
COL1002: Discrete Mathematical Structures. II semester, 2025-26
Midterm Practice Sheet.

Discussion date: 18 February 2026

Problem 1
The NAND of two propositions p and q, denoted by p∧q, is defined to be the same as ¬(p∧q). The NOR
of two propositions p and q, denoted by p∨q, is defined to be the same as ¬(p∨q). Suppose that, instead
of the usual logical connectives ¬, ∧, ∨, you are only allowed to use ∧ as a logical connective. Show
that you can still write a compound proposition that is logically equivalent to any given compound
proposition constructed using the usual logical connectives. Do the same for ∨ instead of ∧.

Problem 2
Let S be the set of all IITD students. Write logical sentences for each of the following english sentences.
Define any predicates you use, e.g., you may say “Define Btech : E → {T, F}, where BTech(x) is True
is x is a BTech student and False otherwise.”

Problem 2.1 (2 marks)
BTech students enter IITD through JEE.

Problem 2.2 (2 marks)
A student is either a BTech student or a Dual student an MTech student or an MSR student or a PhD
student.

Problem 2.3 (2 marks)
MTech students do not enter IITD through JEE.

Problem 2.4 (2 marks)
IITD has some MTech students.

Problem 3
Assuming all the four statements of Problem 2 are true, prove that the following statement is valid:
“There are some students in IITD who have not entered through JEE.” First write this as a logical
sentence and then argue that it is true.

Problem 4
Recall and state the “divisibility tests” for 9 and 11 that you saw in school. Prove rigorously that they
are correct using induction.

Problem 5
Prove that for every m ∈ N there exist disjoint finite subsets P and N of N such that m =

∑
i∈P 3i −∑

j∈N 3j . For a bonus, prove that such a pair of sets is unique for each n. (Recall that 0 ∈ N.)

Problem 6
Let p(x) = c0 + c1x+ · · ·+ cdx

d be an arbitrary polynomial with integer coefficients c0, . . . , cd. Define
the infinite sequence z0, z1, . . . inductively as z0 = 0, and for each n ∈ N, zn = p(zn−1) = c0 + c1zn−1 +
· · · + cdz

d
n−1. Prove that for all m ∈ N and n ∈ N ∪ {0}, if m divides n then zm divides zn. In other

words, prove that for all m ∈ N and k ∈ N ∪ {0}, zm divides zkm. (Hint: Observe that

r times︷ ︸︸ ︷
p ◦ p ◦ · · · ◦ p,

denoted by p(r), is also a polynomial, and for every i < j, zj = p(j−i)(zi). Spot the most convenient
variable to induct on.)

1



Problem 7
Let S be an arbitrary set and f : S −→ S be an injective function. Suppose that an element b ∈ S
does not have a pre-image under f . Define the sequence b0, b1, . . . as b0 = b, and for every i > 0,
bi = f(bi−1). Using well-ordering, rigorously prove that the elements b0, b1, . . . are all distinct.

Problem 8
A complex number x is said to be algebraic if there exists d ∈ N and there exist d + 1 integers
a0, a1, . . . , ad, not all zero, such that

∑d
i=0 aix

i = 0. Let A ⊆ C denote the set of all algebraic numbers.
(To get some intuition, observe that every rational number is algebraic, and so are some irrational real
numbers like 21/4, and some non-real complex numbers like −(1/2) + (

√
3/2)ι, etc.) Is A countable?

Prove your answer. You may use the fact that a nonzero polynomial of degree d has at most d roots.

Problem 9
A bijection f from a set S to itself is called a derangement of S if ∀x ∈ S [f(x) ̸= x]. Do the powerset
of N and the set of derangements of N have the same cardinality? Prove your answer.

Problem 10
The degree sequence of a graph G = (V,E) is a sorted array containing |V | numbers: the degrees of all
vertices of G. If two graphs are isomorphic, are their degree sequences necessarily equal? If the degree
sequences of two graphs are equal, are the graphs necessarily isomorphic?

Problem 11
Recall that a graph G = (V,E) is said to be bipartite if there is a partition of V into two (disjoint)
sets, V1 and V2 (so V = V 1 ∪ V2 and V1 ∩ V2 =) such that there are no edges within either set Vi (so
every edge joins a vertex in V1 to a vertex in V2). Prove that

1. All paths are bipartite.

2. The cycle graph Cn is bipartite if and only if n is even.

Problem 12
Suppose that G and H are isomorphic graphs. Show that their complementary graphs G and H are
also isomorphic.
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