a function

baddc: bitxbitxbit -> bit * bit

that given bits by,b, and carry bit ¢, returns the
carry out and lower bits.

. If you had to define similar functions on the data

type digit, how many cases would you have?

. How is adding digits used in adding two natural

numbers?

. What is the initial carry in digit when adding two

natural numbers?

. What is the largest possible value of a carry out

digit?




N =1{0,1,2,...}

The first infinite set.

How do we write algorithms to work on an infinite set?
Algorithms must be finite

Want a finite way to characterize an infinite set: Peano-
Dedekind characterization.

Start with base case zero, and closure under the suc-
cessor operation.

Define all standard arithmetic operations in terms of
these.




Analysis: Using Peano axioms

Is a number zero? If it is non-zero,it is a successor of
a number. What is that number?

First tool: Case analysis of zero versus non-zero.
More powerful tool: Induction.

Base Case n = (

Induction Hypothesis. Assume property holds for n = k
(Simple) or more generally, for all n < k.

Induction Step. Assuming IH, show that it holds for n =
s(k).

Conclude by Induction that the property holds for all
Naturals.




# type nat = O | S of nat;;
type nat = O | S of nat

# Oj;

— : nat = O

# S(O);;

— : nat = S O

Set IN | Type nat
Element value
0 0
S(0)

)
2= 5(s(0))| S(S(0))

Representation: 0 represented by constructor 0.

If natural £ € IN represented by v: nat, the succes-
sor of k£ represented by s (v).

Constructors: O: nat and s, that given a nat creates
a new value in nat.




Algorithms on nat (1)

Basic analysis: is it zero or not?

# let iszero n = match n with
O —> true
| S(n’") —-> false
r

val i1szero : nat —> bool = <fun>

Basic operation, adding one:

# let plusl n = S(n);;
val plusl : nat —> nat = <fun>




Converting between nat and OCaml’s int,
A basic recursive function:

# let rec nat2int n = match n with

O —> 0
| (S n’) —> 1+ (nat2int n’)
r
val nat2int : nat —-> int = <fun>

And non-negative ints to nat (¢ > 0)

# let rec int2nat 1 = if (1=0)
then O
else S (int2nat (1-1))

val int2nat : int —-> nat = <fun>




So, what are the differences between types nat and
int?

1. nat is user-defined; int is built-in
2. nat is built using constructors

3. values of nat are written 0, S (0), etc. whereas
those of int are written 0, 1, ...

nat is not size-restricted
int contains negative numbers

So are there more ints or nats?

S

int is more “efficient”. (What does that mean?)




Lab Exercise (2)

e Write a function nategq: nat * nat -> bool,
that given nats x, vy returns true if they are iden-
tical and false otherwise.

e Write a function natless: nat * nat —>
bool, that returns true if nat x represents a
smaller natural than does nat vy, and false other-
wise.

e Write a function power: nat * nat -> nat,
that given nats x, vy representing natural numbers
x,y > 0 and not both representing 0, returns a nat
representing zv.




e A mapping f from set A (predomain) to B
(codomain) is called a function if for each a € A,
f maps a to at most one b € B.

e A function f : A — B is called total if each a € A is
mapped to exactly one b € B (written f(a)).

e A function f : A — B is called onto (or surjective or
epi-morphic) if for each b € B, there exists at least
one a € A such that f(a) = b.

e A function f : A — B is clled 1-1 (or injective or
mono-morphic) if whenever f(a1) = f(az)(€ B),
then a; = as(€ A).




e The identity map iy : A — Ais atotal, 1-1 and onto
function.

olf f: A— Bandg: B — C are functions then so is
f;g9: A— C, defined as the mapping from a € A to

g(f(a)) € C.

olf f: A— Bandg: B — C are total, then so is
fig: A—=C

olf f: A— Bandg: B — C are 1-1, then so is
fig: A= C

olf f: A— Bandg: B — C are onto, then so is
fig: A—C




e The “size” of set A is no more than that of B, written
|A| < |Bj| if there is a total 1-1 function f : A — B.

e Two sets A and B are equinumerous if |A| < |B]
and |B| < |A] i.e., there are total 1-1 functions in
both directions.

e A set A is called denumerable (or countable if there
is a total 1-1 function from A to a subset of IV. It is
countably infinite if that subset of IV is not finite.

e There are as many odd naturals as even naturals
e There are no more naturals than odd naturals

o IN| <|Z|

o |z < |V

o |IN| <|IN x IN|

o |IN x IN| < |IV]




Counting

Let @ represent the rationals.

e |Z] <|@Q|
¢ Q[ <|Z x N|=|Z]
¢ |Q <|Z] = ||




Theorem (Cauchy): The denumerable union of denu-
merable sets is denumerable.

a family of sets,

Formally: Let A; (i € J) be
| < |IV] for each .

where |J| < |IV| and |4,
Then |U,e, Ail < IV,

Proof: By Cauchy’s first diagonal argument, and com-
posing total 1-1 functions.




The Reals IR are not countable.

In fact, [0, 1) is not countable.
However |IR| = |(0, 1)].
Geometrically, a projection argument.

Cantor's Second Diagonal argument (“Diagonaliza-
tion”).
An exemplar proof by contradiction.




e Representing natural n requires proportional to n
symbols (space)

e Adding m and n requires space proportional to m +
n and proportional to n elementary operations

e Multiplying m and n requires space proportional to
m x n and proportional to n recursive calls, each
involving about m elementary operations.

e Even comparisons m = n or m > n require elemen-
tary operations proportional to at least the smaller
of the two numbers.




Every natural
n=Y%,dx 10’
where 0 < d; < 9.
So n can be written as d;dy, . . . do.
(Why not dyd, . .. d;?) (Big-Endian vs Little-Endian)

Is this representation unique? No! (Why not?)
What if d;, # 0 when k£ > 0?

Multiplication by 10: Stick a 0 at the end (shift left).
Divide by 10: Drop dj (shift right).




Instead of 10, work with an arbitrary base r > 1

n=3Y%,d xr
where 0 < d; < r and d; # 0 when k& > 0.
Least significant digit: dy; msd: d.

Multiplication by r: Stick a 0 at the end (shift left). Sim-
ilarly integral div by r

How big a number with (at most) & digits?

0...(r" =1)




Special case with » = 2.

o1 2 3 4 5! 6 7

1 2 4 8 16 32 64 128

1 10 100 1000 10000 100000 1000000 10000000 ...

Bit-wise operations
e Table for addition of two bits with carry is small

e multiplying two bits is similar to logical “and”




Specification

Given: m represented as d;. . . . d;
n represented as d), . .. d;,

Result: Bit sequence dJ, . .. dj, which represents m+n.

Rough Idea:

1

. Sum the bits d, and dj, with initial carry ¢, = 0 and

generate Isb dj and carry c;.

. Similarly sum the bits d; and d; with carry ¢;, and

generate di and ¢,

. until we run out at the left end of either the first
number (k" position) or the second number (k""" po-
sition), or both k& = £'.

. If either number still has bits (eg when £’ < k) prop-

agate the carry bit (e.g. ¢ through the remaining
bits.




type bit
type bit
let flip

val flip

Bits
O | I;;
O | I
match b with
O —> 1

| T -> 0 ;;
bit -> bit =

<fun>




Add with carry
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: bit * bit * bit —> bit x bit = <fL_

val addc




?caml lists: a built-in “generic’ type construction.
[ 177
- : "a list = []
Lol 177
- : bit list = [I]
St DA 092392222 Je¢
— : int list = [24; 23; 22]
# ['Va"; "bll; "C" ];;
— : string list = ["a"; "b"; "c"]
Constructors are [ ], the empty list

and __ :: _, that takes
an element of type a and an « list, returning an « list




# [1;;
- : "a list = []

# 1::[1;5

— : int list = [1]

# "a"::"b"::[1;;

— : string list = ["a"; "b"]

# let add x y = x+y;;

val add : int -> int -> int = <fun>

# let mult x yv = xX*Vy;;

val mult : int —-> int -> int = <fun>

# add::mult::[];;

- : (int -> int -> int) list = [<fun>;

We can have lists of functions as well.

<fun>]




Is the list empty?

let is_empty x = match x with
[] —> true
| _ —> false;;

Return the first element (head) of the list
let head x = match x with b::bs -> b;;

Return the tail of the list

let tail x = match x with b::bs —-> bs;;

What’s the problem with the last two? Non-exhaustive pat-
tern matching.




How do we deal with the empty list case?

# let head x = match x with
[] —> raise (Failure "empty list")
| vi: > v;i;

# let tail x = match x with
[] —> raise (Failure "empty list")
| _:1:ys —> ys;;

Functions can “raise” exceptions to signal that the input
is illegal.




Inserting at the front is easy:

# let insertf x 1 = x::1;;
. o i i
val i1nsertf : a list —> "a —> "a list = <fun

Inserting at the back needs recursion: _Page s oraao |
let rec insertb x 1 = match 1 with  cosaok |
[] —> x::[]
| y::ys —> y::(insertb x ys);; _ FulSoreen |
val insertb : 'a —> ’'a list -> ’"a list = <fun>




Given two lists 11 and 12 return a new list that has the

elements of 11 followed by the elements of 12.
# let rec appendl 11 12 = match 12 with

[1] —> 11
| x::xs —> appendl (insertb x 11) xsj;;
val appendl : ’'a list —> ’'a list —> ’'a 1 iISENENEr

# let rec append2 (11,12) = match (11,12) wi
([1,12) —> 12
| (x::xs5,12) —-> x:: (append2(xs,12));;

val append?2 : ’'a list x ’'a list —-> 'a list =

Ocaml gives us a built-in append function:

# [1;2] @ [3;4]1;;
- : int list = [1; 2; 3; 4]




Reversing a list

Given a list return a list with the same elements in
reverse order.

# let rec reverse 1 = match 1 with
[1 —> []
| X::xs —> (reverse xs) @ x::[1;;
val reverse : ’'a list -> ’'a list = <fun>




Given a list return the number of elements in the list.

# let rec length 1 = match 1 with

[] => O
| _::xs —> 1 + (length xs);;
val length : "a list -> int = <fun>

Simple extension: add the elements of the list

# let rec addall 1 = match 1 with
[] > 0
| X::xs —> x + (addall xs);;
val addall : int list -> int = <fun>




What does this list
function do?

# let rec £ 1 = match 1 with

[1] —> O
| x::xs —> (length x) + (f xs);;
val £ : "a list 1list —-> int = <fun>

End of digression.




Carry Propagate

let rec carryp (1, c¢c) = match 1 with
[ ] -> 1if ¢ = O then [ ] else [ I ]
| (b :: bs) —> if ¢ = O

then (b::bs)
else 1f (b=0)
then (c::bs)
else O:: (carryp (bs, I))

val carryp : bit list x bit -> bit list = <fun>




I == | == | == | = | =+

testing propagation

carryp ([], O);;

: bit list = []

carryp ([1, I);;

: bit list = [I]

carryp ([O; O; I], O);;

: bit list = [0O; O; I]
carryp ([O; O; I], I);;

: bit list = [I; O; I]
carryp ([I;I;I], I);;

: bit list = [0O; O; O; I]




Adding bit sequenoes

let rec bigaddc (11, 12, c¢c) = match
([ 1, 12) —-> carryp (12, c)
| (11, [ 1) —-> carryp (11, c)
| (d::ds, d’::ds’) —>
let (c¢’’, d'’) = addc (d, d’, c)
in _ ome|
d’’::(bigaddc (ds, ds’, c"'));;
val bigaddc : bit list x bit list * bit —> billupEse -




testing blgadd

# bigaddc ([0O], [0;0;1I],

— : bit list = [I; O; I]

# bigaddc ([], [0;0;I], I);;
- : bit list = [I; O; I]

# bigaddc ([I;I], [I;I], I);;

— : bit list = [I; I; I]  Goseok |
# let bigadd (11,12) = bigaddc (11, 12, 0);;
val bigadd : bit list % bit list —-> bit list s>




Assume a bit b represents the value b.

e addc (b1, b2, c) returns (cl, b), the repre-
sentation (in carry-Isb format) of 2 % ¢; + b.

e2xci+b=0b +by+c.

o If m is represented as [dk;;...;;d]jl, then
carryp ([dk;;...;;d31, c) returns a list of
bits representing m + c.

e Sincem =XF  d; x 20 =dy+ 2% () diyy x 20)

eandn =S d x2 =d,+2x% (S d,, x2) ...

em+n-+c = d0+d6+60+2*<(2§:01 di+1 X 2i>+
(Z;{:T)l diq X 2'))

o =dy+2x((m/2) +(n/2) + )
esincedy+dy+co=dy+2x%c




Assume (w.l.0.g) that representation of n is not longer
than that of m.

Base Case: Suppose the number of bits in representing
nis0.n=1[ ].

For all m,c, represented as m and c: bigaddc (m,
n, c’) returns the representation of m’ + ¢. This is
carryp (m’,c’).

Induction Hypothesis: Assume (w.l.o.g) that if »’
can be represented in < k£ bits then for all m/, ¢,
bigaddc (m’,n’,c’) returns a representation of
m +n' +c.

Induction Step: Assume that representation of n takes
k + 1 bits.

n is of the form 4’ : :ds’, and so m is of the form
d::ds. (Why?).

Apply I.LH on bigaddc (ds,ds’,c’’), where ds and
ds’ represent m/2 and n/2 respectively.




I\/Iultlplylng bits

let bmult (bl, = match (bl, b2) with
(0,0) -> 0
| (I, O) —> O
| (0,I) -> O

| (I, I) —> I ;;

val bmult : bit * bit —> bit <fun>




Multiplying bit
sequénces

let rec bigmult(ll, 12) = match (11, 12)
([ 1, 12) > [ ]
| (11, [ 1) —> [ ] .

| (11, d’::ds’) —-> if d’=0
then O:: (bigmult (11, ds’))
else bigadd (11,
O::bigmult (11, ds’))

o o
r 7

val bigmult : bit list % bit list —-> bit list = <fu




Testing blgmult

# bigmult ([], [I;0;1I1)
— : bit list = []
# bigmult ([I;0;I], [I;I1);;
- : bit list = [I; I, I, I]
# bigmult ([I;I], [O;I]),,
- : bit list = [0O; I; I]




e Assume bigadd is correct

emx0=0

oe0xn=020

em xn=2%(mx (n/2)ifnis even

e i.e., when Isb of representation of n is O
em xXn=m+2x*(mx(n/2)) when n is odd

ei.e.,whenlsbofnis I




Assume (w.l.0.g) that representation of n is not longer
than that of m.

Base Case: Suppose the number of bits in representing
nis0.n=1[ ].

For all m, represented as m: bigmult (m, n) returns
the representation of m x n = 0.

Induction Hypothesis: Assume (w.l.o.g) that if »n’
can be represented in < k bits then for all m/,
bigmult (m’,n’) returns a representation of m’ x n'.

Induction Step: Assume that representation of n takes
k + 1 bits.

Therefore n is of the form d’ : :ds”.

Apply I.LH on bigmult (m,ds’), where ds’ repre-
sents n/2.

Now case analysis on d.




S of nat;;

# type nat = O |
| S of nat

type nat = O

e User defined

e Denumerable set (in principle)

e Two constructors, 0 and s

e Analysis: base case 0

e Inductive case S (_)

e Can define pred, add,mult, less ...

e Inefficient in time, space required




Functions to boo1l

# let isZero _nat n = match n with
O —> true
| S(n’") —-> false;;
val i1sZero_nat : nat —-> bool = <fun>

Recursive functions

# let rec less_nat (m,n) = match (m,n) with
(O,0) —> false
| (O, S(_) ) —> true
| (S(_), O) —-> false
| (S(m”"), S(n’") ) —> less_nat(m’,n’);

val less_nat : nat * nat -> bool = <fun>




Primitive Recursive Functions to nat

# let rec add_nat (m, n) = match n with
O —> m
| S(n’") —> S( add_nat (m,n”") );;
val add_nat : nat = nat —-> nat = <fun>

Using one function to define another

# let rec mult_nat (m,n) = match n with
O —> 0O
| S(n’") —-> add_nat (m, mult_nat (m,n’)

val mult _nat : nat * nat —-> nat = <fun>




exception Not_nat;;
exception Not_nat

Raising Exceptions
# let pred_nat n = match n with
O —> raise Not_ nat
| S(n") => n';;
val pred_nat : nat —-> nat = <fun>

In Recursive functions

# let rec subtr_nat (m,n)
= match (m,n) with

(m,0) —-> m
| (O, S(_) ) —> railse Not_nat
| (S(m"), S(n’”) ) —-> subtr_nat(m’,n’);;
val subtr nat : nat » nat —-> nat = <fun>




Factorial

# let rec fact_nat n
= 1f isZero_nat (n)

then S (0)

else mult_nat (n, fact_nat (pred_-) |
val fact _nat : nat —-> nat = <fun>
# fact_nat (S(S(S(0))));;

— t nat =5 (S (S (S (S (5 0)))))




e Built-in type with primitive operations +, *, =, i, ...
e Efficient representation; size-limited

e Logarithmic in size
Conversion between nat and int

# let rec nat2int n = match n with
O -—> 0
| S(n’) —> 1+ (nat2int n’);;

val nat2int : nat -> int = <fun>

# exception Negative of int;;

exception Negative of int

# let rec int2nat 1 =
if 1 < 0 then raise (Negative 1)
else 1f (1i=0) then O
else S( int2nat(i-1) );;

val int2nat : int -> nat = <fun>




Simple recursive version

# let rec fact i =
if (1 < 0) then raise (Negative
else 1f (1i=0) then 1
else ix (fact (i1-1) ) ;;

val fact : int -> int = <fun>

# fact (=7);;

Exception: Negative (-7).

# fact 0;;

- : int =1

# fact 7;;

— : int = 5040




fact(n) =
n* fact(n —1) =
i (( — 1) x fact(n —2)) =

;’L;k(.(n—1)*...*(2*(1*fact(0)))...)=
nx((n—1)...x2*x(1x1))...) =
?”Lik(.(n—l)*...(2>k1!)...)=

nx*(n—1) =
n!

e n multiplications, all done on way back.

e Requires space proportional to n for remembering
pending multiplications




|dea: accumulate result on way forward.
No pending multiplications

# let rec tfact (i,a) =
1if (1<0) then raise (Negative 1)
else if (i=0) then a
else (x comment: 1 > 0 *)
tfact (1i-1, i=*a);;

val tfact : int x int —-> int = <fun>
# let fact’ i = tfact(i,1l);;
val fact’ : int —-> int = <fun>

# fact’ 7;;
— : int = 5040




Visualize:

e Climbing down steps (first argument ¢ of tfact),
numbered from an initial 7, down to 0 , carrying a
bag (second argument «) initialized to some ay.

e Each time you go one step down (decrement first
argument), multiply the step number to this bag:
second argument becomes i xa.

e When on step numbered k, the bag contains the
value of (k+ 1) ... % (ig — 1) x ig * ay.

e S0 when we exit at i = 0, the bag contains a * (ig!).
¢ Invariant. What remains the same at each call: ax:!

e So initialize a( to 1




e Alternative: Climbing up steps numbered from 1 to
a desired i, carrying a bag, initially ay.

e Each time you go up one step, multiply the step
number to this bag

e WWhen on step numbered j, the bag contains 1x. . .x
(7 — 1) * a.

e So when we exit at j = i+1, the bag contains ax(!).

¢ Invariant. What remains the same at each call: a =
ag* (j —1)!

e So initialize ay to 1, and j to 1.




Developing the program t fact3
e First argument: desired destination ;
e Second argument: step number j, from 1 to ¢ + 1.

e Third argument: Accumulated product a
# let rec tfact3 (i, 3J, a) =

if (1i<3j) then a (» J = 1+1 =)

else (+ ] <= 1 %)

tfact3 (i, J+1, Jj=*a);;
val tfact3 : int % int » int -> int = <fun>
# let fact’’ 1 = tfact3(i, 1, 1);;
val fact’’ : int -> int = <fun>

# fact’’ 7;;
- : 1int = 5040




e Constructors: [ 1, _ ::

e Definition of functions by case analysis
Summing a list of integers:

# let rec sumlist 1 = match 1 with

[ 1 >0
| (x::xs8) —> x+(sumlist xs);;
val sumlist : int list -> int = <fun>
# sumlist [ 1;;
- : 1nt = 0

# sumlist [3; 4; 6; 7; 81;;
— : int = 28




e Space and time proportional to length of list

e sumlist adds “on the way back” _ Homerage |
_ Terae |

Tail recursively, add on the way forward, accumulating:

# let rec tsumlist (l,a) = match 1 with [«lw ]
[ ] —> a
| (x::xs) —> tsumlist (xs, at+x);;
val tsumlist : int list x int -> int = <fun>

sumlist’ uses tsumlist as a helper:

# let sumlist’” 1 = tsumlist (1,0);;
val sumlist’ : int list -> int = <fun>
# sumlist’ [1;;
- : 1nt = 0
# sumlist’ [3; 4; 6; 7; 81;;
- : int = 28




Reversing a list (naively)
|dea: take the head z of the list = :: zs reverse the rest
xs, and append the head x are the end.

#let rec revl 1 = match 1 with

[ 1T => [ ]
| (x::xs) —> List.append (revl xs) [x];;
val revl : "a list -> ’'a list = <fun>
# revl [1;2;3;4;5]1;;
— : int list = [5; 4; 3; 2; 1]

So what’s wrong with this?
Note: I'm using the OCaml built-in List package.




Each recursive call to revl, it traverses the talil.

let rec measure revl 1 = match 1 with
[ 1] >0
| (x::xs) —> List.length(xs) + 1
+ (measure_revl xs);;

val measure_revl : "a list -> int = <fun>
# measure_revl [ 1;;

- : 1int = 0

# measure_revl [1];;

- : 1nt =1

# measure_revl [1;2;3]1;;

- : 1nt = 6

# measure_revl [1;2;3;4;5];;

- : 1nt = 15

# measure_revl [1;2;3;4;5;6]1;;
- : int = 21

It does n(n + 1)/2 ”::” operations.



Idea: Pour from one list to another:

# let rec rev?2 (11,12) = match 11 with
[ ] —> 12
| (x::xs8) —> rev2Z2(xs, x::12);;
val revZ2 : "a list » ’'a list —> ’'a list = <

Use this as a helper, starting with an empty second list:

# let rev’ 1 = rev2(1l,I[]);;

val rev’ : ’'a list -> '"a list = <fun>
# rev’ [1;2;3;4;5];;

- : int list = [5; 4; 3; 2; 1]

Question: What is the invariant in calls to rev2?




Given n, generate a list on length n, starting with n,
counting down to 1.

# let rec countdown n =

if n < 0 then raise (Negative n)
else 1f n=0 then [ ]
else n:: (countdown (n-1) );;

val countdown : int -> int list = <fun>

# countdown (-1);;

Exception: Negative (-1).

# countdown 0;;

— : int list = []

# countdown 5;;

— : int list = [5; 4; 3; 2; 1]

Note: countdown is NOT tail recursive.



Given n, generate a list on length n, starting with 1,
counting up to n.

# let rec countup’ (n, i) =
1f n<O0 then raise (Negative n)
else 1f (i>n) then [ ]
else i:: (countup’ (n,i+1));;
val countup’ : int * int -> int list = <fun>

Defining countup:

#let countup n = countup’ (n,1);;

val countup : int -> int list = <fun>
# countup (-1);;
Exception: Negative (-1).

# countup 0;;
- : 1int list
# countup 5;;
- : int list = [1; 2; 3; 4; 5]

r
—_




Given n, generate a list on length n, starting with 2,
counting up to 2n.

Defining countevenup tail recursively:

# let rec tcountevenup(n, i, 1) =

1f 1 > n then 1

else tcountevenup(n,i+l, (2%x1)::1);;
val tcountevenup : int x int x int list —-> int list :

Except that the highest element is generated last, and
appears first. So reverse.

# let countevenup (n) = List.rev (tcountevenu
val countevenup : int —-> int list = <fun>
# countevenup 0;;

— : 1nt list = []

# countevenup 7;;

- : int list = [2; 4; 6; 8; 10; 12; 14]




Generate the list of the first n factorials.

# let rec tgenfact (n,i,p,1l) =

if 1 > n then 1

else tgenfact(n,i+l,i*p, (ixp)::1);;
val tgenfact : int % int x int *x int list -> '--'81

# let genfact n = List.rev  Page 1220350 |
(tgenfact (n, 1,1, 1));;

val genfact : int -> int list = <fun> _ Gosack |

# genfact 8;; __Funsesen_ |

- : int list = [1; 2; 6; 24,; 120; 720; 5040; 40320

Invariants: p = (¢« — D)land l = [(: — 1)};...; 1] if ¢ > 1

and [ =[] ifi = 1. |



# let neg b = if b then false else true;;
val neg : bool -> bool = <fun>

# neg true;;

- : bool = false

# neg false;;

— : bool = true

Note: b = true can be replaced by just b

if b = false then e; else ey canbe
rewrittenas if b then ey, else ¢




# let conj (bl, b2) =
if bl then b2 else false;;
val conj : bool % bool —-> bool = <fun>
# conj (true, true);;
— : bool = true
# conj (true, false);;
— : bool = false
# conj (false, false);;
— : bool = false
# conj (false, true);;
— : bool = false
Note: if b then true else false can be re-
placed by just b

if b then e else ecan be replacedby e




# let disj (bl, b2) =
if bl then true else b2;;
val disj : bool % bool —> bool = <fun>
# disj (true, true);;
— : bool = true
# disj (true, false);;
— : bool = true
# disj (false, true);;
— : bool = true
# disj (false, false);;
— : bool = false
Note: if b then true else false can be re-
placed by just b

if b then e else ecanbe replacedby e




Unique form for rationals: p/q where ¢ > 0 and p, g
relatively prime: ged(|p|, |q|) = 1.

Assume a,b > 0.

# exception NotPositive of int;;

exception NotPositive of int

# let rec gcd (a,b) =
if (a<= 0) then raise (NotPositive a)
else 1f (b<= 0) then raise (NotPositi
else if a<b then gcd(b, a)
else 1f (a=b) then a
else gcd(b, a - b);;

val gcd : int x int -> int = <fun>




# let valid_rat (p,q) =
((p=0) & (g=1)) or
((g>0) & (ged ( abs p, g) =1 ));;
val valid_rat : int % int -> bool = <fun>
# valid_rat (3, 0);;
— : bool = false
# valid_rat (6, 3);;
— : bool = false
# valid_rat (3, -2);;
— : bool = false
# valid_rat (7,5);;

— : bool = true
# valid_rat (-8, 9);;
— : bool = true

# valid_rat (-7, -6);;
— : bool = false

# valid_rat (0,3);;

— : bool = false




Adding rationals

(p1/q1) + (p2/@2) = (P1* @ +p2*q1)/(q1 * @)

let
numl = (plxg2 + p2*xgl) and
denoml = (gl » g2)
in
(numl, denoml)
Problem: numl and denoml may not be relatively
prime.




So divide them both by their gcd.

let
numl = (plxg2 + p2xgl) and
denoml = (gl * g2)
in
let common = gcd(abs numl, denoml)

in (numl/common, denoml/common)

Note: We had to take abs numl, since numl could
have been negative.




But num1 could have been O ....

let
numl = (plxg2 + p2*xgl) and
denoml = (gl » g2)
in 1if (numl = 0) then (0, 1)
else

let common = gcd(abs numl, denoml)
in (numl/common, denoml/common) ; ;

(0, 1) is the standard representation of 0.




Check if inputs are valid...

# let add_rat ( (pl,ql), (p2, g2) ) =

if (valid_rat (pl, gl) ) & (valid_rat (pZ,ﬂ
then let

numl = (plxg2 + p2*xgl) and

denoml = (gl * gZ2)

in if (numl = 0) then (0, 1)

else
let common = gcd(abs numl, denoml)

in (numl/common, denoml/common)
else raise Invalid;;
val add_rat : (int * int) * (int * int) —-> 1int * int
i add_rat ( (7,9), (=4,7) );;
— : 1nt * int = (13, 63)
# add_rat( (1,4), (3,4) );;
— : int % int = (1, 1)
# add_rat ( (1,7), (=1,7) );;
— : 1int x int = (0, 1)




If the first listis [ 1, return false
Else true, if second listis [ ]
Else recursively check tails

# let rec longer (11, 12)
= match (11, 12) with

( [ 1, [ 1) —> false

| ( [ 1, 12 ) —-> false

| ( X::xs, [ 1 ) —> true

| ( X::xXs, y::ys ) —> longer (xs, ys) ;;
val longer : ’"a list x b list —-> bool = < £y e o]
# longer ( [ 1, [ 1)i;
— : bool = false
# longer ( [1;2;3]1, [6;7;8;9] );;
— : bool = false
# longer ( [1]1, [ 1);;
— : bool = true
# longer ( [1;2;3], [6;7] );;
— : bool = true

# longer ( [ 1, [1:21 ) ::



# exception Unequal;;
exception Unequal

# let rec zip (11, 12) =

match (11, 12) with

(01, L1 ) —> 11
| ( x::xs, [ ] ) —-> raise Unequal
| ([ ], y::ys ) —> raise Unequal
| (xX::xXs, y::ys) —> (X,V) (zip (xs,ys)
val zip "a list = "b list -> ("a * ’'Db)
# zip ([1;2;3], [true; false; falsel);;
- : (int % bool) 1list = [(1, true);

(2, false); (3, false)]

lis

) 2%




# let minint = min_int;;

val minint : int = -1073741824

# let rec tmax_elt (1, m) =
match 1 with

[ 1] > m
| (x::xs) —> 1f X > m
then tmax_elt (xs, Xx)
else tmax_elt (xs, m);;
val tmax_elt : "a list = 'a -> ’'a = <fun>
# let max_elt 1 = tmax_elt( 1, minint);;
val max_elt : int list —-> int = <fun>
# max_elt [ 1;;
val minint : int = -1073741824

# max_elt [43; -300; 32; 65; 11;;
- : 1int = 65




e Integer a divides b if for some integer z, b = a.x.
Consider only > 0.

e o > 0 divides a. Nothing’s greater than a.

e c is a common divisor of a,b if ¢ divides a and ¢
divides b.

e c is the greatest common divisor (gcd) of a, b if

— cis a common divisor of a, b

— For any other ¢ that is a common divisor of a, b,
d <ec.

e 1,2.4,8, 16 are common divisors of 32 and 48. 16 is
the gcd.

e Given any a,b > 0, there is a unique gcd(a, b).




Given a,b > 0, calculate gcd(a,b).

e Assume a > b— w.l.0.g, since gcd(a,b) = gcd(b, a)
o lf a =0 >0, then gcd(a,b) =a
e If natural ¢ is a common divisor of a, b, then a = c.x
and b = c.y for some naturals z, y.
Soa—b=c(x—y) (fa > b, then z > y).
e So if d = gcd(a,b), and a > b,
— d divides a,b,a — b
— If d’ divides b,a — b, then d’ < d (otherwise d' =
ged(a, b))
olfa>0b>0,thena>a— 0.

e Can keep subtracting b from a until a — k.b < b




Ruler and compass computation!

# let rec gcd (a,b) =
if a<b then gcd(b, a)
else 1f (a=b) then a
else gcd(a - b,b);;

val gcd : int % int -> int = <fun>
# gcd(32,48);;

- : int = 16

# gcd(19,17);;

- : 1nt =1

# gcd(96,42);;

- : 1int = 6

# gcd(24,064);;
- : 1int = 8




Making it more robust

# exception NotPositive of int;;

exception NotPositive of int

# let rec gcd (a,b) =
1f (a<= 0) then raise (NotPositive a)
else 1f (b<= 0) then raise (NotPositive Db)
else if a<b then gcd(b, a)
else 1f (a=b) then a

else gcd(b, a - b);;
val gcd : int % int -> int = <fun>




e May do many subtractions...

e Idea: use mod, but remainder may be 0.
e However, a > 0 always divides 0.

¢ Allow one of a, b to be 0 (but not both).
e So define ged(a,0) = a.

e If ¢ divides a, b, then ¢ divides a mod b

o a=b.z+ (a modb).

e Soifa=cxandb=—c.uy,

o c.x = c.y.z + (a mod b).

e Henceamodb=c.(x—y.z).




# exception Negative

exception Negative
# let rec gcd(a,b) =
i1f a<0 or bx<0

then
else
else
else
val gcd

r

aise Negative

1f a<b then gcd(b, a)

1

f b=0 then a
gcd (b, a mod b);;
int = int —> 1int

# gcd (0,0);;

— : 1int

0

# gcd(24,064);;

— : int

8

# gcd(17,27);;

— : 1int

1

# gcd(81,36);;

— : 1int

9

<fun>




Compute z" for x € Z and n > 0.

# exception Negative of int;;
exception Negative of 1int
# exception Undefined;;
exception Undefined
# let rec powerl (x,n) =
if n < 0 then raise (Negative n)
else if n=0 then
1f x=0 then raise Undefined
else 1
else if (x=0) then O
else xx* (powerl (x,n-1));;

val powerl : int x int —-> 1int <fun>




Power examples

# powerl (0,0);;

Exception: Undefined.

# powerl (=2,0);;

— : int = 1

# powerl (-2,3);;
(

int -8
# powerl (-2,4);;
int 16

Performs n1 multiplications.
Space: n pending multiplications.




Compute tail-recursively =" for x € Z and n > 0.

# let power2 (x,n) =
let rec powert (x,n,a) =
if n < 0 then raise (Negative n)
else 1if n=0 then
if x=0 then raise Undefined
else a
else 1if x=0 then 0
else powert (x,n—-1, a*x)
in powert(x,n,1) ;i
val power2 : int x int —-> int = <fun>

Note: OCaml syntax: let defnl in expr
Helper tail rec function powert is not visible outside.




Performs n multiplications.
Space: Constant (no pending mults, reuse stack
space)

# power2 (-2,0);;

- : 1nt =1

# power2 (-2,3);;
- : int = -8

# power2 (-2,4);;
— : 1nt = 16

# powert (-2,3,7);;
Error: Unbound value powert

Note: shows powert is only locally defined.




From a call of powert (x,n, a)
e either we exit (when n = 0) with a

e or make a tail call powert (x,n-1, axx)

So invariant — value that doesn’t change — from one
call to next should relate values of formal parameters
x,n, a from one call to next.

The value of the expression a x x* Is unchanged from
one call to the next.

So if x =z, n =n and a = a, this expression is

e a x (2") when powert is initially called, and

o (a*x)* (z"1) in the tail recursive call to powert.
Which are equal, by some algebraic manipulation




Can we do fewer multiplications?

Consider 2% = (21)? = ((2%)?)2

z? requires one multiplication. Let r be the result.

z* = r2, which requires one mult for , and one more to
square r.

Let r’ be the result. 2® = (+')%, which can be computed
from r’ with one more multiplication.

What if the power is odd? Say 5?
2 requires 3 multiplications:

1.0 =23,

2. 17 = 2% = (22)? = 12,
3.22=(Mxz=r"*2

Whatifn=6,n=7,n =10, n = 157




Naive attempit:

# let rec power3(x,n) =
if n < 0 then raise (Negative n)
else if n=0 then

1f x=0 then raise Undefined

else 1
else

if (x=0) then 0 else

if (n mod 2) = 0 then

power3 (x, n/2) * power3(x, n/2)

else

x*xpower3 (x, n/2) = power3(x, n/2);;

val power3 : int % int -> int = <fun>
# power3(-2,7);;
- : 1int = -128
# power3(-2,9);;
- : 1nt = -512

# power3(-2,8);;



Naive attempt: No benefit.
Still do proportional to n multiplications:

e 2 recursive calls with proportional to (n/2) multipli-
cations each, +1 (if n even)

e 2 recursive calls with proportional to (n/2) multipli-
cations each, +2 (if n odd)

Can see this as a tree of multiplications

But if we call power3 (x,n/2) twice why recompute
it?
Just do it once and save the result.




Improved version: How many multiplications?

# let rec power4d (x,n) =

if n < 0 then raise (Negative n)
else if n=0 then
1f x=0 then raise Undefined
else 1
else
if (x=0) then 0 else
let r=powerd (x, n/2)

in
if (n mod 2) = 0 then rxr
else X*xr=*r;;
val powerd4 : int x int -> int = <fun>
# powerd (-2,7);;
= int = -128
# powerd (-2,8);;
— int = 256
#

powerd (-2,0);;




Fibonacci

fib(0) =0
fib(1) = 1
fib(n) = fib(n — 1) + fib(n — 2) (n > 1)

# let rec fib(i) =
if i<0
then raise (Negative 1)
else if i=0 then 0
else 1f 1=1 then 1
else fib(i-1) + fib (i-2);;
val fib : int -> int = <fun>
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Fibonacci examples

# £ib(2);;

: int =1
fib(4);;

: int = 3
fib (7) ;;

: int = 13
fib (10);;

: int = 55
fib 16;;

: int = 987
fib 20;;

: int = 6765




Fibonacci examples
fib 24;;

: int = 46368
fib 30;;

: int = 832040
fib 35;;

: int = 9227465
fib 36;;

: int = 14930352
fib 40;;
“"CInterrupted.
Grows very fast: like 2".

H | FHF | FHF | FHF | FH




Observe that when we compute fib(n — 1), we already
would have compute fib(n — 2) earlier.

So why recompute it? Remember it.

How much many past values do we need to remem-
ber?

Just the two previous values...




Fibonacci efficiently

let fib2 i =
if 1<0
then raise (Negative 1)
else 1if 1=0 then 0
else if 1i=1 then 1
else let rec fibt(i,a,b,m) =
if (m=1) then a+b
else fibt (i,b,atb,m+1)
in
fibt(i,0,1,2);;
val fib2 : int —-> int = <fun>
# fib2 36;;
— : 1int = 14930352
# fib2 40;;
— : int = 102334155




A function that given an argument, returns a function.
Note: The type connective —> is right associative.

# let add x y = x+vy;;

val add : int -> int -> int = <fun>
# add 3;;

- : int -> int = <fun>

# let plus3 = add 3;;

val plus3 : int -> int = <fun>

# plus3 4;;

- : 1nt = 7

# plus3 8;;
- : int = 11




More Currying

AxB—-C=A—(B—C)

# let sumsg _pailr(x,y) = X*xX + y*V;;

val sumsqg_pair : int * int —-> int = <fun>
# sumsqg _pair(3,4);;

— : 1nt = 25

# let sumsg curry X y = X*X + Y*V;;

val sumsqg_curry : int —-> int —-> int = <fun>
# sumsqg_curry 3 4;;

— : 1int = 25




Need not give all arguments at once. Can give first few
arguments, and get back a function, which will take the
other arguments (later).

# let part_sumsg = sumsqg_curry 3;;
val part_sumsg : int —-> int = <fun>

# part_sumsqg 4;;
- : 1int = 25
# part_sumsqg 8;;
- : int = 73




In the L.ist package, most functions are in “Curry-ed’
form.
(Note: Curry was a logician).

# List.append;;
- : "a list —> ’a list -—> ’'a list = <fun>

# let prefixl1l23 = List.append [1;2;3];;

val prefix1l23 : int list -> int list = <fun>
# prefix123 [4;5;61]1;;

- : int list = [1; 2; 3; 4; 5; 0]




Find the element at position n of a given list [, counting
from 0.
Special cases: n < 0 and n > length of [

# exception Negative of int;;
exception Negative of int
# exception Invalid_position;;
exception Invalid_position
# let rec nth 1 n =
if n<0 then raise (Negative n)
else match 1 with
[ ] —> raise Invalid_position
| xX::xs —> if n=0
then x
else nth xs (n-1
val nth : "a list —-> int -> 7/

o o
r 7

)
a = <fun>




# nth [ 1 (-1);;
Exception: Negative (-1).
# nth [ ] 0;;

Exception: Invalid_position.
# nth [1;2;3] 0;;

— : int = 1
# nth [1;2;3] 2;;
— : 1nt = 3

# nth [1;2;3] 3;;
Exception: Invalid_position.




Form a list taking the first n elements of a given list /.
Special cases n < 0 and n > length of |
If you have to take 0 elements from [, return [ 1].

# let rec take n 1 =
1if n<0 then raise (Negative n)
else match 1 with
[ 1 > [ 1]
| x::xs —> if n = 0 then [ ]
else x::(take (n-1) xs);;

val take : int —> ’'a list —-> ’"a list <fun>




Testing take

# take (-1) [1;2;3]1;;
Exception: Negative (-1).
# take 0 [1;2;31;;

— : int list = []

# take 5 [ 1;;

- : ’'a list = []

# take 5 [1;2;31;;

- : 1int list = [1; 2; 3]
# take 0 [1;2;3]1;;

— : int list = []

# take 3 [1;2;3;41;;
- : 1nt list = [1; 2; 3]




Drop the first n elements of a given list (.
Special cases n < 0 and n > length of
If you have to drop 0 elements, then return .

# let rec drop n 1 =
if n<O0 then raise (Negative n)
else match 1 with
[ 1 > [ ]
| x::xs —> 1f n = 0 then 1 _ cosak |
else (drop (n-1) xs);;
val drop : int -> 'a list —> ’'a list = <fun> IS

Fact: For all [, for all n > 0, oo |
List.append (take n 1) (drop n 1) = 1



Testing drop

# drop (=1) [1;2;31;;
Exception: Negative (-1).
# drop O [1;2;31;;

- : int list = [1; 2; 3]
# drop 5 [ 1;;
- : "a list = [
# drop 5 [1;2;3
— : 1nt list =
# drop 0 [1;2;3
- : 1int list =
# drop 3 [1;2;3;4]1;;
— : 1int list = [4]




Search if z is in a given list (.
If [ is empty, x cannot be found.
If = is the first element of [, found it!

# let rec search x 1 =
match 1 with
[ 1] —> false
| y:i:ys —> 1if x=y
then true
else search x ysj;;
val search : "a —> "a list -> bool = <fun>




Testing search

search 1 [2;1;3];;
bool = true
search 4 [2;1;31;;
bool = false
search [1:7
bool false
search 2 [2;1;4]1;;
bool

AN

true




Apply a function f to each element of a given list [
Map [a;b;clto [(f a); (f b); (f c)]

Special case: If [ is an empty list, return [ ]

# let rec map £ 1 =
match 1 with

I
| (x::xs) —> (f x)::(map f xs);;
val map : ("a -> 'b) -> "a list -> 'b list = <fun>
# let addl x = x+1;;
val addl : int —-> int = <fun>
# map addl [ 1;;

— : 1int list = []
# map addl [1;2;31;;
— : int list = [2; 3; 4]




Testing map

# let even x = (x mod 2 = 0);;
val even : int —-> bool = <fun>
# map even [] ;;

— : bool list = []

# map even [1;2;3];;
— : bool 1list = [false; true; false]

# map even (map addl [1;2;3]);;
— : bool 1list = [true; false; true]




Apply an associative binary operation f to a list [ of
elements, with e being the base case result.

# let rec foldl f e 1 =
match 1 with

[ 1 —> e
| (X::xs) —> £ x (foldl £ e xs);;
val foldl : (fa —> '"b —> "b) —> 'Db

—> g list —> "b = <fun>

# let sum 1 = foldl add 0 1;;

val sum : int list —-> int = <fun>
# sum [1;2;3;4;5;6;7]1;;

- : 1nt = 28




# let mult X v = xX*y;;

val mult : int —-> int -> int = <fun>
# let prod 1 = foldl mult 1 1;;

val prod : int list —-> int = <fun>

# prod [] ;;

- : 1nt =1

# prod [1;2;3;4;5;6;71;;

- : int = 5040

# let maxInlList 1 = foldl max min_int 1;;

val maxInlList : int list —-> int = <fun>
# maxInList [ ];;
— : int = -4611686018427387904

# maxInlList [1;4;67;321;32;2; —-3241411];;
- : int = 321




Assume the operation f is associative, with
fex = fuxe.
Instead of f x (foldl f e xs), do a tail call:

Change the “base case value for zs to f e x in place of
€.

# let rec foldr f e 1 =
match 1 with
[ ] > e
| x::xs —> foldr £ (f e xX) Xxs;;
val foldr : (a —> "b —> ’"a) —> ’"a

-> ' list -> "a = <fun>




foldr
: int
foldr

int

foldr
: 1nt
foldr
: int

foldr
: int
foldr

int

add 0 [ 1;;

=0

add 0 [1;2;3;4;5;6;71;;
= 28

mult 1 [ 1;;

= 1

mult 1 [1;2;3;4;5;6;7];;
= 5040

max min_int [ 1;;

= —-4611686018427387904

max min_int [1;4;67;321;32;2; —324100R

= 321



Map and Reduce/Fold

Putting map and foldr together:

# let square X = X*X;;

val square : int —-> int = <fun>

# let sum_sgq 1 = foldr add 0 (map square 1);;
val sum_sg : int list -> int = <fun>

# sum_sqg [1;2;3;4;5]1;;

— : 1nt = 55




Given f : A — B and g : B — C, create the function
fig: A— C by composing f and g
(f;9)(a) = g(f(a))

# let compose f g x = g(f x);;

val compose : (a -> 'b) -> ('b -> 'c) —>
"a —> 'c = <fun>

# let h = compose addl even;;

val h : int —-> bool = <fun>

# h 3;;

— : bool = true

# h 4;;

— : bool = false

Note: compose is a higher-order function. Can define the
composition of f and g without giving the argument.




e Open the List package. Don’t need to write
List.append, List.hd etc. No result reported.

e Repeating zip.

# open List;;

# exception UnequalLength;;
exception Unequallength

# let rec zip 11 12 = match (11, 12) with

(0 I, 0 1)y => 11
| (x::xs, [ ]) —> raise UnequallLength
| ([ 1, y::ys) —> raise UnequallLength
| (xX::xs, V::yS) —> (X,V)::(zlip XS VS);;
val zip : "a list -> 'b list —>

("a = "b) list = <fun>



Given a predicate (a function from ’ a to bool) p and
an ’a list [, return the list of those elements a; of |
(in the same order as in [) such that p(a;) is true.
filter already there in the List package. But let us
see how it is defined.

# filter;;
— : ("a —> bool) -> "a list —> ’'a list =
# let rec filter p 1 = match 1 with

[ 1 > [ 1]

| x::xs —> 1f (p Xx)
then x:: (filter p xs)
else filter p xsj;
val filter : ("a —> bool) -—> "a list —>
"a list = <fun>
# filter even [1;2;3;4;5;6;7;8]1;;
- : int list = [2; 4; 6; 8]

<fun>
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Floats (real numbers)

e Approximations of reals

e Not totally precise

3.7

: float = 3.

5.0 +. 2.1;;

: float = 7.1

5.1 -. 3.8;;

: float = 1.29999999999999982
7.2 *. (=3.06);;

: float = -25.92

3.0 /. 2.0;;

: float = 1.5




# floor (-3.2);;

- : float = 4.
# ceil (-3.2);;
- : float = -3.
# float 3;;

- : float = 3.

Exercise: Find out how to round off; how to convert a
float like 3.0to an int such as 3.




Addition

# let addf (x, y) = x +. V;;

val addf : float % float —-> float = <fun>

# addf (3.0, 4.1);;

- : float = 7.1

# addf (4.9, (=3.2));;

- : float = 1.70000000000000018

# let addfc x yv = X +. V;;

val addfc : float —-> float -> float = <fun>




Multiplication

# let multf (x, y) = X *. V;;

val multf : float x float -> float = <fun> o 0010 |
# multf (4.9, (=3.2));;

- : float = -15.6800000000000015  cosaok |
# let multfc x vy = X *. V;;

val multfc : float -> float -> float = <fun> [FisEE



Model an n-dimensional vector @ as a list of length n
(n > 0).

Write a program to generate an n-dimensional Zero
vector: all entries are 0.0

# let x0 = [3.0; -1.0; 2.17;;
val x0 : float list = [3.; —-1.; 2.1]

# let rec zerov n =
if n < 0 then raise (Negative n)
else 1f n=0 then [ ]
else 0.0:: (zerov (n-1));;
val zerov : int —-> float list = <fun>
# zerov 3;;
— : float list = [0.; O0.; 0O.]




Add two given vectors @ and b.

The two vectors must be of the same length
Add the corresponding components.

# let x1 = [1.0; 4.2; -5.7];;
val x1 : float list = [1.; 4.2; -5.7]
# let x2 = [-3.0; 2.2; 3.11;;
val x2 : float list = [-3.; 2.2; 3.1]

# let addv a b =

map addf (zip a b);;
val addv : float list —-> float list —-> float _ <
# let x3 = addv x1 x2;;
val x3 : float list = [-2.; 6.4; —-2.6] _ Clss |

Fact: For all a,
addv a (zerov (length(a)) = a e



Given a scalar (real) ¢ and a vector d, return c.d, where
each component of @ is multiplied by c.

# let scalarmultv ¢ x = map (multfc c) Xx;;
val scalarmultv : float —-> float list ->
float list = <fun>

# let x4 = scalarmultv 2.1 x3;;

val x4 : float list =
[-12.6000000000000014;
9.24000000000000199;
13.0200000000000014]




Given two vectors @ = [ag; . ..a,_1] and b = [by; . .. b,_1,
compute their dot product d = X" a;.b;.

# let dotprod a b =
foldr addfc 0.0
(map multf (zip a b) );;
val dotprod : float list —-> float 1list
-> float = <fun>
# let d = dotprod x1 x2;;
val d : float = —-11.43




Given a vector @, compute its additive inverse, i.e., a
vector b, such that @ + b = 0.

# let negv a = scalarmultv (-1.) aj;;

val negv : float list -> float list = <fun>
# negv x1;;

— : float 1list = [-1.; —-4.2; 5.7]

Fact: For all a,
addv a (negv a) = zerov (length a).




Magnitude of a vector

Find the magnitude or size or length |a| of a vector a
If @ = [ag; . .. a,_1], then |a@| = /X1 a?.

# let magv a = sqrt (dotprod a a);;
val magv : float list -> float = <fun>
# magv x1;;

— : float = 7.15052445628990263




A polynomial p(z) of degree n in a single variable =z is
of the form: c¢,2" + ¢, 12"+ ...c1.x + ¢

e The (real) numbers ¢; are called co-efficients of x'.
e The powers of x are called the exponents

We can also write p(z) as
o’ +ext+ .. Feat= = X (G X

The polynomial p(x) can be modelled as a list

[co; 15+ - Cal.

e The variable is implicit

e The exponent of each term is given by the position
in the list

e Only the coefficient ¢; is listed at position i in the list.
e c, # 0.0.




Operations one can do on polynomials:

e Evaluation: Finding out the value of a polynomial
p(z) for some given value z for x.

e Adding two polynomials p;(x) and py(z). They need
not have the same degree.

e Multiplying two polynomials p;(z) and py(x). They
need not have the same degree.

e Dividing polynomial p;(x) by another polynomial
pa(T).




Naively evaluating p(z) at zo: Approximately n?/2 mul-
tiplications and n additions.
Instead we can use Horner’s Rule.

p(xo) = (... ((ch-mo+ Cp1)-To+ Cn2). g+ ...+ ¢1).20 + Co

We can perform a tail recursive computation involving
only n multiplications and n additions, by maintaining a
partial product pp. At each stage, we multiply pp with
xo and add the next lower coefficient..




e A permutation of a list [ag;ai;...;a,] is a list
bo; b1; . . . ; by] such that there is a bijective (1-1, onto)
function between the a; and b,.

e Each b; is some a;, and each a; is some b, for 0 <
1,7 < n.

e Exactly the same elements, but in a possibly differ-
ent order.

o A list [ag;aq;...;a,] is sorted in non-descending (or
loosely “ascending”) order if 0 < ¢ < j < n implies
a; S aj.

e If [ap;a1;...;a,] is sorted, then [ay;...;a,] is also
sorted (and ap < a; for 1 < i < n).




Specification of the problem:

“Given a list [ of integers, return a permutation of / that
is sorted in non-descending order.”

Note: Can also sort in non-ascending (or descending)
order, i.e., 0 < i < j < n implies a; > a,;.




o If | =ap;...;a,), thena;isits leastelementifa; < a;
forall 0 <i < n.

e So if I" = [by;...b,] IS @ permutation of [ sorted in
non-descending order, by = a; (the least element of
).

e Observe that [by;. .. ;b,] is also sorted and a permu-
tation of {ay,...,a,} —{a;},




1. Find the least element of a list;

2. Remove it from the list and place that at the begin-
ning;

3. Recur on the remaining elements of the list




A tail recursive function findleast that, given the
current minimal element a and a list 11, and a list 12
of elements already seen, returns the minimum of 11
and a, and all the other elements (of 11 nd maybe a)
followed by 12.

# let rec findleast a 11 12 =
match 11 with
[ 1 =—> (a, 12)
| yi:ys —> 1f a <=y
then findleast a ys (y::12)
else findleast y ys (a::12)
val findleast : 'a -> ’'a list -> ’'a list —>
"a x 'a list = <
# findleast 3 [4; 1; 7] [©6; 91;;
— : 1int % 1int 1list = (1, [7; 3; 4; 6; 9])




e An empty list is trivially sorted

e Find the least element of a non-empty list by start-
ing with the first element as the current minimum,
and looking through the rest

# let rec selsort 1 =
match 1 with
[ 1 —> [ ]
| X::xs8 —>
let rec findleast a 11 12 =
in let (b, zs) = findleast x xs [ ]
in b:: (selsort zs);;
val selsort : ’'a list —-> ’'a list = <fun>




# let rec selsort 1 =
match 1 with
[ 1 > [ ]
| xX::xs5 —>
let rec findleast a 11 12 =
match 11 with
[ 1 —> (a, 12)
| y:i:ys —> 1if a <= vy
then findleast a ys (y::12)
else findleast y ys (a::12)

in let (b, zs) = findleast x xs [ ]
in b:: (selsort zs);;
val selsort : "a list —> ’"a list = <fun>

# selsort [7; 3; -3; 5; —-8; 9; 1; 01;;
- : int list = [-8; -3; O0; 1; 3; 5; 7; 9]




e [0] is always a sorted list

olf | = Jap;...;a,] is sorted and b < aq, then
b; ag; - . . ; a,] is sorted.

olf | = Jap;...;a,] is sorted and b > a, then
lag; . .. ; ay; b is sorted.

o If [ = |ap;...;a;;a,41;...;a;] is sorted and a; < b <
a;i+1, then [ag; ... a;;0;a;41; . . .5 ay] is sorted.




1. An empty list is sorted.
2. For a non-empity list, take the first element z,
3. recursively sort the remaining list, and

4. insert x into the correct position in that sorted list.




Insert a into a sorted list yvs

# let rec insert a ys =
match ys with
[ 1 -> [a]
| z::zs —> 1f a <= z
then a::z::zs

else z::(insert a zs);;
val insert : 'a —-> ’a list -> 'a list = <fun>
# insert 7 [1;3;5;8;91;;
— : int list = [1; 3; 5; 7; 8; 9]




Insertion Sort

# let rec insort 1 =
match 1 with
[ 1 —> [ ]
| X::xXs —>
let rec insert a ys =
match ys with
[ 1 —> [a]
| z::zs —> 1f a <= z
then a::z::zs
else z::(insert a zs)
in insert x (insort Xxs);;
val insort : 'a list -> 'a list = <fun>
# insort [7; 3; -3; 5; -8; 9; 1; 01;;
- : int list = [-8; -3; 0; 1; 3; 5; 7; 9]




Yet another way: If [ag; ... a;] and [by; ... b,,] are sorted
lists, let us try to combine them into a sorted list.

o If ag < by, then aq is the least element of the com-
bined list.

e Likewise, symmetrically, for b,

e If either of the lists is empty, the result is the other
list.




Assume [, and [, are sorted lists. Merge them into a
sorted list.

# let rec merge 11 12 =
match (11, 12) with
(L 1, 12) -> 12
(11, [ 1) -> 11
| (x::xs, y::ys) —>
if x<=y
then x:: (merge xs 12)
else y:: (merge 11 ys);;
val merge : "a list -> 'a list -> ’'a list = <fun>
+ merge [1; 2; 4; 7] [0; 3; 5; 7; 81;;
- : int 1list = [0; 1,; 2; 3; 4; 5; 7; 7; 8]

THEERTE




e Empty and singleton lists are sorted

e Else divide the list into two (equal) parts

# let rec mergesort 1 =
match 1 with

[ 1 —> [ ]
| Ix] => [x]
| —>
let n = (length 1) / 2
in let (11, 12) = (take n 1, drop n 1) -
in merge (mergesort 11) (mergesort 12);;_
val mergesort : ’'a list —> ’"a list = <fun>
# mergesort [7; 3; -3; 5; -8; 9; 1; 01;; _ owe |
- : int list = [-8; -3; O0; 1; 3; 5; 7; 9]



Yet another way:

e With respect to any pivot element a € [, partition [
into two lists [y, ls.

e All elements z; of l;: z; < a
o All elements y; of ls: a < y;.

e Recursively sort [; and I, yielding say [} and [/, re-
spectively.

e [} appended to a :: [} is sorted.

e Because « is in its correct position in append [ (a ::
lh).




# let rec partition a 1 =
match 1 with
[ 1 > ([ 1, [ 1)
| X::xXs —>
let (11, 12) = partition a xs
in 1f a<=x
then (11, x::12)
else (x::11, 12);;
val partition : 'a —> ’"a list —->
"a list « "a list = <fun>
# partition 3 [4; -2; 6; 1; 9; 31;;
— : int list x int list =
([=2; 11, [4; 6; 9; 31)




# let rec gsort 1 =
match 1 with
[ 1 —> [ ]

| X::xXs —>

let (11, 12) = partition x Xxs
in append (gsort 11) (x::(gsort 12));;
val gsort : ’'a list —-> ’'a list = <fun>

# gsort [7; 3; -3; 5; -8; 9; 1; 01;;
- : int 1list = [-8; -3; 0; 1; 3; 5; 7; 9]




Can sort any totally ordered collection (list) of a type T'.
The type T' must have a comparison operator C such
that

o [: T xT — bool is reflexive and transitive.
e Dichotomy. For any a,b € T, eithera C borb C a

The logic of sorting applies to any totally ordered set,
not just int. Notice the types:

val selsort : ’a list —-> 'a list = <fun>
val 1nsort : 'a list —-> "a list = <fun>
val mergesort : ’'a list —-> "a list = <fun>
val gsort : ’'a list —-> ’"a list = <fun>

Which sort is best?




Applications of the idea:

e Sets of sets

e Matrices of dimension m x n : Each row is a vector
(of length n), there are m rows.




Specification of the problem:

“Given an integer amount Rs n and a list denoms of
integers standing for the denominations of notes (or
coins) sorted in descending order, return all the differ-
ent ways that one can make change for Rs n.”

E.g. if we want to make change for Rs 4 using Re 1
and Rs 2 coins, we can have [2;2], [2;1;1] and [1,1, 1, 1].
[1;2; 1] is not a different way.

Note: We will assume denoms is sorted in strictly de-
scending order. (You can always sort it using a suitable
modification of any of the sorting techniques given in
class.)




Should be systematic. We need combinations, not per-
mutations.

e We return a /ist of different combinations (each
combination is a list).

e 1 should not be negative.

e If n is 0, then there is only one vacuous way: [ |, so
return [ []].

e If n > 0, first try to use the highest possible de-
nomination, and subtract that note/coin value from
n, and recur.

e Then try ways without using the highest denomina-
tion.

e If no denominations are left, return empty list | |.




Preliminaries

# exception Negative;;
exception Negative

# let affix x y = X::V;;
val affix : "a —> 'a list —> ’'a list = <fun>_

#let denoms = [1000; 500; 100; 50;  codask |
20; 10; 5; 2; 11;;
val denoms : int list = [1000; 500; 100; 50; |Hrmss

20; 10; 5; 2; 1]



Skeleton

# let rec mkchange n dens =
if n <O
then raise Negative
else if n=0 then [ [ ] ]
else
match dens with
[ 1 > [ ]

| v:i:ivs —>




# let rec mkchange n dens =

else (» n > 0 *)
match dens with
[ 1 —> [ ] (* no more denoms *)
| v::vs —> (» v highest denom x)
if n >= v
(x can use denom v x*)
then (append
(» all ways using denom v x)
(map (affix wv)
(mkchange (n-v) dens) )
(x use one v note, and affix it

to each way f making change for n-v x)
(» & all ways not using denom v x)
(mkchange n vs) )

else (mkchange n vs);;
(» n<v, so can’t use denom v %)



# let rec mkchange n dens =
ifn <O
then raise Negative
else 1f n=0 then [ [ ] ]
else
match dens with
[ e S
| vi:ivs —>
if n > v
then (append
(map (affix v)
(mkchange (n-v) dens))
(mkchange n vs) )
else (mkchange n vs);;
val mkchange : int -> int list —->
int list list = <fun>




mkchange 1 denoms; ;
int list list = [[1]]
mkchange 45 denoms; ;
int list list =
20, 20; 5]1; [20; 20;
20; 20; 1; 1; 1; 1;
20; 10; A
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# let ways =

val ways

[

#

1

[
[5
[5
[5
[5
[5
[5
[5
[5
[5
[5
[5
[5
[5
[5
[5
[5

100] [50;, 50]1; [50; 20; 20; 10],; [50,;, 2
20; 20; 5;, 2; 2; 11; 1[50, 20; 20 5; 2; 1;
20; 20; 5; 1; 1; 1; 1; 11; 1[5 2—21
20; 20; 2, 2, 2; 2; 1; 171; [50 20 20; 2;
205 205 25 25 ig ig g g g 1] | »
20;, 20; 2, 1; 1, 1, 1; 1, 1; 1; 11;
20; 20; 1, 1, 1; 1; 1; 1, 1, 1; 1; l]--i
20; 10; 10; 5; 51; 1[50; 20; 10; 10; 5;
20; 10; 10; 5;, 2; 1; 1; 1]1; 1[50; 20; _
20; 10; 10; 2; 2; 2, 2; 2]1; 150;
20; 10; 10, 2, 2; 2; 1; 1, 1,; 1]
20; 10; 10, 2, 2; 1, 1; 1, 1; 1;
20; 10; 10, 2, 1, 1; 1; 1, 1, 1;
20;, 10; 10, 1, 1, 1; 1; 1, 1, 1;
20; 10; 5; 5; 5; 2; 2; 1]; [50;
20; 10; 5; 5; 5; 1; 1; 1, 1,; 1];
20; 10; 5; 5;, 2, 2; 2; 2; 1; 1];

+ Nnitmwavae — Jlenath wasxae -

mkchange 100 denoms; ;

int list list =

iy

2




# let ways = mkchange 101 denoms; ;
val ways : 1nt list list =

# let numways = length ways;;

val numways : int = 4710

# let ways = mkchange 102 denoms;;
val ways : 1nt list list =

# let numways = length ways;;

val numways : int = 4907

# let ways = mkchange 150 denoms;;
val ways : 1int list list =

# let numways = length ways;;

val numways : int = 21873




e Matrices of dimension m x n : Vector of vectors.
m,n >0

e Each row is a vector (of length n), there are m rows.

. 1.0 2.0 3.0
4.0 5.0 6.0

elt can be represented as a list of lists
[ [1.0;2.0;3.0]; [4.0;5.0;6.0] ].

e All rows must be of the same length n.

) IS a2 x 3 matrix.

e For convenience, add a 0 x n matrix: | |.




Need to check if a given list of lists is a correct repre-
sentation of a matrix.

e Either it is an empty matrix: no rows
e Or we check all rows are the length of the first row.
e conj is the curried version of &

e eglength x 1 checks that the length of 1 is
equal to x

# exception InvalidDimensions;;

exception InvalidDimensions

# let conj X v = X & V;;

val conj : bool —> bool —-> bool = <fun>

#let eglength x 1 = ((length 1) = x);;

val eglength : int -> ’"a list -> bool = <fun




Check if a given list of lists is a correct representation
of a matrix.

e Either it is an empty matrix: no rows
e Let r be the first row, let n be its length.
e If it has rows, the length n cannot be 0.

e Now find the length of each row and check if it is n.
Natural use of map (eglength n) on each row.

e If all are the same length, then return true, else re-
turn false. Natural use of fold with conjunction.




validMatrix

# let rec validMatrix 11 =
match 11 with
[ ] —> true
| r::rows —>
let n = length r
in 1f n=0
then false
else
foldr conj true
(map (eglength n) rows);;
val validMatrix : 'a list 1list —-> bool = <fu




validMatrix

# validMatrix [ 1;;

— : bool = true
# let matrixl = [[1.; 2.; 3.1;
(4.7 5.7 6.]11;
val matrixl : float 1list list = [[1l.; 2.; 3.
(4.7 5.7
# validMatrix matrixl;;
— : bool = true
# validMatrix [ [1.]; [2.; 3.1 1;;

— : bool = false




Calculating the dimensions of a valid matrix.

# let rec dims 11 =
match 11 with

[ I => (0,0)
| r::rows —>
let m = length 11 (* Nno. rows %)
and n = length r (x no. columns x)
in 1if n=0  cosaok |
then raise InvalidDimensions
else if validMatrix 11  Fursoeen |
then (m,n)
else raise InvalidDimensidilSees
val dims : "a list 1list —-> int % int = <fun>



dims
# dims [ 1;;
— : 1int % int = (0, 0)
# dims [ [1.]1; [2.; 3.1 1;;
Exception: InvalidDimensions.
# dims [ [1;2;3]; [4;5;6] 1;;
— : int % int = (2, 3)




Multiply each entry by ¢
e Assume it is a valid matrix

e Each row is a vector, so need to map multiplication
by c to each entry in that vector

e Need to map multiplication of a vector by ¢ to each
row.

# let multc a b = ax.b;;  Page 235 of 520 |

val multc : float —-> float —-> float = <fun>

# let scalarMult c mat = _ Gosak |
map (map (multc c)) mat;;

val scalarMult : float —> float 1list 1list _ Fusoeen |

—> float list list = <fun>
# let matrix2 = scalarMult 4.0 matrixl;;
val matrix2 : float list 1list =
[[4.; 8.; 12.]; [l6.; 20.; 24.]]




Adding two matrices
e Both must be of the same dimensions, else error
e Add corresponding entries “pointwise”
e Can we do it using map, zip, etc?

# let addr (x,y) = x+.V;;

val addr : float * float —> float = <fun>
# let rec addMat matl mat2 =

let (ml,nl) = dims matl

and (m2,n2) = dims mat?2

in if (ml,nl) = (m2,n2)
then

else raise InvalidDimensions;;




Adding two matrices

e Pair up the corresponding rows using zipc (curried
version of zip): (zipc matl mat2).

e which yields a list [ consisting of m pairs of lists,
each of length n.

e Zipping each pair of lists will yield a list of length n
of pairs of pointwise corresponding entries. But this
has to be done on each pair of lists. So let I’ be map
zip l.

e Now [’ is a list of m lists, each a list of n pairs. Each
pair needs to be added.

e SO0 map the function map addr to /.




# let rec addMat matl mat2 =

let (ml,nl) = dims matl

and (m2,n2) = dims mat?2

in if (ml,nl) = (m2,n2)
then

map (map addr)
((map zip) (zipc matl mat2))
else raise InvalidDimensions;;
val addMat : float 1list list -> float list 11
—> float list list =5
# addMat matrixl matrix2;;
- : float 1list 1list = [[5.; 10.; 15.71;
[20.; 25.; 30.]]
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Consider z2° + 3.2x2% — 4.1.

eln our earlier polynomial representation:
[—4.1;0.0;3.2;0.0;...;0.0; 1.0]

e Advantage: power of x in any term is implicit from
position in the list. Thinking of polynomials as vec-
tors.

e Disadvantage: many zeros, waste of space.




e Idea: Omit the terms whose coefficient is zero.

e But now need to keep both coefficient (non-zero)
and power (non-negative)

e As before, coefficient of highest power is non-zero.
(See above)

e Advantage in keeping the list sorted
By coefficient?
By power?
By a combination?

Question: When should we use sparse polynomials?




e type sparsepoly = (float * int) list

e First component of each pair (coefficient) is a non-
zZero float

e Second component of each pair (power) is a non-
negative int

e List is sorted in ascending order on second compo-
nents of the pairs

e The zero polynomial is represented as ||.

Note: Remember about precision when checking if a
float is zero or not. Instead choose an ¢, and check if
absolute value of the number is > e.




# type sparsepoly = (float * int) list;;

type sparsepoly = (float *x int) list

# let eps = 0.000000001;;

val eps : float = 1e-09

# let rec checksppoly (l: sparsepoly) =
match 1 with

[ ] —> true
| [(ci, powi)] —-> (abs_float ci) > eps
& powi >= 0
| (ci, powi)::(cj,pow]) ::xXs —>

(abs_float ci) > eps & powi >= 0
& powi < pow] &
checksppoly ((cj,pow]) ::xs);;
val checksppoly : sparsepoly —> bool = <fun>




Testing checksppoly

# checksppoly [ 1;;

— : bool = true
# checksppoly [(=2.3, 5)1;;
— : bool = true

# checksppoly [(-0.000000000002, 3)1;;

— : bool = false

# checksppoly [ (=3.2,0); (2.1, 20);
(2.1, 4)1;:;
— : bool = false

# checksppoly [ (-3.2,0); (2.1, 4);

— : bool = true




e Add polynomials p; and p-.
¢ Algorithm depends on how they are represented.
¢ In adding vectors, we could use zip and map

¢ In adding polynomials, it was like adding vectors ex-
cept we made sure last term wasn’t zero.

e But what if p;, p» were sparse and represented as
above?

e The logic is like merging two sorted lists.




# let rec addsppoly
(L1: sparsepoly)

(12: sparsepoly) =

match (11, 12) with
([ 1, 12) -> 12

(11, [ 1) -> 11

| ((cll,pll)::xs, (c2l,p2l)::ys) —>
if (pll < p21)
then (cll,pll) :: (addsppoly xs 12)
else 1f (p2l1 < pll)
then (c21,p21) :: (addsppoly 11 ys)

else (x pll = p21 x)
let ¢ = cl11l +. c21 in
if (abs_float c) <= eps
then addsppoly xs ys
else (c,pll) :: (addsppoly xs ys);;
val addsppoly : sparsepoly
—> sparsepoly

—> gparsepolyvy = <fun>



| ==

Running the code

addsppoly [ ] [(=2.3, 5)];;
sparsepoly = [(-2.3, 5)]

addsppoly [ (-3.2,0); (2.1, 4); (2.

sparsepoly = [(-3.2, 0); (2.1,

(2.1
addsppoly [ (=3.2,0); (2.1, 4);
(2.1, 20)
[ (3.2,0); (2.
(-1.
sparsepoly = [(2.2, 3); (1., 4);
(2.1, 20)]




e The general nature of computation
e Simple notions of sets, functions, counting
¢ Inductively defined sets, and inductive reasoning

e The notion of primitive operations, expressions and
composing them

e The notion of an algorithm

e The digital computer and programming languages




From algorithms to programs:

e Algorithms: Finite mathematical processes

e Programs: Precise, unambiguous explications of
algorithms

e OCaml: A value-oriented functional language

e Representing simple problems: choosing a type




Algorithms depend on data representation:

e Representing numbers: naturals, integers, ratio-
nals..

e Representational Invariants

e Developing a solution from the mathematics of the
problem

e ... and from the representation of data
e Functions from inductively defined sets
e Case Analysis

e Recursively solving subproblems




Performance issues

e Some analysis on how the program uses resources
e How much time in terms of input size?

e How much space?

e Worrying about termination: Induction

e Identifying exceptional situations

e Tail recursion: saving on “stacked up” calls

e Memorizing already computed results, saving time
and/or space




Programming is not memorizing programs

e Develop your program from the structure
e Think mathematically, think logically

e Think computationally (worry about correctness,
termination, performance)

e Do not “mug up” code

e Dont arbitrarily copy or change code in your algo-
rithmic development.

— It might work or
— It might not work
— unless properly justified

Copy-pasting code from elsewhere

— May destroy technical completeness
— May create scope violations.




Algorithmic Variations

e Are safe if developed from first principles. Thus en-
suring their

e mathematical correctness
e technical completeness

e termination properties




Common idioms

e Higher order functions: composition
e Useful techniques on lists: map, zip, fold, filter

e Looking for opportunities for parallelization (concur-
rency) in the structure of the solution.

e Trying to write technically complete specifications




Thinking in terms of “packages”
e Modelling a class of similar mathematical data
e Together with the operations on the data
e Towards encapsulation

e Trade-offs between different representations,
based on what operations, and how frequently
they are done, and how much each “costs”.




Complex number c is of the form a + b, where a,b € IR.

e real and imaginary parts: re(c) = a and im(c) = b
e Magnitude or modulus of a complex number
lc| = Va? + b2
e Not a total order (no < or < operations)
e Equality: ¢; = ¢ iff ay = as & by = bs.
e Every real r is a complex number of the form r + 0.

e Every purely imaginary number 2 is of the form 0 +
ib.

e Zero: 0 + 10.




e Complex Conjugate ¢ = a — ib.
Note: ¢ = ¢ (“Involutive”).

e Addition: ¢; + ¢s.
(a1 + Zbl) + (CZQ + %bg) — (a1 + CLQ) + ’L(bl + bz)
Addition is commutative, associative and has 0 as
identity.

e Additive inverse of ¢ is the complex number d such
that ¢ + d = 0. Namely: —a — ib.

e c; — ¢, defined as adding ¢; to add-inverse of c,.

e Note: c+¢ =2.re(c) and ¢ — ¢ = i(2.9m(c)).




e Multiplication ¢; x co.
(a1 + Zbl) X (ag + ’ng) = (a1a2 — blbz) + i(albg + agbl).
Note i x i = —1, and |c x ¢| = |c|*.
Multiplication is commutative, associative and has
1 as identity.

e Conjugation distributes over addition and multipli-
cation:
cil+c=¢+candc X co=¢ X &

e If ¢ #£ 0, then reciprocal of c is defined as d such that
cxd=1.
1/c=¢/(c x ¢) = (a —ib)/(a® + b?).
Note reciprocal is involutive: (1/(1/c)) = c.

e Division c¢;/c, defined as ¢; x (1/¢z).




# type complex = float = float;;
type complex = float » float

# exception ZeroDiv;;

exception ZeroDiv

# let eps = 1E-12;;

val eps : float = le-12

# let re ((a,b): complex) = a;;
val re : complex —-> float = <fun>
# let im ((a,b): complex) = Db;;
val 1m : complex —> float = <fun>
# re (3.,4.);;

- : float = 3.

# im (3., 4.
- : float

r 7

)
4.




# let magcx ((a,b) :complex) =
sgrt (ax.a +. bx.b);;

val magcx : complex —> float = <fun>

# magcx (3., 4.);;

- : float = 5.

# let realZcomplex a : complex = (a, 0.);;

val realZ2complex : float —-> complex = <fun>

# real2complex (3.);;

— : complex = (3., 0.)

# let conjugcx ((a,b): complex) : complex =
(a, —.b);;

val conjugcx : complex —-> complex = <fun>

# conjugcx (3., 4.);;
— : complex = (3., —-4.)




# conjugcx (conjugcx (3., 4.));;

— : complex = (3., 4.)
# let addinvecx ((a,b): complex) : complex

= (-.a,-.Db) ; ;I
val addinvcx : complex —-> complex = <fun>

# addinvex (3., 4.);;
— : complex = (-3., —-4.)
# let addex cl c2 : complex =
((re cl)+.(re c2), (im cl)+.(im c2));;

val addcx : complex —-> complex
—-> complex =
# addcx (3.,4.) (addinvex (3., 4.));;
- : complex = (0., 0O.)
# addcx (3., 4.) (conjugcx (3., 4.));;

— : complex = (6., 0.)



# let multcx cl c2 : complex =

let al = re cl and bl = im cl
and a2 = re c2 and b2 = 1m c2
in (al*.a2 —-. Dbl*x.b2, alx.b2 +.
val multcx : complex —> complex
—-> complex
# multcx (3., 4.) (conjugcx (3.,4.));;
— : complex = (25., 0.)
# multecx (3.,4.) (12., -1.) =
multcx (12., -1.)
— : bool = true
# multcx (3., 4.) (realZ2complex 1.);;
- : complex = (3., 4.)
# multcx (3., 4.) (realZcomplex 0.);;
— : complex = (0., 0O.)



# let recipcx c : complex =
let a = re ¢ and b = im c
in let d = ax.a +
in 1f d <= eps
then raise ZeroDiv

else (a/.d, -. b/.d);;
val recipcx : complex —> complex = <fun>
# recipcx (3., 4.);;

- : complex = (0.12, -0.106)

# multcx (3., 4.) (recipcx (3., 4.));;
— : complex = (1., 0.)

# recipcx (recipcx (3., 4.));;

— : complex = (3., 4.)




# module Complex =
struct

end; ;
module Complex
sig
exception ZeroDiv
type complex = float » float
val eps : float
val re : complex —-> float
val im : complex —> float
val magcx : complex —-> float
val conjugcx : complex —> complex
val realZ2complex : float —-> complex
val addinvcx : complex —-> complex
val addcx : complex —> complex —> comple

val multcx : complex —> complex —-> compl
val recipcx : complex —> complex



Given a vector v of length n, turn it into a n» x 1 matrix.
|ldea: turn each element into a singleton row.

# let 1lift x = [x];;

val 1lift : "a —> ’"a list = <fun>

# let columnise = map lift;;

val columnise : ' _a list —> '’ _a list list =

# columnise [1.; 2.; 9.; 8.; 7.1;;
— : float 1list list = |




Given a m x n matrix M, return its " column as a
vector.
|dea: apply nth with parameter ¢ to each row.

# let rec nthcol mat n =
match mat with

[ 1 > [ 1]
| r::rows —> (nth r n):: (nthcol rows n);;
val nthcol : 'a list list —> int —-> ’'a list = <fun>

# nthcol [




Alternative code, using map.
|dea: apply nth with parameter ¢ to each row.
Need nth but arguments in different order.

# open List;;
# let nth’ i 1 = nth 1 i;;

val nth’ : int -> ’"a list -> ’'a = <fun>

# let nthcol mat j = map (nth’ j) mat;;

val nthcol : 'a list list -> int -> 'a list = <fun>
# nthcol [




Given a m x n matrix A and a m x p matrix B, return
a m x (n + p) matrix whose each row consists of the
elements of A in that corresponding row, followed by
those of B in the same row.

Example:

[an a12] & [511 b12 513] _ [au a2 bi1 b2 bi3

a21 Q2 521 522 523 a21 a2 bz1 b22 523

|ldea: Append the rows of A to the rows of B




# let appendp (11, 12) = append 11 12;;
val appendp : ’'a list x ’'a list —-> 'a list = <fun>
# let fuse matl mat2 =

map appendp (zip (matl, mat2));;
val fuse : ’"a 1list 1list -> ’'a list list ->

"a list list = <flﬁ-

# fuse [ [1.; 2.]1;
[3.7; 4.];
]

[3.; 2.,

[[1.; 2.; 9.; 8.; T7.1;




Given a m x n matrix A, return AT, an n x m matrix
whose rows are the columns of A.

|dea: Take the first row and turn it into a column, recur-
sively transpose the rest and combine.




Given a m x n matrix A and a row number i, return a
(m — 1) x n matrix which is A without its ' row.
Idea: Keep all rows except the i’ row.

Given a m x n matrix A and a column number 7,
return a m x (n — 1) matrix which is A without its ;'
column

Idea: For each row, delete its ;" element.




Most matrix operations do not depend on the type of
elements.

For those operations such as adding, scalar multiplica-
tion, matrix multiplication, dot product — which depend
on the type of elements — we replace addition, sub-
traction, multiplication and other such arithmetic oper-
atios on reals (floats) with the operations given above
on complex numbers.

The same generic logic, the same generic mathemati-
cal construction but different type-specific operations.
We would like Genericity,and to be able to parameter-
ize the structures on the types of the elements.




Given a n x n square matrix A find its determinant.
Idea: Consider the first row. For each element a,;, find
its cofactor, i.e., the matrix obtained by deleting the first
row and the j* column. Compute the determinants of
each of the cofactors, and multiply them with the a;;’s.
Determine the sign by looking at the parity of j. Add
them up.




Simultaneous
Equations

1121 + a0y + ajzrs = by
a91%1 + G92Xo + G93x3 = by
a31T1 + a3exo + as3rs = b3

can be represented as

ail a1z a3
as1 a2 G923

I bl
i) = bQ
X3 bg

Az =b

as; a3z as3

In general:




Given a n x n matrix A and a n-dimensional vector

b,
find the solution vector Z if a solution exists for AZ = b.

If #is a solution to AZ = b, then it is remains a solution
if we

e Exchange any two equations;
e Multiplying any equation by a non-zero constant c;

¢ Replacing the " equation by the equation obtained
by adding it to c times the ;" equation for any i, j <
n and any c # 0.




Solving
A=
means manipulating A and b.
Since manipulating equations in this manner means
doing the same operations to both A and to b, consider

the n x (n + 1) matrix B obtained by “fusing” A and b
(written in column form).

ar ... Aip bl

anl o o . a/nn bn




Onn x (n + 1) matrix B we can do the following:
e Exchange two rows
e Multiplying any row by a (non-zero) constant c;

e Replacing the i*" row by the row obtained by adding
it to c times the ;" row for any i, j < nand any c # 0.

If any row can become all zero, then linearly dependent
equations (infinitely many solutions).




Preliminaries

# exception EmptyMatrix;;
exception EmptyMatrix
# exception Unequallength;;

exception Unequallength
# let eps = le-12;;

val eps : float = le-12  comok |

# let floateq a b = abs_float (a-.b) <= eps;;
val floateq : float -> float -> bool = <fun> [FisEEN



To solve the equations, turn it into an upper-triangular
maitrix by

e eliminating x; from all but one (the first) equation,
then eliminate z, in the remaining equations, and
SO on.

e Elimination of a variable x; is a recursive process
(elimcol) on each row.

e Turning into upper triangular form is also a recursive
process (gausselimon an (k x (k + 1)-matrix.

e Termination: when we have a single 1 x 2 matrix.




Find the row in a matrix with the largest absolute coef-
ficient of the first variable.

e Empty matrix: no rows, so raise exception.
e Single row: return that row.

e More than one row: compare first two rows, and
select the one with the higher first coefficient.

e ... then recursively see if any of the remaining rows
have a larger first coeff.
Note: We find this row and subtract this row scaled

appropriately from each row to eliminate the first of the
remaining variables from them.




Document while you code.

A DESCRIPTION of what it does:

(» find the first row in a matrix
with (absolutely) greatest head coeff x)

The FUNCTIONALITY (name and type) of the function.

(» pivotrow: float list list —-> float list =

TIME it takes
(» Time: number of rows )

SPACE required

PRNARERE]

(x Space: space required for matrix x)



(* DESCRIPTION:

Find the first row in a matrix with (abs) greatest head coeff
FUNCTIONALITY:

pivotrow:float list list—>float list

TIME: O(n)
SPACE: O(n?)
*)

let rec pivotrow mat =

(* Case analysis on mat *)

(* Empty matrix — raise exception *)

(* Single row — return this row *)

(* k > 1 rows — of the first two rows,

take the one with the higher first element, and

recursively call pivotrow with that row and rest of rows. *)

(* TERMINATION:
recur on k — 1 rows *)




let rec pivotrow mat =
( Case analysis on mat x)

match mat with
(» Empty matrix —-> raise exception x)

[ 1] —> raise EmptyMatrix

(# Single row —-> return this row x)
| [row] —> row
(» k > 1 rows —> %)
| rowl::row2::rows -—>
(» of the first two rows, take the one with_

the higher first element, and x)

if abs_float (hd rowl) >=
abs float (hd row?2)

(% recursively call pivotrow with

that row and rest of rows. %)
then pivotrow (rowl::rows)
else pivotrow (row2::rows);;

( TERMN: Number of rows reduces by 1 x)



Compiling pivotrow

# let rec pivotrow mat =
match mat with
[ 1] —> raise EmptyMatrix
| [row] —> row
|rowl: :row2::rows —>
if abs float (hd rowl) >=
abs float (hd row?2)
then pivotrow (rowl::rows)
else pivotrow (row2::rows);;
val pivotrow : float list list —>
float list = <fun>




Given M return the matrix M’ that is M excluding the
first row with head p.

(» DESCR: the matrix excluding the first
row with head p
FUNC: delrow : float —-> float 1list 1list R
-> float 1list list

TIME: number of rows
SPACE: size of matrix *)
let rec delrow p 1 =
( CASE Analysis on 1
Empty matrix —-- return Empty matrix
Non-Empty —--— i1f first row has head p
then return rest of the rows
else cons first row to the matrix
resulting from recursive call
on rest of the rows

*)

(» TERMINATION: Number of rows reduce x)



let rec delrow p 1 =
( CASE Analysis on 1 x)
match 1 with

(» Empty matrix —--— return Empty x)
[ 1 —> [ 1]
(» Non—-Empty —-— if first row has head p x)

| row: :rows —>
1f floateqg p (hd row)
(» then return rest of the rows )
then rows
( else cons first row to the matrix
resulting from recursive call
to delrow on rest of the rows x)
else row :: (delrow p rows);;
(» TERMINATION: Number of rows reduce x)




Compiling delrow

# let rec delrow p 1 =
match 1 with
[1 => [ 1]
| row: :rows —>
1f floateqg p (hd row) then rows

else row :: (delrow p rows);; _ cosak |
val delrow : float —-> float list list —->

float list list = <f-
_ ome |




Other functions

(+ Scalar multiply a vector x)
val scalarmult : float ->

float list -> float list = <fuEss
(» Add two vectors x) --
val addvec : float list —> float list
—> float list = <fu

(x Dot product of two vectors x)

val dotprod : float list —->
float list —-> float = <fun>




Turn it into an upper-triangular & x (k + 1)-matrix

1.
2.
3.

If the matrix is empty, we have an exception
If the matrix has only one row: terminate

Else find the pivot row, which has the highest lead-
ing coefficient of the first of the remaining variables.
Let p be its head (leading) coefficient (non-zero).

Consider the matrix without the pivot row, and elim-
inate the first remaining variable z; in each of its
rows (column elimination)

Column elimination is done by scalar multiplying the
pivot row by (—a;;/p), and adding it to the row .
This is done for each row.

. Recursively turn the submatrix into upper triangular

form. Place the pivot row above the result. This is
also an upper triangular matrix.

Termination: Each time one fewer row and column




( DESC: Make k X (ktl) matrix upper
triangular (row echelon)
FUNC: gausselim : float list list
-> float list list
TIME: O(n”3)
SPACE: O(n"2)
* )
let rec gausselim mat =
match mat with
[ ] —> raise EmptyMatrix
| [row] —> [row]
| rows —>




| rows —>
(» Find pivot row with p as first elt x)
let p::prow = pivotrow rows
in
let rec elimcol mat =
in
(x place pivot row above ...x)
(p::prow)
(» triangular matrix obtained by
recurring on submatrix without
pivot row and p’s column x)
gausselim
(elimcol (delrow p rows));;




let rec gausselim mat =
let p::prow = pivotrow rows
in let rec elimcol mat =
(x case analysis on mat x)
match mat with
(» empty —>no columns x)
[1 —> []
(» first elt of row 1s a =)
| (a::axs) ::rows —>
(* add scaled by (-a/p) pivot row to this r
(addvec axs
(scalarmult (-.a/.p) prow))
(x repeat for other rows x)

(elimcol rows) _ cese |
[ am |

in (p::prow)
gausselim
(elimcol (delrow p rows));;



# let rec gausselim mat

match mat with
[ ] —> raise EmptyMatrix
| [row] —> [row]
| rows —>
let p::prow = pivotrow rows
in let rec elimcol mat =
match mat with
[] => []
| (a::axs)::rows —>
(addvec axs
(scalarmult (-.a/.p) prow))
(elimcol rows)
in (p::prow)

gausselim (elimcol (delrow p rows) )S5=
(» some warnings about non-exhaustive patterr&
val gausselim : float list list ->
float list list = <fun>



Running gausselim

[

# let matl
(4.0, —-2.0; 1.0; 3.017;
[2.0; 2.0; —-2.0; 0.07;
[6.0;, 1.0; -2.0; 2.0]
1737

val matl : float list list =

[[4.; =2 . ¢ 1.; 3.1;
[2.; 2. -2.; 0.1,
[6.; 1., —2 ., ¢ 2.]1

# let utmatl = (gausselim matl);;
val utmatl : float list list =

[[6.; 1.; -2.; 2.1;

[-2.66 2.33; 1.667];

[0.125; 0.375]]




Consider the k" row in the upper triangle (re-
duced echelon) matrix. It has n — k£ + 2 elements.
ark; argrt); - - - arn; by, cOrresponding to equation

ApkTk + Op(e41)Thal T - - + ApTy = by
Moving all but the first term to the RHS:

Tk = — (k1) Tha1 + - - -+ ATy — by)
Expressing the RHS as a dot product:
appxy = —(dotprod [ak(k+1); o Qe O] [ - 2y —1.0])
Which means

r = —(dotprod [ap(p+1; - - - Qkn; Ok) [Tha1; - - - Ty —1.0])/ars

So start solving from row n and work way up to row 1.



(» DESCR: Compute the solutions
of an upper triangular matrix
FUNC: solutions : float list list —> float 1list

TIME: 0(2?) .
SPACE: O(n"2) x)
L]

# let rec solutions mat =

match mat with
_Page2o51 50 |

[] —> [-.1.0]
| (x::X8)::rows —> _
let solns = solutions rows
in _rusn |
(—. (dotprod solns xs)/.x) :: solns;;
(* some warnings about non-exhaustive patterriShes
val solutions : float 1list list -> float list = <fun:



Running solutions

# solutions utmatl;;

— : float list =

[1.00000000000000067; 2.00000000000000222;
3.00000000000000266; —-1.]

In other words:
Il — 1.0

b = 2.0
T3 = 3.0




Stack: A commonly used “abstract data structure” for
storing elements in a Last-In First-Out (LIFO) disci-
pline.

Operations:
e create: unit -> "a stack
epush: ’'"a -> ’'a stack —> "a stack

e isEmpty: ’"a stack —-> bool
e size: 'a stack —-> int
e top: 'a stack —> 'a

epop: 'a stack —> "a stack




Let a be any element of type ’ a, and S be any stack of
type ' a stack.

e isEmpty (create()) = true

e Va,S: isEmpty (push (a, S) = false
e size(create()) = 0

e Va,S: size (push(a, S) = l+size (S5)
e Va,S: top (push(a, S) = a

e Va,S: pop (push(a, S) =S

What cases are left out? How should we handle
them?




e Write the signature STACK of a stack package
e Decide on how to represent stacks using lists
e What are the representational invariants?

e Implement a stack module that implements the
stack data structure and operations.

e Document it properly, and validate that all opera-
tions satisfy the representational invariants.

¢ Informally check that all the axioms listed are satis-
fied

¢ Implement a parametric stack module (OCaml func-
tor) where the type of elements is an argument.

e Check that your stack package respects the STACK
signature.




An anecdotal problem:
e 3 sticks with n rings on them.
e Each ring has a different diameter, say 1...n.

e Initially all rings are in sorted order on Stick 1,
smallest on top and largest at the bottom. Sticks
2, 3 are empty.

e Task: move all the rings from Stick 1 to Stick 2 (us-
ing Stick 3)

e Constraint 1: Only the topmost ring can be moved
from any stick, and placed on any other stick

e Constraint 2: You are never allowed on any stick to
have a larger ring anywhere above a smaller ring.




e Define type move = FromTo of int * int.

e The value move (i, j) depicts moving the topmost
ring from Stick 7 to Stick ;.

e Write a recursive program hanoi: (int  int
* int * int % int stack* int stack =
int stack) —> (move x 1nt stackx 1int
stack * int stack) list.

e hanoi (m,1, ], k, s1,s9,83) lists the moves and the
resulting stick configurations involved when moving
m disks from Stick ¢ to Stick j using Stick £ as a
helper stick.

e hanoi(2, 1, 3, 2, [1;2;3;4]; [5]; [1])
(move 2 rings from Stick 1 to Stick 3 via Stick 2)
yields
[ ( Fromto (1, 2), [2;3;4], [1;5], I
1)

( Fromto (1, 3), [3;4]1, [1;5], [2]);

/ ™ g ~N \ rS 21 r— 1 r1 M 7 \ 1




How fast does a function grow? Linear? Quadratic?
Exponential?
Which grows at a faster rate:

en Orn+ 207

e n Or 3n?

e 500n or n? — 500007
e 1 Or 2n — 2000007

e n Or n??

e n? Or 2n® — 4n + 57?
e n? or 2"?

e 0.0001n or logon?




Value in the limit, when n — oo.

Formal definition: A function f(n) is said to be
O(g(n)) if for all n > n, for some ny, for some ¢ > 0,

|f(n)] < clg(n)].

e Reflexive: f(n)is O(f(n)).
e Transitive: If f(n) is O(g(n)) and g(n) is O(h(n)),
then f(n) is O(h(n))

e Equivalence classes are interesting: choose sim-
plest function in the class.

We say O(n?) rather than O(7n? — 3n + 4).




For each of the functions defined so far:
Determine time complexity and space complexity in
“Big O” terms:

e Factorial

e Multiplication

e Power

e Fibonacci

e Map, zip, foldr

e Appending, reversing lists
e Gaussian Elimination

e Making Change




Trees, with branching factor 2. BINARY TREES.

# type int_tree = Tip
| Br of int * int_tree x 1int_tree;;
type int_tree = Tip
| Br of int * 1int _tree * int tree

e Recursively defined type int _tree
e Two constructors: Tip and Br.

e Base case: Tip denotes empty tree.

e Ind case: Br takes an int n and two int_trees
t; and ¢, and makes a new int _tree written as
Br(n,tl,tg).

e Positions matter. ¢, is the left sub-tree, t, is the right
sub-tree, and n is the value at the root.




Why only integers?

¥ type "a tree = Tip
| Br of "a =+ ’'a tree x ’'a tree;;--
type "a tree = Tip

| Br of "Ta « "a tree x» 'a tree

# Tip;;

- : "a tree = Tip

# Br (3, Tip, Tip);;

— : int tree = Br (3, Tip, Tip)

# Br (4.0, Tip, Tip);;

— : float tree = Br (4., Tip, Tip)

Br (3, Tip, Br (3.0, Tip, Tip));;
Error: This expression has type float but
an expression was expected of type int




Taking trees apart

Parts of a tree

# exception NullTree;;
exception NullTree
# let root t = match t with
Tip —> raise NullTree
| Br(x,tl,t2) —-> Xx;;
val root : "a tree —> "a = <fun>
# root (Br (3, Tip, Br (4,Tip, Tip)));;
- : 1nt = 3




Children and subtrees

# let left t = match t with

Tip —> raise NullTree

| Br(x,tl,t2) -> tl;;
val left : "a tree —-> 'a tree = <fun>
# left (Br(3, Br(2,Tip,Tip), Br(4,Tip, Tip)));
— : 1nt tree = Br (2, Tip, Tip)

# let right t = match t with
Tip —> raise NullTree

| Br(x,tl,t2) —> t2;;

val right : "a tree -> ’'a tree = <fun>
# right (Br (3, Br(2,Tip,Tip), Br(4,Tip, Tip)
— : 1nt tree = Br (4, Tip, Tip)




Height and size

# let rec ht t = match t with

Tip -> 0
| Br(x,tl,t2) -> 1+ (max (ht tl) (ht t2));;
val ht : "a tree —-> int = <fun>
# ht (Br (3, Tip, Br (4,Tip, Tip)));;
— : int = 2
# let rec size t = match t with
Tip —> 0
| Br(x,tl,t2) -> 1+ (size tl) + (size t2);;
val size : ’'a tree —-> int = <fun>

# size (Br(3, Br(2,Tip,Tip), Br(4,Tip, Tip)))
- : int = 3




# let rec preord t = match t with
Tip => [ ]
| Br(x,tl,t2) —> x:: (preord tl)

@ (preord t2);;
val preord : 'a tree —> 'a list = <fun>
# preord (Br(3, Br(2,Tip,Tip),

Br(4,Tip, Tip)));;
— : 1int list = [3; 2; 4]
Listing the nodes: In sequence

# let rec i1nord t = match t with

Tip —> [ ]
| Br(x,tl,t2) —-> (inord t1l)
@ x:: (inord t2);;
val 1nord : "a tree -> 'a list = <fun>

# inord (Br (3, Br(2,Tip,Tip),
Br (4, Tip, Tip)));;
— : int list = [2; 3; 4]




Climbing trees

Afterwards...

let rec postord t = match t with
Tip —> [ ]
| Br(x,tl,t2) —-> (postord tl) @
(postord t2) @[x];;
val postord : "a tree -> ’'a list = <fun>
# postord (Br (3, Br(2,Tip,Tip),
Br(4,Tip, Tip)));;
— : int list = [2; 4; 3]




Map

# let rec tmap £ t = match t with
Tip —-> Tip
| Br(x,tl,t2) —> Br(f x, tmap £ t1,
tmap £ t2);;
val tmap : (a -> 'b) -> "a tree —>
"b tree = <fun>
# tmap square (Br (3, Br(2,Tip,Tip),
Br(4,Tip, Tip)))i;
— : 1nt tree = Br (9, Br (4, Tip, Tip),
Br (16, Tip, Tip))




Fold

# let rec tfold £ e t = match t with
Tip —-> e
| Br(x,tl,t2) —> £ x (f (tfold £ e tl)
(tfold £ e t2));;
val tfold : (Ya —> "a —> ’"a) —> ’"a
-> 'a tree —> ’a = <fun>
# tfold add 0 (Br (3, Br(2,Tip,Tip),
Br(4,Tip, Tip)));;
- : int = 9




Searching in a list is LINEAR: O(n).
Can we do better?

e Yes, if elements in a total order

e Sorted list

e |[dea: Compare with middle element

e Look in left half if desired element is lower

e Look in right half if desired element is higher




But no benefit from searching in a list
e O(n) to find the mid-point.

e \What if we could access the middle element in con-
stant time?

e A tree structure, hopefully “balanced”

e Root is middle element, all elements in left subtree
lower, those in right subtree higher.

e Recursively so in both left and right subtrees.




Binary tree as before, but type of elements must be
totally ordered.

# type 'a tree = Tip |

Node of "a = "a tree % "a tree;;
type "a tree = Tip |

Node of "a » "a tree x "a tree

# exception NotFound;;
exception NotFound

Additionally: Require the recursive characterization of
Binary Search Trees. What is the Representational In-
variant?

In-order traversal will yield a sorted list.

Note: Does not guarantee being balanced (or minimal
height).




Largest element in a BST is found at the right-most
“leaf” in the right sub-tree.

# let rec bstmax t =
match t with
Tip —> raise NotFound
| Node (x,tl,Tip) -> x
| Node (x,tl,t2) —-> bstmax t2;;
val bstmax : 'a tree —> "a = <fun>




Least element in a BST is found at the left-most “leaf”
in the left sub-tree.

# let rec bstmin t =
match t with
Tip —> raise NotFound
| Node (x, Tip,t2) -> x
| Node (x,tl,t2) —> bstmin tl;;
val bstmin : 'a tree -> "a = <fun>




Node at root must be larger than largest element of left
subtree and less than least element of right subtree.
(Can relax to < and > if multiple copies allowed).

# let rec isbst t =

match t with

Tip —> true

| Node(x,tl,t2) —>
(isbst tl) & (isbst t2) &
match (tl,t2) with
(Tip, Tip) -> true

| (Tip, _) —> x <= (bstmin t2)
| (_, Tip) -> (bstmax tl) <= x
| (., ) —> ((bstmax tl) <= x) &

(x <= (bstmin t2));;
val isbst : ’'a tree —-> bool = <fun>




Find if element z is in a given BST t.

# let rec find x t =
match t with
Tip —> raise NotFound
| Node(y,tl,t2) —>
1f x=y then x
else if x < y
then find x tl
else find x t2;;
val find : "a -> "a tree -> 'a = <fun>




Converting a list into a binary search tree...
Halve the list, and recursively make BST’s of both
parts, with the middle element as root.

# let rec makebst 1 =
match 1 with
[ 1 -> Tip
| [x] —-> Node(x,Tip, Tip)
| _ —> let halfn = (List.length 1)/2
in let 11 = take halfn 1
and x::12 = drop halfn 1
in Node (x, makebst 11,
makebst 12);;

Warning 8: this pattern-matching is not exha
Here is an example of a value that is not ma

[]

val makebst : 'a list —> ’'a tree = <fun>

t

L1




Not the best BST. Improve the previous program.

# let tl1l = makebst [1;2;5;7;8;9;11;21;25;32;36;40;44
val tl : int tree =
Node (32,
Node (8, Node (5, Node (2, Node (1, Tip,  THSREEN;,
Node (21, Node (11, Node (9, Tip, Tip), ﬁiiillﬁo<

Node (52,

Node (44, Node (40, Node (36, Tip, Tip), hN(
Node (61, Node (57, Tip, Tip), Node (66, Tip, Ti]

# inord tl;;

— : 1int list =
[(1; 2, 5; 7; 8; 9; 11, 21,; 25; 32; 36; 40; 44; 49; 5.
# find 44 t1;;

- : 1int = 44

# find 45 tl1;;
Exception: NotFound.




Find the root of y = f(z) by an iterative method.
e Given f, want xz( such that f(zy) = 0.

e Assume we have an interval [/, ] such that f(I) < 0
and f(r) > 0.

e At least one root in this interval. Assume we can
pick [/, r] such that only one root in the interval.

e Idea: Find midpoint m of interval.
See if f(m) =0 (Root found!)

e Otherwise check if f(m) < 0or f(m) > 0.

e Repeat (recur) in appropriate half-interval [/, m] or
[m, 7]




findroot is higher-order. It takes a function f, and
left and right boundaries of the interval.

# let rec findroot f left right =
1if (left-.right) > eps then raise NotFound
else let mid = (left+.right)/.2.
in let y0 = f (mid)
in if abs_float(y0) <= eps then mid
else 1f y0 > eps
then findroot f left mid
else findroot f mid right;;
val findroot : (float -> float) ->
float —> float —-> float = <fun>




Trees are a way of representing the structure of arith-
metic expressions.

No need for brackets/parentheses (BoDMAS).
Expression trees

e Leaves vs Internal nodes

e Leaves are atoms such as numbers, e.g., 3 or vari-
ables (z)

e Non-leaf nodes: operators such as plus (+), times

(%)

¢ A non-leaf node has as many subtrees as the “arity”
of the operator in that node.




Representing expression trees

¥ type exptree = Num of int
| Plus of exptree x exptree
| Times of exptree * exptree;;
Lype exptree =
Num of int
| Plus of exptree *x exptree
| Times of exptree x exptree

What expression does this represent?

# Plus (
Times (Num(3), Num((4) ),
Plus( Num(5),
Times ( Num(2), Num(6) )
) )i




The value of an expression represented as an expres-
sion tree can be obtained by

e a top-down, recursive algorithm
e calculating the values of the leaves

e calculating the values of sub-expressions (sub-
trees) and combining them according to the oper-
ator at the root of a tree.

e Proof of correctness by induction (on height of tree)




A simple recursive evaluator

# let rec eval t =
match t with
Num (x) —-> X
| Plus(tl,t2) —-> (eval tl) + (eval t2)
| Times (tl, t2) —-> (eval tl) *x (eval t2);;
val eval : exptree -> int = <fun>

# eval tl;;
- : 1int = 29




In-order and Post-order traversals of expression trees

e An in-order traversal of the exp-tree will give a list
isomorphic to the symbolic form of the expression

e but this may get the parenthesization (bracketing)
wrong

e A post-order traversal is however a safe linear rep-
resentation of a tree

e ... bracketing is unnecessary if we know how many
arguments each operator requires.




A simple postfix evaluator:

e Can define a simple evaluator of this linear ordering
using a stack

e Idea: read the list left to right. If a number is en-
countered, push it onto the stack.

e If an operator (with £ arguments) is encountered,
pop the topmost £ numbers from the stack, perform
the operation on them and push the result back
onto the stack




Very often we need trees where the number of children
of a node is not 2
Ternary trees:

# type 'a ttree = Tip3 |
Node3 of "a » 'a ttree x*
"a ttree x"a ttree;;
type "a ttree = Tip3 |
Node3 of 'a » 'a ttree «x
"a ttree x 'a ttree

But what if a node can have & children. Maybe £ is not
even a fixed number.
A uniform way of representing general trees.

type "a vtree = Tipv

| Nodev of "a * ('a vtree list);;



nt" child of a node

# exception EmptyTree;;
exception EmptyTree

# let nchild t n = match t with
Tipv —> raise EmptyTree
| Nodev(_,1l) —-> nth 1 nj;;

val nchild : "a vtree —-> int —-—>
"a vtree = <fun>
# nchild ( Nodev (3, [ Nodev (4, [1]);
Nodev (5, [Nodev (6,
0;;

- : 1nt vtree = Nodev (4, [1])




Common functions
Height:

# let rec htv t = match t with
Tipv —> 0
| Nodev(_ ,1) —> 1 +
fold left max O
(map htwv 1) ;;
val htv : "a vtree -> int = <fun>

# htv ( Nodev (3, [ Nodev (4, [1);
Nodev (5, [Nodev (6, []1)]
- : int = 3




Common functions

Size:

# let rec sizev t = match t with
Tipv —> 0
| Nodev(_,1) —> 1 +
fold left sum O
(map sizev 1);;
val sizev : ’'a vtree —-> int = <fun>

# sizev ( Nodev (3, [ Nodev (4, [1]1);
Nodev (5, [Nodev (6, []1)]
— : int = 4




Pre-order

# let rec preordv t = match t with
Tipv —> [ ]
| Nodev(x,1l) —> x::
(fold_left append [ |
(map preordv 1)) ;;
val preordv : "a vtree -> ’'a list = <fun>

# preordv ( Nodev (3, [ Nodev (4, [1);
Nodev (5, [Nodev (6, []1)1) 1

— : int list = [3; 4; 5; 6] _ cese |
_au |



Post-order

# let rec postordv t = match t with
Tipv —> [ ]
| Nodev(x,1l) —-> append
(fold_left append [ ]
(map postordv 1))

[x] 73
val postordv : ’'a vtree -> ’'a list = <fun>
# postordv ( Nodev (3, [ Nodev (4, []);

Nodev (5, [Nodev (6, [])]
- : int list = [4; 6; 5; 3]]




Map
# let rec mapv f t = match t with

Tipv -> Tipv
| Nodev(x,1l) -> Nodev(f x,
map (mapv f£) 1);;

val mapv : ("a —> 'b) —->
"a vtree —-> ’'b vtree = <fun>
# mapv sg ( Nodev (3, [ Nodev (4, []);
Nodev (5, [Nodev (6, [])]
— : 1int vtree = Nodev (9,
[Nodev (16, [1);

3

Nodev (25, [Nodev (36,




Reducing/Folding

# let rec foldlv £ e t = match t with
Tipv —> e
| Nodev(x,1l) —> f x

(fold_left f e

(map (foldlv f e) l));;_

val foldlv : ("a -—> "a —-> "a)
-> ’a s |
—> "a vtree —> ’a = <fun>
__Funsesen_ |
# foldlv sum O ( Nodev (3, [ Nodev (4, [1);
Nodev (5, [Nodevilosemml)
- : 1nt = 18



What do we do when we want to define a function
whose value is defined for some cases, but undefined
for others?

For example, when looking for a word in a dictionary.

e Leave out the cases for which it is undefined?
e Define and raise an exception?

e Make the function total (and therefore composable)
by returning a None value if it is undefined, and the
value with a some tag if it is defined.




Already built into OCaml.

# type "a option = None
| Some of "aj;;

# Some 3;;

— : 1int option = Some 3
# None;;

— : "a option = None

#exception Not_found

# Not_found;;
— : exn = Not found




What is the best way to store a large dictionary?
e As a list of words?
e As a BST of words?

e What if there are frequent additions and deletions
of words?

e Also comparison of words may not be elementary




How about as a 26-ary branching tree? Letters index
the children. “TRIE”

e For each valid word there is a path from the root
indexed by the letters of the word.

e A flag at a node indicates if the indexed path to that
node is a valid word.

e The path to the root is the empty string

e All descendants of a node have the path to that
node as a common prefix string.

elf no words begin with a prefix, those
nodes/branches of the tree are absent.




Finding a string in a Trie

e To check if a string is a valid word, follow its letters
from the root of the trie,

e one letter at a time down the tree.

e If the branch of the tree ends before the string does,
the string is not a valid word.

e If the string leads to a node with a valid flag, then
the word is there.

e One can attach values to valid words in the trie .

¢ In a dictionary, one could attach the meaning of the
word

¢ In an inverse UID (Aadhar) scheme, one could at-
tach the name etc. of the person




The word “Trie” is from re-trie-val. Pronounced “tree”,
or pronounced “try” since we try to find the word in the
tree.

Words not stored in the tree.

Example: Trie for the following words: to, top, tin, tope,
too, toe, topic, , toper, if, in, inn, into,

The entries at the nodes can be e.g., the meanings
of the words. Not just presence/absence. So better to

use the "a option type as the flag, instead of a boolean.




e In general, should not assume that the branching in
a trie is on a sorted or a contiguous set.

e Alphabet-based examples are the simplest motiva-
tion, but somewhat tries can be defined on other
structures.

e Tries defined over any keys which have list-like
structures.

e Each node branches on an element of the list and
stores the value associated to the path from the
root, if any.

e Good idea to use an option type to store that
value.

e Therefore, a trie can be defined as soon as a map
over the (type of) elements of the list is given.




Space for a trie is large (how large?)
But amortized over the words

e Time to find a word? Length of the word.
e Time to add a word? Length of the word

e Time to delete a word? Length of the word




Given a rack with seven tiles
e Each tile has a letter

e More than one tile may have the same letter (repe-
tition allowed)

e Problem 1: to form as many valid words using only
the letters in the given tiles




Given a rack with seven tiles
e Each tile has a letter

e More than one tile may have the same letter (repe-
tition allowed)

e Each letter of the alphabet has a fixed score, e.g.,
Qis 10, Eis 1.

e Problem 2: Find the word with the maximum score.




Further constraints in Scrabble:
e If all seven letters used 50 bonus points

e Additionally, certain letter positions marked to dou-
ble/triple the score of the letter in that position (e.g.,
double letter score of the third letter)

e ... Ordoublef/triple the score of the entire word (e.g.,
triple the word score)

In the newspapers, often are given 4-5 racks, and an
indicated target score range.




A 4x4 square with 16 letters (repetitions allowed)
e Problem 3: Make as many valid words

e such that consecutive letters are in adjacent posi-
tions

e Can start at any square;

e Can move horizontally left or right,

e Vertically up or down

e Diagonally left-up/down, right-up/down;

e Cannot revisit a square within a word (no loop-back)




Flipped Classroom Discussion

Suppose we gave you an implementation of a dictio-
nary as a trie, and also the interface functions to the
trie (find, etc.)

How would you implement Boggle?

Can you make the game competitive?

Play versus another, play versus the machine?
List all words in alphabetical order

Difference in word lists




Better known as “Priority Queues”
Efficient for keeping track of (say) highest priority ele-
ment in a set.

e Balanced (minimal height) binary tree

e Value at root is less than values at roots of left and
right subtrees.

e And recursively so.
e Usually “complete”

e No necessary relationship between contents of left
and right subtrees

e Examples, non-examples




module type PRIORITY_QUEUE =

sig

type item (x type of heap items x)
type pqg (x type def of heap *)
val empty N ole]

val null : pg —> bool

val insert : item -> pg -> pg

val min : pg —> item

val delmin : pgqg —> pg

val fromList : item list -> pq

val tolist : pg —> item list

(» produces sorted list x)
val sort : item list -> item list
end; ;




Heap Module

module floatHeap
PRIORITY_ _QUEUE =
struct
type item = float;; (x for instance x)
type pg = item tree;;

let tolist t =
let sort 1 =
end; ;




Emptiness

Empty heap, and testing for it
let empty:pg = Tip;;
let null (t:pg) = match t with

Tip —> true
| Node _ —-> false;;




Finding min
A constant time operation!
exception EmptyHeap;;
let min (t:pg) = match t with

Tip —-> raise EmptyHeap
| Node(v,__,_) —> v;;




Need to insert an item AND maintain min heap prop-
erty — balanced tree with min at root (recursively).
O(ht(t))

let rec insert (w:item) (t:pq) :pgq =
match t with
Tip —> Node(w, Tip, Tip)
| Node (v, tl, t2) —-—> 1if w<= v
then Node (w, (insert v t2), t1) DI
else Node (v, (insert w t2), tl);;

Clever trick in this code: exchange left and right sub-
trees. So always keeps the tree as balanced as one o |
can.




[ oomerege |
A useful operation that removes and returns the

left-most node in the binary tree (first in an inorder _ TiePage |
traversal).

O(ht(t)) > ]

let rec leftrem (t:pqg) :item*pg = match t witl”--
Tip —> raise EmptyHeap

| Node (v, Tip, Tip) -> (v, Tip)
| Node(v,tl,t2) —->
let (w, t) = leftrem tl
in (w, Node(v,t2,t));;

Clever trick in this code: Assumes right subheap will
never be non-empty if left is empty. Exchanges left and
right subtrees. So always keeps the tree balanced




A helper function. Given a value w, and two heaps ¢1
and ¢2 of roughly equal height, remake a heap, getting
w in a proper place.

O(mazx(ht(tl), ht(t2))).

let rec siftdown w (tl:pg) (t2:pq) :pg
= match (tl,t2) with
(Tip, Tip) —> Node(w,Tip,Tip)
| (Node (v, Tip,Tip), Tip) —>
if w <= v
then Node(w, tl1 , Tip)
else Node (v, Node(w,Tip,Tip), Tip)
| (Node(vl,pl,gl), Node(v2,p2,92)) —>
1f w <= vl & w <= v2 then Node(w,tl,t2)
else 1if vl <= v2
then Node (vl, siftdown w pl gl, t2)
else (x v2 < vl *)
Node (v2, tl1, siftdown w p2 g2);;




Min element was at the root. If this is removed, re-
make the heap by taking out leftmost value w, remake
a heap out of the residual subheaps ¢2 and ¢'.
O(mazx(ht(t'), ht(t2))).

let rec delmin (t:pqg) :pg = match t with
Tip —> raise EmptyHeap

| Node (v, Tip,_) —-> Tip
| Node(v,tl,t2) —>
let (w,t’) = leftrem tl

in siftdown w t2 t’;;

Again assumes right subheap not non-empty if left sub-
heap is empty, and exchanges left and right to keep
things balanced.




Building a heap from a list

heapify builds a heap from the first n elements of
the list. So to build a balanced heap, build two sub-
heaps of size approx n/2. and place a v on top, using
siftdown to get it into the right place.

let rec heapify n vs =
if n = 0 then (Tip, vs)
else match vs with
v::vs’ —->
let (tl, vsl) = heapify (n / 2) wvs’
in let (t2, wvs2) =
heapify ((n-1) / 2) wvsl

in (siftdown v tl t2, vs2);;

Check if list is of length n, then what are n/2 and (n —
1)/2?



fromList makes a heap out of a list.

toList takes a heap and returns a list in sorted order.
|dea: find min, delete it, remake heap and recur.

sort is then easy to define in terms of toList.

let fromList vs = ... (*x Assignment x)
let rec toList h = ... (* Assignment x)
let sort 1 = ... (x Assignment x)

What is the time complexity?




Discussion: How would we implement a heap (priority
queue) if we stored it in a contiguous set of storage

locations (a vector)?
How is each operation done? Where are the roots of

the subheaps?




Queues

Slides to be prepared




So far, “value-oriented” programming.

e Simple types of values: unit, bool, int, char,
float, ...

e Cartesian product: tuples, records
e Disjoint (tagged) unions
e Functions (simple, curried, higher-order)

e Recursive Data Types: lists, trees
All values “exist” in a mathematical sense.




Many problems are better modelled by considering it
as an “object” that changes state.

e Like tic-tac-toe, sudoku, a board game like chess.
¢ Transitions from one state to another
e Usually irreversible

e Creating several large values is inefficient, espe-
cially if one never needs the old ones.

e Natural for impelementation




Simplest stateful object: a “variable” that contains val-
ues.

e Create a variable, with initial contents ref =z«
e Can look up the content: ! x
o | £ not...Why NOT to use ! as “not”!

e Can change the content, without changing the vari-
able: x := ¢

e The identity of the variable doesn’t change

e No automatic way (by exiting a let-scope) to restore
old value.




References

Stateful references in OCaml:;

# let b = ref 3;;

val b : int ref = {contents
# let ¢ = ref 3;;

val ¢ : int ref = {contents = 3}
# b == c;;

— : bool = false

# b = c;;

— : bool = true

# 'b = !c;;

— : bool = true

3}




Changing content
# b :=b + 2;; (x will give type error x)

Error: This expression has type int ref

but an expression was expected of type int
¥ b := 'b +2;; (» Note unit type =)
— : unit = ()
# 1b;;
- : 1int = 5
¥ b =c;;
- : bool = false




Variables can take any values of the given type as con-
tents

e Cause of many bugs

e Property to say what values may be in a (sub)set of
variables, by characterizing a relationship.

eE.Q, (lc) >2 x (!b) + 1

e Check/verify at certain points in the execution of the
program that this property holds whenever execu-
tion reaches that point.




Repetition (while cond do statement done)

# let a = ref 1;;

val a : int ref = {contents = 1}
# let b = ref 0;;
val b : int ref = {contents = 0}
# let power v n =
let = Db :=n (x initialize b *)
in while (!b > 0) do (x entry x)
a := la % v;
b := !'b -1
done; ; (» bottom of loop x*)
val power : int -> int -> unit = <fun>
# power 3 4;;
— : unit = ()
# la;;
- : int = 81
# 'b;;

— + 1nt = 0




1.10>0

pression la x v" remains the same.

_ Homerage |
2. At entry and at bottom of loop the value of the ex- | Tiepage |
> ]

# let power v n =

(*

(*

(x Check property 1 true x)
(» Check expression in 2 has same value x)

done; ;
(» Exit with expression of property 2
guaranteeing correctness x)

let _ = Db = n
check 1nitializatlion malntains property 1%
in while (!'b > 0) do (x loop entry x)

Find value of expression in 2 x)
a := la % v;
b :='b -1




Very common data structure for vectors.

1. An array is a finite-domain function

2. Domain is continguous index set: {0...n — 1}
3. Range is whatever type is desired

4. Storage is efficient

5. Finding value at an input point is O(1).

6. Changing function at a single point is easy O(1).

7. Can do index-arithmetic




OCaml module Array

module Array
external
external
external
external
val init

val to_list
val of list

sig
length
get
set

"a array —> int
a array —-> int -> ’'a
"a array —> int -> ’'a —-> et |
/a ->
—>

"a array
Ia) —>
"a list

"a array

int —>
-> (int
"a array —>
"a list —>

make

int "a arra




e length returns the number of elements of the
given array.

e get a n returns the element of a at index n. Indices
are in 0..length(a) — 1 Alternative syntax: a.(n). Ex-
ception if index out of bounds.

e set a n e sets element at index n of a to be value of
e. Return type unit. Alternative syntax: a.(n)< —e.
Exception if index out of bounds.

e make n e creates fresh array of length n > 0 with all
elements set to value of e.

e init n f creates a fresh array of length »n such that
element at index i is f(7).

e to_list a returns a list of the elements of a in the
indexed order.

e of 1ist [ creates a fresh array consisting of the el-
ements of list [ in that order.




| oo |
module Array.. ——
L » ]

val make_matrix : int -> int -> ’'a -> ’a [EEEENla
val append : ’'a array —> 'a array —> ’"a array
val concat : 'a array list —-> ’'a array _Pago o0 |
val sub : "a array —-> int -> int —-> ’'a array
val copy : ’'a array —> "a array

val fill : "a array —-> int -> int -> ’"a —> uni




e make matrix n; ny e creates a fresh n; x ns matrix,
all entries have the value of e.

e append a; as returns a new array concatenating the
arrays a; and as.

e concat [ is similar to append, but concatenates a
list of arrays.

e sub a s n creates fresh array of length n, starting
with elements a(s),a(s+1),.. ., raising an exception
if arguments are invalid

e copy a creates fresh array identical in size and con-
tentto a

e £il11 a ofs len e modifies in place the array a storing
value of e in positions indexed ofs to ofs + len — 1.




val
val
val
val
val
val
val

end

iter : ("a -> unit) -> 'a array —> unit

map : ("a -> 'b) -> ’'a array —> ’'b adnteyiyl

iteri : (int -> 'a —-> unit) -> ’"a array -> ui
mapli : (int -> 'a -> ’'b) -> ’'a array _a:
fold left : (a —> "b —> "a) —> "a —> b arr:
fold_right : (a —> 'b —> 'b) —> ’a UGG,

sort : (a -> "a -> int) -> ’'a array —> Hnit



Array operations

e iter f a applies function f in turn to all elements
of array a. A loop, doing the same imperative trans-
form to all array elements. Note f : 'a— > unit.

e map f a applies function f to all elements of a and
builds an array of the results.

e iteri f a IS similar to iter, but f now is takes
index as its first argument.

e mapi f a is similar to map, but f now is takes index
as its first argument.

e fold left feacomputes f(...(f (fea.(0))a.(1))...a.(n
1)) where n is the length of a.

e fold right f aecomputes f a.(0) (f a.(1)(...(f a.(n—
1) e)...)) where n is the length of a.

e sort comp a sorts a based on comp that gives “dif-
ference”






