
COL1002: Discrete Mathematical Structures. II semester, 2025-26
Tutorial Sheet 7: Graph theory: Miscellaneous.

Tutorial date: 23 March 2026

Important: The question marked with a ♠ is this week’s pre-assigned evaluation. The start time for
the evaluation is 2PM and the end time for the quiz is 2:12PM. Questions marked with a * may be a
little harder and can be considered optional. Recall that you are allowed (and encouraged) to use the

result proven in any of these problems to solve subsequent problems.

Problem 1
Mader’s theorem [Die25, Theorem 1.4.3], says that for any k > 0, a graph G with average degree
d(G) ≥ 4k contains a (k + 1)-connected subgraph H with d(H) ≥ 2k.

Problem 1.1
Fix k = 2 and draw a graph with average degree at least 8 and identify a subgraph that satisfies the
given property.

Problem 1.2
Show that the condition for the existence of a (k+1)-connected subgraph is sufficient but not necessary,
i.e., draw an example for a graph with average degree d(G) < 4k that contains a (k + 1)-connected
subgraph.

Problem 2
Let G be a graph and a, b ∈ V (G). Suppose that X ⊆ V (G) \ {a, b} separates a from b in G. We say
that X separates a from b minimally if no proper subset of X separates a from b in G.

Problem 2.1
Show that X separates a from b minimally if and only if every vertex in X has a neighbour in the
component Ca of G \X containing a, and another in the component Cb of G \X containing b.

Problem 2.2
Let X ′ ⊆ V (G) \ {a, b} be another set separating a from b, and define C ′

a and C ′
b accordingly. Show

that both
Ya = (X ∩ C ′

a) ∪ (X ∩X ′) ∪ (X ′ ∩ Ca)

and
Yb = (X ∩ C ′

b) ∪ (X ∩X ′) ∪ (X ′ ∩ Cb)

separate a from b.

Problem 3
A rooted tree is a tree in which one vertex has a special status and is called the root. Let T = (V,E)
be a rooted tree with root r ∈ V . Given two vertices x, y ∈ V , we say that x ⪯T y if x lies on the
(unique) path joining y to r.

Problem 3.1
Prove that ⪯T is a partial order on V .

Problem 3.2 [Die25, Problem 29]
Given a graph G and a tree T which is a subgraph of G. A T -path in G is a path of G whose endpoints
lie in V (T ) but whose inner vertices lie in V (G) \V (T ). We say that T is normal in G if the endpoints
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of every T -path of G are comparable in ⪯T , i.e., if x, y ∈ V (T ) are the endpoints of a T -path in G,
then either x ⪯ y or y ⪯ x.

Consider the following algorithm for a connected graph G: Starting from vertex r, move along the
edges of G going to a previously unvisited vertex whenever possible. If there is no such edge then go
back along the edges by which the current vertex was reached. If the current vertex is r and it has no
further unvisited neighbours, then stop. Show that the edges traversed form a normal spanning tree
with root r.

Problem 4
A graph G = (V,E) is said to be bipartite if there exists a partition of its vertex set V into sets V1, V2

(i.e., V1 ∩ V2 = ∅ and V1 ∪ V2 = V ) such that every edge of G has one end in V1 and the other in V2.
Let G be an arbitrary graph. Prove that the following statements about G are equivalent.

1. G has a closed walk of odd length.

2. G has a cycle of odd length.

3. G is not bipartite.

4. G has vertices u, v1, v2 such that d(u, v1) = d(u, v2) and {v1, v2} is an edge of G, where d(u, v)
denotes the length of a shortest path from u to v in G.

First prove the equivalence assuming that G is a connected graph. Then make the required changes to
your proof so that the equivalence is established for disconnected graphs too.

Problem 5 [LLM18, Prob. 12.37]
A graph G is called 2-removable if it contains two vertices v ̸= w such that G− v and G−w are both
connected. Prove that every connected graph with at least 2 vertices is 2-removable.

Problem 6
Given a graph G = (V,E) and a minimal separator comprising only edges F ⊆ E, show that any cycle
of G contains an even number of edges of F (this number could be 0 as well).

Problem 7
Let Ḡ be the complement of the graph G, i.e., all edges of G are non-edges of Ḡ and vice versa. Show
that both G and Ḡ cannot be disconnected, i.e., at least one of them must be connected.

Problem 8 Related to [LLM18, Prob. 12.38]
The n-Hamming cube is a graph with V (G) = {0, 1}n, i.e., whose vertices are vectors with n coordinates,
each of which can be either 0 or 1. We put an edge between any two vertices whose vectors differ in
exactly one coordinate.

Problem 8.1
Prove that the n-Hamming cube is a connected graph for any n > 0.

Problem 8.2
Find κ(G) for the n-Hamming cube. In order to do this first prove that for any two vertices x, y there
is a collection of n paths connecting x to y that are independent of each other (i.e. that don’t share
any vertex apart from x and y).

Problem 9 [LLM18, Prob. 12.42]
An edge is said to leave a set of vertices A ⊂ V if only one endpoint of the edge is in A. A graph is
called k-mangled if there is at least one edge leaving every subset of vertices of size k or smaller.
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Problem 9.1
Prove that every ⌊|V |/2⌋-mangled graph is connected.

Problem 9.2
Is every ⌈|V |/3⌉-mangled graph connected?
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