COL1002: Discrete Mathematical Structures. II semester, 2025-26
Tutorial Sheet 9: Counting.
Tutorial date: 13 April 2026

Problem 1
Determine the number of ways of distributing n balls into m bags in each of the following cases.

1. Balls are distinguishable, bags are distinguishable.

2. Balls are identical, bags are distinguishable.

3. Balls are distinguishable, bags are distinguishable, no bag is to be left empty.
4. Balls are identical, bags are distinguishable, no bag is to be left empty.

5. Balls are distinguishable, bags are identical, no bag is to be left empty.

Problem 2
Let n,k € N be such that k& < n 4 1. Determine the number of chains in the poset (2t} C) that
contain exactly k subsets of {1,...,n}.

Problem 3
You are standing at the origin of the coordinate system. In every step, you either walk one step to the
right or one step up. Find the number of ways you can reach the point (m,n) € N x N as a function
of m and n.

Problem 4
Give combinatorial proofs of the following statements.
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where B,, denotes the number of equivalence relations on a set of n elements.



Problem 5
Using a combinatorial argument, prove that for every n € N, the following numbers are all equal.

1. In the Problem (3{ with m = n, the number of walks that don’t go above the line y = z (touching
the line is fine).

2. The number of Dyck strings of length 2n (refer to Problem 12 of Tutorial 3 for the definition of
Dyck string).

3. The number of ways of pairing up 2n distinguishable points on the circumference of a circle by n
pairwise non-intersecting chords.

Problem 6

Consider the problem of finding the maximum of a list ay,...,a, of n distinct numbers. All of us
are smart enough to write a program to do this. However, there is a caveat. You get the numbers
ai,...,a, one after the other in one of the n! possible orders, and on receiving every number a;, you

must either say “maximum”, or ignore the number. Note that this decision must depend only on the
sequence of previously seen numbers. You succeed if and only if you call “maximum” exactly once, and
the number that you call maximum is indeed the maximum number in the list. Here is an algorithm
that attempts to achieve this.

1. Ignore the first m numbers. Let T be the maximum of the first m numbers.

2. Thereafter, ignore numbers that are less than T'. As soon as you get a number greater than T,
say “maximum”. Then ignore the remaining numbers.

Note that the above algorithm involves the parameter m > 0. For simplicity, assume that the array

of numbers is 1,2,...,n. Call a permutation by, ..., b, of these numbers favorable if the algorithm, on
input by, ...,b,, correctly identifies n as the maximum element. Prove that the number of favorable
permutations is
m-(n—1)!- <1+1+-'-+ ! >
m m+1 n—1

(Hint: First find the number of favorable permutations in which by = n, that is, the maximum number
appears in the k’th position, for an arbitrary k.)

Problem 7
The Euler’s totient function, denoted by ¢, is defined as follows. For a natural number n > 0, ¢(n)
is the number of natural numbers in {1,...,n} that are coprime to n. Given a natural number n, let

{p1,...,pr} denote the set of all primes that divide n. Prove that

o(n) =n x <1—1> X <1—1> X +oe X <1—1>.
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Problem 8

Consider n boolean variables z1, ..., x,, where n > 4. A literal is either one of these boolean variables
x; or its negation, denoted by T;. A clause is an OR of four distinct literals. For example, x1VZ3VZT2Vxg
and x9 VT3 V x5 V T5 are both clauses, but xo V zo V x5V x9 is not a clause. A TRUE / FALSE assignment
to each of the variables x1, ..., x, is said to satisfy a clause if the assignment makes the clause evaluate
to TRUE. For example, setting all x;’s to TRUE satisfies the clause x1 V T3 V T3 V xg9, and so does setting
all z;’s to FALSE. However, if x1, x9 are both FALSE and x2, x3 are both TRUE, then irrespective of the
values assigned to the rest of the variables, such an assignment does not satisfy clause z1 VZ3V T3V xg.
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Prove that, for every list Cy, ..., Cy, of m clauses, there exists an assignment that simultaneously
satisfies at least 15m/16 clauses out of the m clauses in the list.
Hint: Find the cardinality of the set

{(i,(br,...,bn)) € {1...,m} x {TRUE, FALSE}" | (by,...,by) satisfies C;}.

Problem 9 (Bollobas’ Two Family Theorem)
Let a,b,n € N be numbers such that n > a + b. We call a collection {(A1, B1),...,(An, Bm)} of pairs
of subsets of {1,...,n} interesting if it satisfies all of the following conditions:

1. For each i € {1,...,m}: |A;| = a, |B;| = b, and A; N B; = 0.
2. For each distinct 7,5 € {1,...,m}: A; N B; #0.

What is the largest value of m (in terms of a,b,n) for which an interesting collection of size m exists?
Let us find the answer with proof.

Problem 9.1
Give an explicit interesting collection of size m = (a:b).
Let us now prove that no interesting collection of size greater than (a:b) exists.

Problem 9.2

Given disjoint subsets A, B of {1,...,n}, we say that a permutation p : {1,...,n} — {1,...,n}
separates the pair (A, B) if every element of A lies before every element of B in the permutation p,
that is, for every 2 € A and y € B, p~'(x) < p~!(y). Suppose |A| = a and |B| = b. Find the number
of permutations of {1,...,n} that separate (A, B), in terms of n,a,b.

Problem 9.3
Given the collection {(Ay, B1), ..., (Am, Bn)} with |4;| = a, |B;] = b, and A; N B; = () for each i,
determine the cardinality of the set

{(i,p) | p is a permutation of {1,...,n} separating (4;, B;)}.

Hence, prove that if m > (a:b), then there exists a permutation p of {1,...,n} that separates at least
two pairs (A;, B;).

Problem 9.4
Finish off the proof now: prove that if {(A41, B1),...,(Am, Bm)} is interesting, then m < (a;rb).

Problem 10 (Erdés-Ko-Rado Theorem)
An intersecting family is a collection of subsets of a given set S such that no two sets in the collection
are disjoint.

Problem 10.1

Prove that if S is a finite set with |S| = n, the size of a largest intersecting family of subsets of S is
2n—1,

Next, we are interested in intersecting families in which every set has the same given size, say k
(a.k.a. a k-uniform intersecting family). Let us find the largest size of a k-uniform intersecting family.
Observe that when k& > n/2, the answer is trivial, so let us assume k < n/2.

Problem 10.2
Prove that there exists a k-uniform intersecting family containing (Zj) sets.



In the remaining parts of this problem, we will prove that no larger k-uniform intersecting family
exists.

Problem 10.3
Suppose A C S and |A| = k. Imagine that the elements of S are to be assigned to n distinct places on
the circumference of a circle. How many ways are there to do so in such a way that elements of A appear

consecutively? (More formally, given a bijection f : S — {0,...,n— 1}, we say that the elements of a
size-k set A appear consecutively under f it {f(z) | z € A} = {m, (m+1) mod n,...,(m+k—1) mod n},
for some m € {0,...,n — 1}. We are interested in finding the number of such f’s.)

Problem 10.4

Suppose F is a family of subsets of S, each of size k, and |F| > (Zj) Prove that the elements of S
can be arranged on the circle in such a way that the elements of more than k of the sets in F appear
consecutively. (More formally, we need to prove that there exists a bijection f : S — {0,...,n — 1}
under which more than & of the sets in F appear consecutively.)

Problem 10.5
Hence, argue that if |F| > (Zj), then F cannot be a k-uniform intersecting family.



