
COL1002: Discrete Mathematical Structures. II semester, 2025-26
Tutorial Sheet 4: Infinite Sets.
Tutorial date: 9 February 2026

Important: The question marked with a ♠ is this week’s pre-assigned evaluation. The start time for
the evaluation is 2PM and the end time for the quiz is 2:12PM. Questions marked with a * may be a

little harder and can be considered optional.

Problem 1
Prove Lemma 8.1.3(3) and 8.1.3(4) of [LLM18], i.e., show that for any sets A,B,C

• If A bij B and B bij C then A bij C.

• A bij B iff B bij A.

Problem 2
Recall Hilbert’s Hotel: A hotel with rooms numbered i for all i ∈ N. Let us assume for this problem
that N doesn’t contain 0. Let us also assume that all the rooms are full.

Problem 2.1
Suppose that the hotel is by a riverside and some ferries pull up by the hotel. The ferry numbers
are {f : f ∈ N}. Each ferry has buses numbered {b : b ∈ N} and each bus has passengers numbered
{p : p ∈ N}. Give two different ways in which Hilbert can accommodate all these passengers in his
hotel.

Problem 2.2
Extend both your solutions for the previous problem to the case where a set of passengers indexed by
{a : a ∈ Nk} arrive at the hotel for a general k ≥ 1.

Problem 3 [LLM18, Prob. 8.6]
Suppose we have an infinite sequence {fi}i≥1 of functions from N to R+ (positive reals). A function
h : N → R+ is said to majorize the sequence if for each k ∈ N there is some n0 ∈ N such that
∀n ≥ n0 : fk(n) ≤ h(n).

Problem 3.1
Before going to the main question do the following

1. Show that for any finite non-empty A ⊂ R+, supA ∈ R+.

2. Show that there exist infinite sets of the form A ⊂ R+ such that supA /∈ R+ (i.e. the supremum
is ∞).

Problem 3.2
Give an explicit construction for h using Problem 3.1 as a hint. Is there some way of doing it without
using this hint?

Problem 3.3
Also show that there is an h such that fk(n) is o(h(n)) for every k ∈ N. (Recall that we say f(n) is
o(g(n) if limn→∞ f(n)/g(n) = 0.)

Problem 4
Prove that set L of all finite length propositional sentences with two atomic propositions P and Q and
using the logical connectives ∨,∧,⇒,¬ is countable by constructing a bijection between L and N.
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Problem 5
In this problem we will prove the Schroder-Bernstein theorem, i.e., A inj B ∧B inj A ⇔ A bij B.

Problem 5.1
Refer to Problem 8.14 of [LLM18] (it’s too long to copy out here).

Problem 5.2 *
A second proof of the theorem uses the Knaster-Tarski theorem (also known as Tarski’s fixed point
theorem). We state it in simplified terms here. Given a set S, a function f : 2S → 2S is said to be
monotonic on 2S if A ⊆ B ⇒ f(A) ⊆ f(B). Tarski’s theorem states that every monotonic function has
a fixed point, i.e., there exists some A ⊆ S such that f(A) = A. Use this to prove the Schroder-Bernstein
theorem.

Problem 6 Based on [LLM18, Prob. 8.10]
Let Q be the set of all (real or complex) numbers that are roots of a degree 2 polynomial with integer
coefficients.

Problem 6.1
Show that Q is countable.

Problem 6.2
Show or disprove: Q ∩ R bij Q \ R.

Problem 7 [LLM18, Prob. 8.10]
A collection of sets C is called a chain, if for every A,B ∈ C either A ⊆ B or B ⊆ A.

Problem 7.1
Prove that if F is a chain of finite sets then ∪F∈FF is countable.

Problem 7.2
For k ∈ N, let Fk = {m

2k
: 0 ≤ m ∈ N ≤ 2k}. Use the result of Problem 7.1 to prove that [0, 1] \ ∪k≥0Fk

is uncountable.

Problem 8 [LLM18]
An infinite binary string is called OK if the 1s are only allowed to appear in perfect square positions,
i.e., at positions 1, 4, 9, . . .. Note that not all the perfect square positions must be 1, but all non-perfect
square positions must be 0. Prove that the set of OK strings is uncountable.
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