
COL1002: Discrete Mathematical Structures. II semester, 2025-26
Tutorial Sheet 6: Graph connectivity and Trees.

Tutorial date: 16 March 2026

Important: The question marked with a ♠ is this week’s pre-assigned evaluation. The start time for
the evaluation is 2PM and the end time for the quiz is 2:12PM. Questions marked with a * may be a
little harder and can be considered optional. Recall that you are allowed (and encouraged) to use the

result proven in any of these problems to solve subsequent problems.

Problem 1 (Diestel Ch. 1 Problem 12)
Show that every 2-connected graph contains a cycle.

Problem 2 (Diestel Ch. 1 Problem 13)
Determine the vertex and edge connectivity of the path graph of length m, the complete graph with
m vertices, the complete bipartite graph with m vertices on one side and n vertices on the other, and
the cycle graph on n vertices, for every m ≥ 1 and n ≥ 3.

Problem 3
Refer to Theorem 1.5.1 from Diestel (page 14). We proved (i) ⇒ (ii), (ii) ⇒ (iii), (iii) ⇒ (iv), (iv) ⇒
(i) in class. As an exercise, prove the equivalence in the reverse order, that is, prove (iv) ⇒ (iii), (iii)
⇒ (ii), (ii) ⇒ (i), (i) ⇒ (iv). Obviously, you should only use results proved in class until lecture 14
and the definitions of connected graphs, acyclic graphs, and trees.

Problem 4
Consider the following three statements about an arbitrary non-empty graph G.

1. G is connected.

2. G is acyclic.

3. The number of edges of G is one less than the number of vertices of G.

Prove that any two statements from the above imply the remaining one. (Some of the proofs my follow
directly from what we did in class; you may skip them.)

Problem 5
Prove that in any graph G = (V,E) the number of connected components is at least |V | − |E|, and the
number of cycles is at least |E| − |V | + 1 (assuming that a cyclic permutation as well as reversal of a
cycle is the same cycle).

Problem 6 (Cut property of trees)
Let G = (V,E) be a tree and e ∈ E be an arbitrary edge. Prove that G′ = (V,E \ {e}) has exactly 2
connected components. Further, prove that if u and v are vertices in different connected components
of G′, then the graph G′′ = (V, (E \ {e}) ∪ {{u, v}}) is also a tree.
Remark: Observe that the converse of the above claim follows easily from Theorem 1.5.1 from Diestel
(page 14): let G = (V,E) be any connected graph which satisfies the above cut property, that is, for
every e ∈ E, the graph G′ = (V,E \ {e}) has exactly 2 connected components. Then G is a tree.

Problem 7 (Cycle property of trees)
Let G = (V,E) be a tree and u, v be vertices such that {u, v} /∈ E. Prove that G′ = (V,E ∪ {{u, v}})
has exactly 1 cycle (assuming that a cyclic permutation as well as reversal of a cycle is the same cycle).
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Further, prove that if e is any edge in this cycle, then the graph G′′ = (V, (E ∪ {{u, v}}) \ {e}) is also
a tree.
Remark: Observe that the converse of the above claim follows easily from Theorem 1.5.1 from Diestel
(page 14): let G = (V,E) be any acyclic graph which satisfies the above cycle property, that is, for
every two vertices u, v such that {u, v} /∈ E, the graph G′ = (V,E∪{u, v}) has exactly 1 cycle (modulo
the choice of the initial vertex and the direction of traversal). Then G is a tree.

Problem 8
A spanning tree of a graph G is a tree which is a subgraph of G, with the same vertex set as that of
G. Prove that a graph is connected if and only if it has a spanning tree.

Problem 9 ♠
Let F1 = (V,E1) and F2 = (V,E2) be acyclic graphs on the same set V of vertices such that |E1| < |E2|.
Prove that there exists an edge e ∈ E2 \ E1 such that (V,E1 ∪ {e}) is also an acyclic graph.

Problem 10
Let G = (V,E) be a graph and C1, C2 ⊆ E be distinct cycles in G. Prove that for every e ∈ C1 ∩ C2

the graph (V, (C1 ∪ C2) \ {e}) has a cycle.

Problem 11
For the purpose of this problem, the operator ⊕ denotes the symmetic difference of two sets, that is,
A ⊕ B = (A \ B) ∪ (B \ A) = (A ∪ B) \ (A ∩ B). Let T1 = (V,E1) and T2 = (V,E2) be trees on the
same set V of vertices. Prove that

Problem 11.1
For every e1 ∈ E1 \ E2 there exists e2 ∈ E2 \ E1 such that (V,E1 ⊕ {e1, e2}) is a tree.

Problem 11.2
For every e2 ∈ E2 \ E1 there exists e1 ∈ E1 \ E2 such that (V,E1 ⊕ {e1, e2}) is a tree.

Problem 12 *
Let G = (V,E) be a graph. Define the function r : 2E −→ N ∪ {0} as follows: r(E′) is the cardinality
of a largest subset of F of E′ such that (V, F ) is an acyclic graph. Prove that for every A,B ⊆ E,
r(A) + r(B) ≥ r(A ∪B) + r(A ∩B). Hint: the claim is obvious when B ⊆ A, i.e., |B \A| = 0, so first
try proving the claim when |B \A| = 1.

Problem 13
Consider the following fundamental computational problem, where we are given an undirected graph
G = (V,E) and a function w : E −→ R+ that assigns a positive weight to every edge of the graph. The
goal is to compute an acyclic subgraph of G with maximum weight, where the weight of a subgraph of
G is the sum of the weights of its edges. We postpone the algorithm design task to your future courses
COL1101/COL2051, but we understand some of the underlying math here.

Suppose w is injective, that is, the weight of no two distinct edges is the same. We claim that there
exists a unique maximum weight acyclic subgraph of G. The proof of this claim is decomposed into a
sequence of sub-claims. Your job is to prove them.

Let G∗ = (V, F ∗) be any maximum weight acyclic subgraph of G and let G′ = (V, F ′) be any other
acyclic subgraph of G (so F ∗ ̸= F ′). Your goal is to prove that G′ is not a maximum weight acyclic
subgraph of G, equivalently, the weight of G′ is less than that of G∗.

Problem 13.1
Prove that if F ′ ⊆ F ∗, then the weight of G′ is less than the weight of G∗.
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Problem 13.2
Next, assume for all the remaining sub-claims that F ′ ̸⊆ F ∗, so F ′ \ F ∗ ̸= ∅. Let e = {u, v} be an
arbitrary edge in F ′ \ F ∗. Prove that the graph (V, F ∗ ∪ {e}) has a unique cycle, say C, and that C
contains e.

Problem 13.3
Continuing from the previous sub-claim, prove that the weight of every edge in C other than e is greater
than the weight of e.

Problem 13.4
Continuing from the previous sub-claim, prove that the weight of G′ is less than the weight of G∗ even
when F ′ ̸⊆ F ∗.

Problem 14 *
A graph is called a pseudoforest if every connected component of G has at most as many edges as
vertices. Suppose G1 = (V,E1) and G2 = (V,E2) are pseudoforests on the same vertex set V such that
|E1| < |E2|. Prove that there exists an edge e ∈ E2 \E1 such that (V,E1 ∪ {e}) is also a pseudoforest.
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