
COL1002: Discrete Mathematical Structures. II semester, 2025-26
Tutorial Sheet 10: Generating Functions and Recurrences.

Tutorial date: 20 April 2026

Important: The question marked with a ♠ is this week’s pre-assigned evaluation. The start time for
the evaluation is 2PM and the end time for the quiz is 2:12PM. Questions marked with a * may be a
little harder and can be considered optional. Recall that you are allowed (and encouraged) to use the

result proven in any of these problems to solve subsequent problems.

Problem 1 [LLM18, Prob. 16.6]
Suppose that

S(x) :=
x2 + x

(1− x)3
.

Find [xn]S(x). Then find [xn](S(x)/(1− x)). Using this prove the identity that

n∑
k=1

k2 =
n(n+ 1)(2n+ 1)

6
.

Problem 2 [LLM18, Prob. 16.8]
Without using generating functions prove that there are n + 1 ways of choosing n fruit if the number
of apples must be even, the number of bananas must be a multiple of 5, the number of oranges can be
at most 4 and the number of pears can be at most 1.

Problem 3
For n, k ≥ 0, let f(n, k) be the number of ways of choosing a subset of k elements from a set of n
elements. Define f(n, k) to be 0 whenever k > n. Also assume f(n, 0) = 1 for all n.

Problem 3.1
Define the generating function Bn(x) =

∑
k≥0 f(n, k)x

k. Find a recurrence for Bn(x) in terms of

Bn−1(x). Use this to show that Bn(x) = (1 + x)n. Then use calculus to establish that f(n, k) =
(
n
k

)
.

Hint: Recall that in class we proved Pascal’s identity:

f(n, k) = f(n− 1, k) + f(n− 1, k − 1).

Problem 3.2
Find a closed form for the generating function Ak(y) =

∑
n≥0 f(n, k)y

n.

Problem 3.3
Let g(n, k) be the number of ordered ways in which a non-negative integer can be written as a sum of
k non-negative integers. Note that if n is 3, for example, then 1 + 2 and 2 + 1 will be considered as
two different ordered ways of adding up to 3. Use the convolution rule to find the generating function
of

∑
n≥0 g(n, k)y

n. Then compare this to Ak(y) computed above to derive a closed form for g(n, k).

Problem 4 [LLM18, Prob. 16.13]
Suppose we are given a sequence {ai}i≥0 and numbers b, c such that

an = b · an−1 + c

for n ≥ 1 and G(x) is the generating function of the sequence. Find [xn]bxG(x) and [xn]cx/(1 − x).
Using these find a simple expression for G(x) − xbG(x) − cx/(1 − x). From here use the method of
partial fractions to simplify G(x).

1



Problem 5
In each part below the sequence {an}n≥0 satisfies the given recurrence. Find the ordinary power series
generating function in each case and solve to find an where possible.

Problem 5.1

an+2 = 2an+1 − an, (n ≥ 0, a0 = 0, a1 = 1).

Problem 5.2

an+1 = an/3 + 1, (n ≥ 0, a0 = 0).

Problem 6 ♠
Let f(n) be the number of subsets of {1, 2, . . . , n} that contain no two consecutive integers. Find a
recurrence for f(n) and try to solve it to the extent possible using generating functions.

Problem 7
In the 2-dimensional plane we have n lines such that no two lines are parallel and no three lines intersect
at one point. If Rn is the number of regions created by these n lines, find a recurrence for Rn and solve
it.

Problem 8
Find a recurrence relation for the number of bit strings of length n that contain the string 01. Try and
solve it if possible.

Problem 9
Find a recurrence relation for the number of bit strings of length n that contain three consecutive 0s.
Try and solve it if possible.

Problem 10
Let An be the n×n matrix with 2’s on its main diagonal, 1’s in all positions next to a diagonal element,
and 0’s everywhere else. Find a recurrence relation for dn, the determinant of An . Solve this recurrence
relation to find a formula for dn.

Problem 11
Evaluate the following sums using a generating function based method:

Problem 11.1 (
n

1

)
+ 2 ·

(
n

2

)
+ · · ·+ i ·

(
n

i

)
+ · · ·+ n ·

(
n

n

)
Problem 11.2
Given that k ≤ m and k ≤ n(

n

0

)
·
(
m

k

)
+

(
n

1

)
·
(

m

k − 1

)
+

(
n

2

)
·
(

m

k − 2

)
+ · · ·+

(
n

k

)
·
(
m

0

)
,

Problem 11.3 (
2n

n

)
+

(
2n− 1

n− 1

)
+ · · ·+

(
2n− i

n− i

)
+ · · ·+

(
n

0

)
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Problem 12 (Stirling numbers of the second kind)
Given n, k ≥ 1, the Stirling number of the second kind

{
n
k

}
is defined as the number of ways of making

a partition with k parts out of a set of n elements.

Problem 12.1
Prove the following recurrence using a combinatorial argument:{

n

k

}
=

{
n− 1

k − 1

}
+ k

{
n− 1

k

}
.

Problem 12.2
For k ≥ 0, let Bk(x) =

∑
n≥0

{
n
k

}
xn. Assuming that

{
n
k

}
is 0 whenever k > n. Also assume that{

n
0

}
= 0 when n > 0 and

{
0
0

}
= 1. Use the recurrence proved in the previous problem to find a

recurrence for Bk(x). Solve the recurrence to show that

Bk(x) =
xk

(1− x)(1− 2x) · · · (1− kx)
.

Problem 12.3
Using the method of partial fractions and Bk(x) derived above, show that{

n

k

}
=

k∑
i=1

(−1)k−i in

i!(k − i)!
.
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