COL1002: Discrete Mathematical Structures. II semester, 2025-26
Tutorial Sheet 3: Proofs, Proof techniques, Well-ordering, Induction.
Tutorial date: 2 February 2026

Important: The question marked with a # is this week’s pre-assigned evaluation. The start time for
the evaluation is 2PM and the end time for the quiz is 2:12PM. Questions marked with a * may be a
little harder and can be considered optional.

Problem 1

The standard proof of the fact that there are infinitely many primes uses the idea of proof by con-
tradiction — assuming the set of primes to be a finite set, say pi,...,pn, the proof uses the number
14 p1 X p2 X .-+ X p, to arrive at a contradiction. Figure out the details of the proof and write it
properly. Moreover, prove that there exist infinitely many primes that are 3 modulo 4.

Problem 2
Recall that we argued in class that in any set of 6 people, there exist at least 3 people who are pairwise
acquaintances or pairwise strangers. On the same lines as that proof, solve the following problems.

Problem 2.1
Prove that in any set of 10 people, there exist at least 4 people who are pairwise acquaintances or there
exist at least 3 people who are pairwise strangers.

Problem 2.2

Consider a party of n people where each pair of persons greets in one of three ways: fist bump, high
five, and handshake. Do your rough work to determine a small enough value of n that ensures that
there are three people who greet one another in the same way. Then state and prove your claim.

Problem 3

You might have already heard of the sequence of Fibonacci numbers (a.k.a. Hemachandra numbers),
defined as follows: Fy = 0, Fy; = 1, and for each n > 1, F}, = Fj,_1 + F,—1. Let ¢ and ¥ denote the
positive and negative roots respectively, of the polynomial 22> — 2 — 1. Prove that for each n € N,
F, = (¢" —4™)/+/5. Write down a proof using the well-ordering principle, and then write down a
proof using induction.

Problem 4

Let n be an odd number. A group of n friends gathers to play Holi, and everyone stands so that the
n(n — 1)/2 pairwise distances between them are all distinct. Then every person throws color at the
person standing closest to them. Prove that, necessarily, there exists at least one person who stays
clean. Is the same claim necessarily true if the number of friends is even?

Problem 5 &

An IPL tournament is played between n cricket teams, where each team plays exactly one match with
every other team. Assume that none of the n(n — 1)/2 matches played ends in a tie. We say that a
subset S of teams is consistent if it is possible to order teams in S as T1,...,T|g such that for every
i,j with 1 < i < j < |S]|, T; beats T; (think of this as the strongest to weakest ordering). Prove
that irrespective of the outcomes of the matches, there necessarily exists a consistent subset S with
|S| > logy n. If it helps, you may assume that n is a power of 2.

Problem 6

Suppose P(r) is a predicate that, given a real number, evaluates to either true or false. Suppose it is
known that (1) P(r) is true for every r € [0,1), and (2) for every real number r > 1 if P(r — 1) is true,
then P(r) is also true. Does this imply that P(r) is true for all non-negative real numbers r?



Problem 7
Using the standard principle of mathematical induction, prove that the following variant is also valid.
Claim: Suppose P is a proposition on N x N such that.

e P(0,0) is true.

e For all m € N and m > 0, P(m — 1,0) implies P(m,0).

e For all m,n € N and n > 0, P(m,n — 1) implies P(m,n).
Then P(m,n) is true for all (m,n) € N x N.

Problem 8
Prove that for every k, ¢ € N there exists an n € N such that in any set of n people, there exist at least
k people who are pairwise acquaintances or there exist at least £ people who are pairwise strangers.

Problem 9

Suppose P(S) is a predicate that, given a subset S of N, the set of natural numbers, evaluates to either
true or false. Suppose it is known that (1) P(() is true, and (2) If P(S’) is true for all subsets S’ of S,
then P(95) is also true. Does this imply that P(S) is true for all subsets S of N7

Problem 10
Prove that for every =,y € Z that are not both 0, there exist a,b € Z such that ged(z,y) = ax + by.
Hint: prove and use the fact that ged(z,y) = ged(x — vy, y).

Problem 11

You are probably aware of the AM-GM inequality: for every non-negative real numbers a,b we have
(a+b)/2 > /ab. This inequality follows easily from the fact that (a — b)2 > 0. In this problem, you
need to prove by induction the generalization of this inequality to n numbers: for every n € N\ {0}
and n non-negative real numbers z1,...,z,, we have
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Try proving this claim by induction on n. If and when you are convinced that you are not able to make
progress in a straightforward manner, read on.

Problem 11.1

First prove claim (1) when n is a power of 2, i.e., assume n = 2" for m € N, and prove the claim by
induction on m. Then use the just-established fact that claim (1) is true when n is a power of 2, to
prove that claim (1) even when n is not a power of 2 (induction not needed here).

Problem 11.2
One common reason why we fail to get an inductive proof is that the claim we are trying to prove is
not strong enough: P(n — 1) is too weak to imply P(n). We need to fix this issue as follows. Figure
out an appropriate claim @(n) that can be proven by induction, and which is such that Q(n) implies
P(n) for every n.

We will use this idea to prove claim (1). Using a (straightforward) inductive argument, prove that
for every n € N\ {0}, n non-negative real numbers 1, ..., x,, and n positive real numbers wi, ..., wy,
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we have



Using this, prove claim (1).

Update: Assume the base case of n = 2 is true and prove the inductive step. For those
who are interested, the base case is proved using Jensen’s inequality, which is out of scope
for this course (but could be well within scope for your some of your MTL and machine
learning courses).

Problem 12 *

A binary string is called a Dyck string if it contains an equal number of 0’s and 1’s, and every prefix
of it contains no more 1’s than 0’s. Consider the following task. Starting from the string “x”, we are
allowed to perform the following operations, repeatedly and in any order, a finite number of times,
ending in a string that doesn’t contain a x.

1. Delete any one « in the current string.
2. Insert a x adjacent to any existing x in the current string.
3. Insert a 0 to the left and 1 to the right of any x in the current string.

For example, one possible sequence of operations gives rise to the following sequence of strings: x —
*x —> 0x 1k — 0% 10%x1 — 0% 101 — 00 % 1101 — 001101. Prove that

Problem 12.1
Irrespective of the order in which the above operations are carried out, the string we end up with is
necessarily a Dyck string.

Problem 12.2
For every Dyck string, it is possible to end up with that string after an appropriately chosen finite
sequence of the above operations.



