
COL1002: Discrete Mathematical Structures. II semester, 2025-26
Tutorial Sheet 8: Partial Orders.

Tutorial date: 30 March 2026

Important: The question marked with a ♠ is this week’s pre-assigned evaluation. The start time for
the evaluation is 2PM and the end time for the quiz is 2:12PM. Questions marked with a * may be a
little harder and can be considered optional. Recall that you are allowed (and encouraged) to use the

result proven in any of these problems to solve subsequent problems.

Problem 1
Suppose ⪯ is a binary relation on a set X which is reflexive and transitive but not anti-symmetric. In
this problem we will show how to derive a partial order from ⪯

Problem 1.1
Let ∼ be a binary relation on a set X such that x ∼ y if x ⪯ y and y ⪯ x. Prove that ∼ is an
equivalence relation on the set X

Problem 1.2
Let X̂ ⊆ 2X be the set of equivalence classes of ∼, i.e., each U ∈ X̂ has the property that for
every x, y ∈ U, x ∼ y. Prove that for every U1 ̸= U2 ∈ X̂, either ∀x ∈ U1 : ∀y ∈ U2 : x ⪯ y or
∀x ∈ U1 : ∀y ∈ U2 : y ⪯ x or ∀x ∈ U1 : ∀y ∈ U2 : (y ̸⪯ x) ∧ (x ̸⪯ y)

Problem 1.3
Define a binary relation ⊑ on X̂ as follows: for U1, U2 ∈ X̂, U1 ⊑ U2 if ∀x ∈ U1 : ∀y ∈ U2 : x ⪯ y.
Show that (X̂,⊑) is a poset.

Problem 2
We say that an infinite sequence a = (a0, a1, . . .) of positive real numbers is asymptotically equal to an
infinite sequence b = (b0, b1, . . .) of positive real numbers (written as a ∼ b) if limn→∞ an/bn = 1.

Problem 2.1
Let S denote the set of sequences of positive real numbers. Prove that ∼ is an equivalence relation on
S,

Problem 2.2
Let a = (a0, a1, . . .) and b = (b0, b1, . . .) be sequences of positive real numbers. We say that a is
asymptotically greater than or equal to b, denoted as a ≳ b if a ∼ max(a, b), where max(a, b) is the
sequence (max(a0, b0),max(a1, b1), . . .). For two equivalence classes S1, S2 in S/ ∼, we write S1 ≳ S2 if
there exist a ∈ S1 and b ∈ S2 such that a ≳ b. Show that the ≳ relation is a partial order on S/ ∼.

Problem 3
Let (S,⪯S) and (T,⪯T ) be two posets defined on disjoint sets S, T . The linear sum S ⊕ T of the two
posets is (S ∪ T,⪯) where for x, y ∈ S ∪ T we say x ⪯ y if either x ⪯S y or x ⪯T y or if x ∈ S and
y ∈ T . Show that ⪯ is a partial order on S ∪ T . Recall Normal Spanning Trees from Tutorial 7. Draw
an example of a graph for which a normal spanning tree’s tree order can be represented as the linear
sum of two tree orders.

Problem 4
Let R(S) be the set of all relations on a set S. Define the relation on R(S) by R1 ⪯ R2 if R1 ⊆ R2,
where R1 and R2 are relations on S. Show that (R(S),⪯) is a poset.
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Problem 5
Suppose that G = (V,E) is a directed graph. We say that U ⊆ V spans a strongly connected com-
ponent(SCC) if U is maximal for the property: for every u, v ∈ U there is a path from u to v and
path from v to u in G[U ]. Define the SCC graph of G as Ĝ = (V̂ , Ê) where V̂ is the set of strongly
connected components of G and (U, V ) ∈ E if there is a u ∈ U and v ∈ V such that (u, v) ∈ E. In this
problem we will prove in a roundabout way that Ĝ contains no directed cycles.

Problem 5.1
Given a directed graph H = (V,E) we define a binary relation on V as follows: u ⪯ v if there is a
directed path from u to v in H. Prove that ⪯ is a partial order iff H is a Directed Acyclic Graph
(DAG), i.e., that H contains no directed cycles.

Problem 5.2
Define a binary relation ∼ on V as follows: u ∼ v if there is a path from u to v and a path from v to
u in G. Prove that ∼ is an equivalence relation.

Problem 5.3
Use the previous two parts to show that Ĝ is a DAG.

Problem 6
Prove that the meet and join of a complete lattice are commutative, associative and idempotent and
have the absorption property, i.e., prove Proposition 4.2.2 of [Gall08].

Problem 7
Prove that any finite lattice is complete.

Problem 8
A subset of a poset such that every two elements of this subset are comparable is called a chain. A
subset of a poset is called an antichain if every two elements of this subset are incomparable.

Problem 8.1
Show that every finite poset can be partitioned into k chains, where k is the largest number of elements
in an antichain in this poset.

Problem 8.2 ∗
Show that in any group of mn + 1 people there is either a list of m + 1 people where a person in the
list (except for the first person listed) is a descendant of the previous person on the list, or there are
n+ 1 people such that none of these people is a descendant of any of the other n people.

Problem 9
A partition of a set S is a collection of disjoint nonempty subsets of S that have S as their union. A
partition P1 is called a refinement of the partition P2 if every set in P1 is a subset of one of the sets
in P2. Show that the set of all partitions of a set S with the relation P1 ⪯ P2 if the partition P1 is a
refinement of the partition P2 is a lattice.

Problem 10
A poset (R,⪯) is well-founded if there is no infinite decreasing sequence of elements in the poset, that
is, elements x1, x2, . . . , xn such that · · · ≺ xn ≺ · · · ≺ x2 ≺ x1. A poset (R,≺) is dense if for all x ∈ R
and y ∈ R with x ≺ y, there is an element z ∈ R such that x ≺ z ≺ y. Show that the set of strings of
lowercase English letters with lexicographic order is neither well-founded nor dense.
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Problem 11 ♠
Let us suppose we have a finite set X with |X| = n and a monotonic
function f : 2X → 2X , i.e.,

A ⊆ B ⇒ f(A) ⊆ f(B).

We run the program given on the right (where a ← b means “set the
value of variable a to b”).

Prove that the loop of lines (2)–(5) will execute at most n+ 1 times.

1: x← ∅
2: repeat

3: t← x
4: x← f(x)
5: until x = t
6: return x
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