COL1002: Discrete Mathematical Structures. II semester, 2025-26
Tutorial Sheet 1: Sets, Relations and Functions.
Tutorial date: 12 January 2026

Important: The question marked with a # is this week’s pre-assigned evaluation. The start time for
the evaluation is 2PM and the end time for the quiz is 2:12PM. Questions marked with a * may be a
little harder and can be considered optional.

Problem 1
Let us say that a set is called empty if it contains no elements. Prove the following statements

1. A set A is empty if and only if it is a subset of all other sets.
2. If A and B are two empty sets then A = B, i.e., the empty set is unique.

Problem 2 [LLM18, Prob. 4.14]
For sets A, B,C, D, prove that if A x B and C' x D are disjoint then either A and C are disjoint or B
and D are disjoint or both.

Problem 3
Recall that if we say that a set A is drawn from a universal set U, then A° = U\ A. With this notation,
prove the following properties of set operations.

1. Distributivity of N over U: AN (BUC)=(ANB)U(ANC)
2. Distributivity of U over N: AU(BNC)=(AUB)N(AUC)
3. & De Morgan’s Law: (AU B)¢ = A°N B°

4. De Morgan’s Law: (AN B)¢ = A°U B¢

5. AN(A°UB)=ANB

6. AU(A°NB)=AUB

Problem 4
Given binary relations R € A x B and § C B x C, the composition of R with S, is defined by
RoS ={(a,c):3be B:aRbADSc}.

Problem 4.1 [LLM18, Prob. 4.24]!
Given a set S, we define Zg = {(a,a) : a € S}. Given R C A x B, identify which of the properties of
relations (e.g., function, surjective, total etc) implies each of the following properties

1. RoR 1 C Ty
2. R"1oR CIp
3. R"1oRD1Ip
4. RoR 1 D14

Problem 4.2 [Sak02]
Prove that for binary relations R, R’ from A to B and S,S’ from B to C, if R C R’ and S C &’ then
RoSCR o8

Since [LLM18] has different notation for composition, the statement in the book is different from the one below.




Problem 4.3 [Sak02]
Given RC Ax Band 8,7 € B x C, prove or find an example that disproves

1. Ro(SUT)=(RoS)U(RoT)
2. Ro(SENT)=(RoS)N(RT)
3. Ro(S\T)=(RoS)\(RoT)

Problem 5 [LLM18, Prob. 4.40]
Let R C A x B be a binary relation. Prove that if R is a function then for every X C A, | X| > |R(X)|.

Problem 6 [LLM18, Prob. 4.30]

Let L, be the length-n sequences of digits 0 to 9 whose sum of digits is less than 9n/2, and let G,
be the length-n sequences whose sum of digits is greater than 9n/2. For example, 2134 € L4 and
9786 € (G4. Describe a simple bijection between L, and G,. Prove carefully that your mapping is a
bijection by verifying that it is a function, total, injective, and surjective.

Problem 7 [Sak02]
Show that a relation R on a set A is

1. antisymmetric if and only if RN R~ C 4.
2. transitive if and only Ro R C R.

3. connected if and only if (A x A)\Z4 CRUR™L.

Problem 8 [Sak02]
Given a relation R on a set A, we define a sequence of relations as follows: we say Ry = Z4 and
Ri+1 = R;oR. Based on this we define the reflezive transitive closure of R as

R*=|J R
i>0
1. Prove or disprove that S = R* U (R*)™! and T = (RUR™!)* are both equivalence relations.

2. Prove or disprove S = T.

Problem 9 [Sak02]

Consider any preorder R on A. For each a € A let [a]gr = {b € A: aRbAbVRa}. Now let B = {[a]r :
a € A}. Define a relation S C B x B as follows: [a]grS[b]r whenever aRb. Show that S is a partial
order.

Problem 10

Suppose we have a set S and a partially ordered set (7, <r), let F be the set of functions f : S — T,
i.e., all the functions from S to T. We define a relation, <, on F as follows: f < g if f(z) 27 g(x) for
all z € S. Show that < is a partial order on F.
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