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COL100 Introduction to Computer Science Major Exam Solutions

November 27, 2014 120 minutes Maximum Marks: 100

ROUGH SHEETS WILL NOT BE COLLECTED. No Partial Credit except Q3.2 and Q5.4.
Open notes. Write your name, entry number and group at the top of each sheet. Answer all questions in the
space provided, in blue or black ink (no pencils, no red pens). So plan your answer before writing. READ
THE QUESTION FULLY BEFORE ANSWERING Budget your time according to the marks.

RE-EVALUATION NOTE: If we don’t increase your marks, we may reduce your marks by -1
or -2 in exceptional cases. So please be sure before you give your papers for re-evaluation.

CORRECTION NOTE: No partial credit has been given except as noted below. Read the
“correction notes” carefully.

Q1 (3+3+4+4+6 = 20 marks) Understanding programs. Marks:

Q1.1. ( /3 marks) Explain in one sentence what the function f1 does and write down its type.

let f1 n i = (n mod i = 0);;

⇒ f1: int -> int -> bool returns true if n is a multiple of i and false otherwise. Correction
note: If either the type or the description are wrong or absent, we have given 0 out of 3.

Q1.2. ( /3 marks) Given the following function definition of f2:

let f2 n l = map (f1 n) l;;

What is the type of the function f2?

⇒int -> int list -> bool list

Q1.3. ( /4 marks) Consider the following definition of f3.

let rec f3 n =

if (n=1) then [1]

else (f3 (n-1)) @ [n];;

What are the outputs of f3 4 and f3 6?

⇒f3 4 -> [1; 2; 3; 4], f3 6 -> [1; 2; 3; 4; 5; 6]. Correction note: Two marks for
each.

Q1.4. ( /4 marks) Consider the function f4:

let f4 l1 l2 =

let l = zip (l1,l2)

in

let rec helper l3 =

match l3 with

[] -> []

| (x,y)::xs -> if y then x::(helper xs) else (helper xs)

in helper l;;

What is the output of: let l = (f3 9) in f4 l (f2 10 l);;

⇒[1; 2; 5]

Q1.5. ( /6 marks) Explain in one sentence what the following function does:

let f5 n =

let l = f3 (n-1)

in foldr add 0 (f4 l (f2 n l));;

⇒It returns the sum of all the factors of n.
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Q2. (10+10 = 20 marks) Sparse Matrices. Marks:
Matrices in which most elements are zero can be efficiently represented as a list of triples (i, j, vij) where
the non-zero entry at position (i, j) of the matrix is vij . The triples are listed in order of increasing
row number, and within a row in column order. For example, [(0, 1, 3); (1, 0, 7); (1, 2, 4)] represents[

0 3 0
7 0 4

]
Q2.1. ( /3+3+4=10 marks) Write down (use mathematical notation) the REPRESENTATIONAL

PROPERTY for a list representing a sparse matrix:

(Non-zero) ⇒ Given a list ` representing a sparse matrix, for every (i, j, vij) ∈ `, vij 6= 0. You
can give full marks if they have only written (i, j, vij) ∈ `, vij 6= 0

(row-order) ⇒ If ` = [y1, . . . , yn] and yi = (ai, bi, cj), yj = (aj , bj , cj), then ai ≤ aj whenever
i ≤ j.

(column-order) ⇒ If ` = [y1, . . . , yn] and yi = (ai, bi, cj), yj = (aj , bj , cj), then bi ≤ bj whenever
ai = aj and i ≤ j. No marks to be given if the condition ai = aj is not present.

Correction Note: For each of the three above there is no partial credit, but we have corrected
the three separately. Here we have given marks even if mathematical notation has not been used.

Q2.2. ( /10 marks) Write a program addspmat that takes two sparse matrix representations of m× n
matrices and adds them.

let rec addspmat m1 m2 = match (m1, m2) with

( [ ], l2) -> l2

| ( l1, [ ] ) -> l1

| ( (i,j,v)::xs, (i’, j’, v’)::ys ) ->

if (i < i’)

then (i, j, v)::(addspmat xs (i’, j’, v’)::ys)

else

if (i > i’)

then (i’, j’, v’)::(addspmat (i, j, v)::xs, ys)

else if (j < j’)

then (i, j, v)::(addspmat xs (i’, j’, v’)::ys)

else if (j > j’)

then (i’, j’, v’)::(addspmat (i, j, v)::xs, ys)

else if (v+v’ = 0)

then (addspmat xs ys)

else (i, j, v+v’)::(addspmat xs ys);;

Correction note: We have given 2 marks each for the 2 base cases and 6 marks for the 3rd case.
However there are no partial marks for the 3rd case. The solution above assumes the entries of the
matrix are ints, but we have given full marks for floats also, in which the non-zeroness condition
becomes abs(v+v’) < eps where eps has been defined, or has been assumed to be defined earlier.

Q3 (8+10+2 = 20 marks) Huffman Decoding Marks:
Character coding schemes like ASCII or Unicode use the same number of bits for coding each character,
irrespective of how commonly they are used. A more efficient scheme (fewer bits are used on the
average) gives shorter codes to frequently used characters, and longer ones to rarely used characters.
For example, if the frequencies are as given for 6 letters, we can generate codes for each letter by
making the non-empty binary “Huffman tree” on the right

FREQ CHAR 102,*

___/ \__
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5 Q / \

7 C 57,* 45,E

10 U ___/ \___

15 N / \

20 I 22,* 35,*

45 E / \ / \

10,U 12,* 15,N 20, I

/ \

5,Q 7,C

type huffman = Leaf of int * char

| Node of int * huffman * huffman;;

The leaves of a Huffman tree consist a pair of character and its frequency of occurrence. The Huffman
tree is built up recursively by repeatedly taking the two trees with least frequency, creating a node
with these trees as children and making the new tree’s frequency the sum of the frequencies of the
children. The codes for each letter are obtained by traversing the Huffman tree from the root to the
leaves, with 0 for going to a left child and 1 for going to a right child. So in the example above, Q has
a code 0010, N has code 010, whereas E has code 1.

Q3.1. ( /8 marks) A heap (priority queue) is useful for storing the intermediate Huffman trees so that the
least frequency subtree can be easily accessed. Given an implementation Heap: PRIORITY QUEUE,

module type PRIORITY_QUEUE =

sig

type item (* type of heap items *)

type pq (* type def of heap *)

val empty : pq (* an empty heap *)

val null : pq -> bool (* is the heap empty? *)

val insert : item -> pq -> pq (* insert item into heap *)

val min : pq -> item (* get the min item in the heap *)

val delmin : pq -> pq (* remove min item from heap *)

end;;

give the code fragment in the recursive call for making a Huffman tree. Note that each element
stored in the heap at any time is of type huffman i.e. this a heap of type huffman. Initially all
the elements of this heap will be of the form Leaf(f,c) where f is the frequency of character c.
Assume h: Heap.pq and fr tree: huffman -> (int * huffman) that given a Huffman tree
returns a pair of the frequency and that same tree.

(* find two least frequency trees, make a new tree with them as children,

add the frequencies and insert the new tree *)

let (f1, lsubt) = fr_tree(min h) and h’ = delmin h

in let (f2, rsubt) = fr_tree(min h’)

and h’’ = delmin h’

in

insert Node(f1+f2,lsubt,rsubt) h’’;;

: : :

Correction Note: 2 marks for each let statement and 4 marks for the code following in. No
partial credit for each of these three parts.

Q3.2. ( /10 marks) Given a Huffman coding tree, write a recursive program build codes: huffman

-> int list -> (char * int list) list to build the code table that pairs a letter with its
code (represented as a list of 0s and 1s). [Hint: Start from the root, recursively call the function,
pushing 0 for the left tree and 1 for the right tree to the int list parameter that represents the
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(reversed) bit list for reaching that tree. When reaching a leaf, insert the entry for that character,
reversing the bit list. ]

let rec build_codes h code = match h with

Leaf(_, c) -> [ (c, List.rev code) ]

| Node(_, lsubt, rsubt) -> (build_codes lsubst (0::code)) @ (build_codes rsubst (1::code))

Correction Note: 4 marks with no partial credit for the Leaf case, 6 marks with partial credit
for the Node case.

Q3.3. ( /2 marks) Time complexity for building the list isO(n·h(n)) where n is the number of leaves in the Huffman tree
Correction Note: We have also given marks for the answer O(n). We have also given marks if
you have written that n is the number of nodes in the Huffman tree (since the total number of
nodes is at most twice the number of leaves minus one.)

Q4 (4+6+6+2+2 = 20 marks) Programming with state Marks:

Q4.1. ( /4 marks) A common operation in stateful programming is to swap or exchange the contents
of two storage cells. Write an OCaml program to swap the contents of a and b.

let swap a b = let t = !a

in

a:=!b;

b:=t;;

;;

The type of the swap function is: ′a ref− >′ a ref− > unit.

Correction Note: If either the type or the code is wrong we have given 0 out of 4.

Q4.2. ( /6 marks) Bubble-sort is a common implementation of selection sort within an array. The idea is
to have a barrier referenced by variable i whose contents go from n down to 1. All array elements
above the barrier are the larger values, sorted in non-decreasing order. In the not-yet-sorted part
of the array, we select the highest element by, serially from the left, comparing adjacent elements,
and moving the larger one rightwards (like a bubble).

let bubblesort a =

let n = length a

in

let i = ref(n) and j = ref(0)

in

(* LOOP INVARIANT: SEE PART 3*)

(* COMMENT: Variable i contains the barrier value, above which a.(!i)..a.(n-1) is sorted *)

while (!i > 0) do

(* COMMENT: Contents of variable $j$ range over the not-yet-sorted part *)

j:=0;

while (!j<(!i)-1) do

(* WRITE HERE THE CODE TO BUBBLE THE HIGHER OF a(!j), a(!j+1) RIGHTWARDS *)

----

if a.(!j) > a.(!j+1)

then

let t = a.(!j)

in a.(!j) <- a.(!j+1);

a.(!j+1) <- t
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else ();

---

j := !j+1 (* increment j *)

done;

(* ASSERTION: SEE PART 4 *)

i := !i-1 (* decrement i *)

done

;;

Q4.3. ( /6 marks) Write the LOOP INVARIANT PROPERTY that must hold at the beginning and
end of each iteration of the outer loop (while (!i > 0) do), which ensures that the array is
being sorted.

∀m : (if !i ≤ m < n) then a.(m) ≤ a.(m + 1)&∀k : if (0 ≤ k < !i then a.(k) ≤ a.(!i)

Correction Note: Answers that use words and not mathematical notation have been given 0
even if they are correct.

Q4.4. ( /2 marks) At the end of the inner loop (while (!j<(!i)-1) do), what ASSERTION about
a.(!j+1) can be made?
∀k : if (0 ≤ k ≤ !j) then a.(k) ≤ a.(!j + 1) & a(!j + 1) ≤ a.(!i).

Correction Note: Answers that use words and not mathematical notation have been given 0
even if they are correct.

Q4.5. ( /2 marks) Explain in one sentence the time complexity of bubblesort. It is O(n2) since the
outer loop executes n times and inner loop executes !i-1 times, i.e., so test for swap is done
n− 1 + n− 2 + ... + 1 times

Correction Note: If you have not given a reason or your reason is wrong or makes no sense
then you have been given a 0.

Q5. (6+3+4+7 = 20 marks) Stacks and queues Marks:
Stacks (Last-In-First-Out) and Queues (First-In-First-Out) are two commonly used abstract data
types. Consider the following module types STACK and QUEUE.

module type STACK =

sig

type ’a stack

exception EmptyStack

val create: ’a stack (* the empty stack *)

val empty: ’a stack -> bool (* is the stack empty *)

val size: ’a stack -> int (* number of elements in the stack *)

val top: ’a stack -> ’a (* element at the top of the stack *)

val push: ’a -> ’a stack -> ’a stack (* insert element on top of stack *)

val pop: ’a stack -> ’a stack (* remove topmost element from stack *)

end

module type QUEUE =

sig

type ’a queue

exception EmptyQueue

val create: ’a queue (* the empty queue *)

val empty: ’a queue -> bool (* is the queue empty *)

val size: ’a queue -> int (* number of elements in the queue *)

val front: ’a queue -> ’a (* first element at the head of the queue *)
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val back: ’a queue -> ’a (* last element at the end of the queue *)

val enq: ’a -> ’a queue -> ’a queue (* insert element at the end of the queue *)

val deq: ’a queue -> ’a queue (* remove first element from head of queue *)

end

In list-based implementations of queues, one of a pair of operations (front vs back or enq vs deq) is
inefficient. A two-stack implementation of queues, consisting of a front stack and a back stack make both

operations efficient on the average. For example,
3
4

front stack

6
5

back stack)
depicts a representation

of queue [3; 4; 5; 6]. Note both the first and last elements of the queue are easily accessible. Suppose
you are given a module Stack: STACK, but you do not know how it is implemented i.e. you have to
use stack functions but you don’t know what they do inside, only what they do to the stack and are told
to implement a module Queue: QUEUE using two stacks:

module Queue : QUEUE =

struct

type a queue = a stack * a stack;;

exception EmptyQueue

: : : :

end

Q5.1. ( /6 marks) Write a tail recursive helper function pour: ’a stack -> ’a stack -> ’a stack

that moves the contents of the second stack in reverse order onto the contents of the first stack.
DO NOT ASSUME Stack is implemented using lists.

let rec pour s1 s2 =

if Stack.empty s2 then s1

else let a = Stack.top s2

in

pour (Stack.push a s1) (Stack.pop s2);;

Correction Note: If you have treated the stack as a list then you have got 0 even if your code
is correct for a list implementation of stacks.

Q5.2. ( /3 marks) Implement the empty operation using Stack.

let empty q = let (fs, bs) = q in

(Stack.empty fs) & (Stack.empty bs)

Correction Note: If you have treated the stack as a list then you have got 0 even if your code
is correct for a list implementation of stacks.

Q5.3. ( /4 marks) Implement the enq operation using Stack

let enq a q = let (fs, bs) = q

in (fs, Stack.push a bs)

Correction Note: If you have treated the stack as a list then you have got 0 even if your code
is correct for a list implementation of stacks.

Q5.4. ( /7 marks) Implement the deq operation using Stack. (Hint: the function pour will be useful
here.) Partial marks: 1 for raising EmptyQueue if (empty q) is tested; 2 for normal case of popping
the front-stack; 4 for pouring bs into fs, and then popping from s1, and an empty back-stack.

let deq q = if empty q then raise EmptyQueue

else let (fs, bs) = q

in if Stack.empty fs then

let s1 = pour fs bs

in (Stack.pop s1, Stack.create)

else (Stack.pop fs, bs)
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Correction Note: If you have treated the stack as a list then you have got 0 even if your code is
correct for a list implementation of stacks. In this part we have given partial marks. If you have
not checked the emptiness condition and just popped, we have given something like 3 out of 7 (if
you have got one more or less, please do not ask for re-evaluation, it will not be considered).


