COL202-Diwali25 Tutorial 12

The goal of this tutorial is to prove the following theorem.

Theorem 1 (Dilworth). Let (S, R) be a finite poset. Let m be the minimum number such
that S can be partitioned into m chains. Then there exists an antichain of size m.

1. Before we jump into the proof of Dilworth’s theorem, let us collect some ingredients,
a.k.a. lemmas.

(a)
(b)

(c)

Prove that every finite poset has a maximal element. An element a is said to be
mazximal if there is no element b # a such that (a,b) € R.

Let C be a chain and A be an antichain in a poset (S, R). Prove that |[CNA| < 1.
Next, suppose that S can be partitioned into m chains C1, ..., C,,, and let A be
an antichain of size m. Prove that |C; N A| = 1 for each i.

Let (S,R) be a finite poset such that S can be partitioned into m chains
Ci,...,Cy, and let A be an antichain of size m. By the previous claim, each
C; contains at least one element that belongs to an antichain of size m (namely,
A). Define C! to be the set of all elements x of C; for which there exists some
antichain A" of size m (not necessarily A) such that z € A. Since C! C C;, C!

is also a finite chain, and therefore, has a maximum element (under R), say ;.
Prove that {xi,...,2,} is an antichain.

2. We are now set to prove the theorem by strong induction on |S|.

(a)

Check the base case, and identify the inductive hypothesis and inductive claim.
To be able to use inductive hypothesis, we need a smaller poset than the one
given to us. We construct one such poset by removing a maximal element, say
a. We have already proven the existence of a maximal element. Let S" = S\ {a}
and R = RN (S x S"). Check that (S, R') is indeed a poset.

By induction hypothesis, (S’, R) satisfies the claim, which means S’ can be
partitioned into chains C1, ..., C,, and there also exists an antichain of size m/.
Let x1, ..., x, be elements as defined in problem 1(c), so that A" = {x1, ...,z }
is an antichain. Show that if A’U{a} is an antichain, the theorem stands proven.

Next, assume A’ U {a} is not an antichain, which means there exists a k €
{1,...,m'} such that (z4,a) € Ror (a,z) € R. Let C = {x € Cy | (z,zx) € R}.
Prove that C'U {a} is a chain.

Prove that S\ (C'U{a}) can be partitioned into m’ — 1 chains. Hence, complete
the proof of the theorem.



