COL1002: Discrete Mathematical Structures. II semester, 2025-26
Tutorial Sheet 5: Graph Theory.
Tutorial date: 16 February 2026

Important: The question marked with a # is this week’s pre-assigned evaluation. The start time for
the evaluation is 2PM and the end time for the quiz is 2:12PM. Questions marked with a * may be a
little harder and can be considered optional.

Problem 1 [Die25, Prob. 2]

Let d € N and V := {0, 1}d; thus, V is the set of all 0 — 1 sequences of length d. The graph on V' in
which two such sequences form an edge if and only if they differ in exactly one position is called the
d-dimensional cube. Determine the average degree, number of edges, diameter, girth and circumference
of this graph.

Problem 2 [Die25, Prob. 6]
Show that for every graph G,
rad(G) < diam(G) < 2 - rad(G)

Problem 3 [Die25, Prob. 7]
Show that any graph G' with minimum degree 6(G) > d > 2, and girth ¢g(G), has |G| > no(%,g) where

r—1
1+dY (d—1)" if g:=2r+1is odd
nO (d7g) = r—1 =0 .
2> (d—1)" if g :=2r is even
i=0

Problem 4 [Die25, Prob. 3]#
Let G be a graph containing a cycle C, and assume that G contains a path of length at least k£ between
two vertices of C'. Show that G contains a cycle of length at least v/k.

Problem 5

Pick two natural numbers n and k and consider the following game for two players, A and B. Each
iteration of the game begins with a graph G on n vertices. At the beginning of the first iteration, we
have that E(G) is empty. In every odd iteration (first, third, etc.), player A picks two non-adjacent
vertices u and v and adds uv to the edge set of the graph. In every even iteration (second, fourth, etc.),
player B does an analogous move: picks two non-adjacent vertices u and v and adds uv to the edge
set of the graph. The first player to yield a graph G such that 6(G) > k (here §(G) is the minimum
degree of ) loses the game. Determine a winning strategy for A and a winning strategy for B.

Problem 6
Show that every connected graph G of order at least 3 contains a path or cycle of length at least
min{2§(G), |G|} where 6(G) is the minimum degree of G.

Problem 7 *
Prove that if a graph G is triangle-free, i.e., K* ¢ G then |E(G)| < [n?/4]. Prove that for every n,
this bound is tight.

Problem 8
Determine the number of non-isomorphic simple graphs on 7 vertices where each vertex has degree at
least 5.



Problem 9
Do Problem 12.11 on Diirer graphs in [LLMI§]

Problem 10

The complement of graph G = (V, E) is the graph G = (V,[V]? \ E). A graph is said to be self-
complementary if it is isomorphic to its complement. Show that if a graph on n vertices is self-
complementary then n =0 (mod 4) or n =1 (mod 4).

Problem 11

For k € N, a k-coloring of a graph G = (V, E) is a function f : V — [k] such that for any (u,v) € E,
f(u) # f(v). A graph is said to be k-coloarble if there exists a k-coloring of the graph. Show that
a graph G is k-colorable if and only if there is a homomorphism from G to the complete graph on k
vertices,i.e., K¥.

Problem 12
Prove that in any graph there exist two vertices of the same degree.
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