Conformance Fusion A thesis submittein partial fulΓC7llment of the requirements of the degree of

Bachelor of Technology

in Computer Science and Engineering by

Vishal Grover, Ashin P. Thariyan, FF129

Under the guidance of Dr. S.

Department of Computer Science and Engineering Indian Institute of Technology, Delhi May, 2002

Abstract

In this thesis we present a formulation of the conformance relation for the fusion calculus. As described in [?], conformace is a precongruence relation for concurrent systems. We extend the notion of conformance as a refinement relation to the Fusion Calculus[?]. A complete axiomatisation for conformance is given and we end with some examples of modelling in Fusion calculus.

Certificate

This is to certify that this dissertation titled “Conformance Relation for Fusion Calculus”, and submitted by Vishal Grover(98162) and Ashin P. Thariyan(98129) towards the fulfillment of the requirements for the award of the degree of Bachelor of Technology in Computer Science and Engineering from the Indian Institute of Technology, Delhi is a correct representation of the task undertaken and work completed by them under my guidance and supervision. To the best of my knowledge, this work is entirely original and has not been submitted elsewhere for the award of any degree or diploma.

Dr S. Arun-Kumar Department of Computer Science and Engineering IIT Delhi May 2002

Acknowledgements

We wish to express our gratitude to Dr S. Arun-Kumar for his eager and able guidance. We are grateful to him for helping us with the details and intricacies of concurrent systems. He has been very patient and understanding and helped us immensely with his thourough review of the work done.

We also wish to express our thanks to Dr Björn Victor for helping us with the finer points of the Fusion Calculus. He has been very responsive and helpful.

Finally, we wish to thank Dr Sanjiva Prasad for his suggestions and criticisms throughout the project.

Vishal Grover Ashin P. Thariyan

Contents

List of Figures

List of Tables

Introduction

With the increasing and widespread use of computing systems, it has become imperative to ensure the correctness of a system prior to its implementation. The need to reason with exactness and trust has led to development of mathematical tools for the purpose. For instance, complexity theory is applied to make cryptographic systems safer. The λ-calculus and the concept of types is an important ingredient in the present day programming languages. The mathematical tools provide a valuable medium for a study of computing systems. In this thesis we study concurrent systems with the help of process calculi.

1.1 Background

Process calculi are tool to study concurrent systems, where concurrnet processes interact as a part of a large system. The interaction between components of a concurrent system can be described in different ways. For instance, we can model the components as communicating through variables which are shared by all of them. Alternatively, we can model the sytem with an explicit view of the communication, that is two components interact by passing messages. The process calculus has its roots in the Calculus Of Communicating Systems of Milner [?]. The fusion calculus[?], a direct descendant of the π-calculus [?], brings the two major views of communication - shared variables and message passing - together in a single framework. It is a calculus for mobile systems, where the links between the interacting processes are dynamic.

An important part of reasoning about interactive agents is to decide when do two processes have an equivalent behaviour, with respect to its interaction with external agents. For this purpose bisimulation is used. Another

CHAPTER 1. INTRODUCTION 2

important aspect is to compare two equivalent processes. This is where a preorder relation is used.

An efficiency preorder is a reflexive and transitive relation over the process description language, which also takes into consideration behavioural equivalence. Efficiency preoders were originally motivated and defined in [?] and [?] as being relations which could compare equivalent processes on an abstract measure of computational complexity. However, it is also possible to regards these preorders as defining refinement relations which preserve behavioural equivalence. Hence, if p and q are two agents, and if ≤ is such a relation then p ≤ q means : p and q are behaviourally equivalent and p is a refinement of q. In this thesis, we present such a relation for the fusion calculus.

1.2 Overview

In the next chapter we present a brief introduction to the fusion calculus. We define the syntax of the calculus, followed by a presentation of the operational semantics by a labelled transition system. Finally we present the bisimulation relations.

In chapter 3, we define elaboration and we prove that it is a preorder on the agents of the fusion calculus. Then we motivate and define the conformance relation. We prove that it is a preorder preserved over all the operators of the calculus. We end the chapter with a complete axiom system for conformance, we also prove its soundness and completeness.

In chapter 4, we present some simple modelling examples in the fusion calculus. We present an abstract specification for a stack and then we give an implementation for stack. We also prove that the implementation is equivalent to the specification. As an exercise in modelling, we also present two models for a mobile phone network.

We conclude with our observations about the simplicity of the fusion calculus.

Chapter 2

Fusion Calculus

This chapter gives a brief introduction to the fusion calculus. We present its syntax and operational semantics using a labelled transition system. We also present the definitions for the bisimulation relations for the calculus. This chapter serves as a condensed version of the presentation given in [?]. All the definitions in this chapter are taken from [?] and we omit a reference to it, wherever convenient.

2.1 Syntax and Semantics

Like the π-calculus the fusion calculus postulates a set of names N , ranged over by u, v, · · · , z, used to represent communication ports, values, variables etc. In the fusion calculus the input primitive does not bind the names. The effect of an interaction is that the input and the output objects become identified in fusions. Formally, fusion is just an equivalence relation on names signifying that the names related by it should be considered equal. The effect of the fusion is regulated by the use of the scope. An interaction is written : uvw.P |uxy.Q^{{v=x,w=y}}−→ P |Q Interactions in fusion calculus are symmetric, as can be seen by inverting the polarities. uvw.P |uxy.Q^{{v=x,w=y}}−→ P |Q The only binding operator for the calculus is called scope. As is shown by the following example, scope can be used to delimit the extent of fusions: uvw.P |((x)(y)uxy.Q)|R|S^1−→ P |(Q{v/x, w/y}|R|S Here 1 is the inert action, formally the identity fusion. We now give a formal definition for the syntax of the calculus.

2.1.1 Syntax

We assume an infinite set of names ranged over by u, v, · · · , z. We write x̃ for a (possibly empty) finite sequence x_1, x_2 · · · x_n. φ, ψ range over total equivalence relations on the set of names. If x and y are related by φ we write xφy. We write {x̃ = ỹ} to mean the smallest such equivalence relation relating each x_i with y_i.

Definition 2.1 The free actions ranged over by α and the agents ranged over by P, Q · · · are defined by:

α ::= ux̃ (Input) ux̃ (Output) φ (Fusion) P ::= 0 (Inaction) α.Q (Prefix) Q + R (Summation) Q|R (Composition) (x)Q (Scope) [x = y]Q (Match) [x ≠ y]Q (Mismatch) (A(x̃)) (Identifier)

The actions ranged over by γ, consist of the fusion actions and of communication actions of the form (z_1) · · · (z_n)a(x̃) (written (z̃)ax̃) where n ≥ 0 and all the elements in z̃ are also in x̃ Unlike the π-calculus the scope of x̃ is not bounded by the prefix action. We also define φ\z to mean φ ∩ (N − {z})^2 ∪ {(z, z)}. 2.1.2 Semantics

The semantics for fusion calculus is again given by a structural congruence and a set of transition rules. The free names in P, written fn(P ), are the names in P with a bound occurence. Note that in fusion calculus the prefix does not bind any any names. We write n(γ) to mean the set of all names in γ. Strucural congruence is the least congruence satisfying the rules given in table ??.

The labelled transition system for fusion calculus is given by the least family of transition satisfying the laws in the table ?? The PREF action rule means the agent must perform a prefixed action before it can do anything else. Prefixing with a fusion represents an obligation to treat all the names related by the fusion as identical. The SUM action rule is for the choice

P + Q ≡ Q + P P + (Q + R) ≡ (P + Q) + R P + 0 ≡ P P |Q ≡ Q|P P |(Q|R) ≡ (P |Q)|R P |0 ≡ P (x)0 ≡ 0 (x)(y)P ≡ (y)(x)P (x)(P + Q) ≡ (x)P + (x)Q (x)MP ≡ M(x)P if x /∈ n(M) P |(z)Q ≡ (z)(P |Q) where z /∈ fn(P ) A(ỹ) ≡ P {ỹ/x̃} if A(x̃)^{def}= P

Table 2.1: Structural conguence rules

operation. It indicates that the agent can choose one of the two summands. The PAR rule is for parallel execution of the two processes. COM results in a fusion action, meaning that the names made equal by the fusion are now the same. SCOPE effectuates the fusion by performing an appropriate substitution. It changes the action by removing the scoped name from the equivalence relation. PASS rule enables communication along a port which is not scoped. OPEN rule opens up the outermost scope. Leading to a bound action. This is the only rule relating to the bound actions. The rules MATCH and MISMATCH relate to the match and mismatch operators.

2.2 Bisimulation Relations

We present here the bisimulation relations for the calculus. Unlike the πcalculus we have only one bisimulation equivalence. First we give some definitions which will be used throughout the rest of the thesis.

Definition 2.2 A substitution σ is idempotent if σσ = σ

Definition 2.3 A substitution σ agrees with the fusion φ if ∀x, y : xφy ⇔ σ(x) = σ(y) In other words, a substitution agrees with a fusion if it maps all names related by the fusion to the same name.

Definition 2.4 A substitutive effect of a fusion φ is an idempotent substitution σ agreeing with φ. The only substitutive effect of a communication action is the identity substitution.

A substitutive effect of a fusion is, therefore, a substitution that maps all members of each equivalence class in the fusion to one representative of the class.

PREF − α.P^α−→ P SUM P^α−→ P^′ P + Q^α−→ P^′ PAR P^α−→ P^′ P |Q^α−→ P^′|Q COM P^{ux̃}−→ P^′, Q^{uỹ}−→ Q^′, |x̃| = |ỹ| P |Q^{{x̃=ỹ}}−→ P^′|Q^′ SCOPE P^φ−→ P^′, zφx, z ≠ x (z)P^{φ\z}−→ P^′{x/z} PASS P^α−→ P^′, z /∈ n(α) (z)P^α−→ (z)P^′ OPEN P^{(ỹ)ax̃}−→ P^′, z ∈ x̃ − ỹ, a /∈ {z, z} (z)P^{(zỹ)ax̃}−→ P^′ MATCH P^α−→ P^′ [x = x]^α−→ P^′ MISMATCH P^α−→ P^′ x ≠ y [x ≠ y]^α−→ P^′ Table 2.2: Operational Semantics rules

2.2.1 Hyperequivalence

Definition 2.5 A bisimulation is a binary symmetric relation S between agents such that P S Q implies : If P^γ→ P^′ with bn(γ) ∩ fn(Q) = ϕ then Q^γ→ Q^′ and P^′σ S Q^′σ for some substitutive effect σ of γ. P is bisimilar to Q, written P ˙∼Q, if P S Q for some bisimulation S.

A fusion action represents an obligation to treat the names related by the fusion as being identical. Therefore, we relate P’ and Q’ only after making the appropriate substitutions. The substitutive effect represents the “effect” of an action. Here it does not matter which substitution we choose. For example the relation R given below is a hyperequivalence. A = ({x = y, y = z}.(x|y) B = {x = y, y = z}.(x.y + y.x + 1))

R = {A, B, (z|zz, z.z + z.z + 1), (z, z), (z, z), (0, 0)} Hyperequivalence is not a congruence, the standard example would suffice to illustrate the point. x|y is bisimilar to x.y + y.x, but prefixing both with {x = y} results in agents which are not bisimilar. The largest congruence included in bisimilarity is obtained by closing the definition of bisimulation under all substitutions.

Definition 2.6 A hyperbisimulation is a substitution closed bisimulation, i.e., a bisimulation S with the property that P S Q implies P σ S Qσ for any substitution σ. Two agents P and Q are hyperequivalent, written P ∼ Q, if they are related by a hyperbisimulation.

2.2.2 Weak Hyperequivalence

In this section, we present the weak equivalence, where the agents are considered equivalent if they are “observed” to be equivalent. First we define the weak transitions.

Definition 2.7 Composition of two transitions ∘ is defined by P (^γ−→ ∘^{γ′}−→ )Q iff there exists and agent P^′ such that P^γ−→ P^′ and P^′σ_γ^{γ′}−→ Q, where σ_γ is a substitutive effect of γ.

Definition 2.8 Conjunction of two fusion φ and ψ, written φ∧ψ, is defined to be the least equivalence relation containing φ and ψ.

The weak transition represents the observable content of a sequence of actions. However, fusion actions can be observed only through their substitutive effects. As they have no subjects and the environment cannor synchronize with them. Therefore, while defining the weak transition we allow it to have a a sequence of fusions with the aggregated substitutive effect as intended.

Definition 2.9 The weak transition^γ=⇒ is defined as: P^γ=⇒ Q if for some n ≥ 0, P^{γ1}−→ ∘ · · · ∘^{γn}−→ Q and one of the following holds

1. γ is a communication and γ = γ_i for some i and γ_j = 1 for all j ≠ i.

2. γ and all γ_i are fusions and γ = γ_1 ∧ · · · ∧ γ_n. The empty conjunction being 1 P^1=⇒ P holds for all P .

Definition 2.10 A weak bisimulation is a binary symmetric relation S between agents such that P S Q implies: If P^γ→ P^′ with bn(γ) ∩ fn(Q) = ϕ then Q^γ⇒ Q^′ and P^′σSQ^′σ for some substitutive effect σ of γ. P is weakly bisimilar to Q, written P ˙≈Q, if P S Q for some weak bisimulation S.

Weak hyperequivalence in then obtained by closing under substitution.

Definition 2.11 A weak hyperbisimulation is a substitution closed weak bisimulation S with the property that P S Q implies P σSQσ for any substitution σ. Two agents P and Q are weak hyperequivalent, written P ≈ Q , if they are related by a weak hyperbisimulation.

Weak hyperequivalence is not a congruence as it is not preserved under the summation operator. The standard example being that a.0 ≈ 1.a.0 but a.0 + b.0 ≉ 1.a.0 + b.0. To obtain a congruence, we require that the first transition of an agent must be matched by at least one transition of the other agent.

Definition 2.12 Define P^γ=⇒_+ Q to mean P^γ=⇒ Q if γ is not the silent action, and P^1−→^γ=⇒ Q otherwise.

Definition 2.13 Two agents P and Q are weakly hypercongruent , written P ≈_+ Q, iff for any substitution σ P σ^γ−→ P^′ and bn(γ) ∩ fn(γ) = ϕ implies Qσ^γ=⇒_+ Q^′ and P^′σ_γ ≈ Q^′σ_γ where σ_γ , is a substitutive effect of γ, and vice-versa.

In the next chapter we present a similar treatment for the efficiency relations.

Chapter 3

Efficiency relations

Bisimulation relations are useful as far as behavioural equivalence of two systems is concerned. However, they do not incorporate any notion of comparative “efficiency”. Beginning with [?] various relations measuring relative efficiencies have been identified. One such method is the conformance relation presented in [?]. In this chapter we extend the confomation relation to the fusion calculus. We begin by defining elaboration which is an preorder relation similar to the elaboration for CCS [?]. We then define conformance. Finally we give a complete axiomatisation for conformance.

3.1 Elaboration

In this section we define the elaboration relation and prove that it is a preorder.

Definition 3.1 A binary relation R is an elaboration if (p,q)∈ R ⇒ 1.p^γ−→ p^′ ⇒ ∃σ : ∃q^′ : q^γ=⇒ q^′ ∧ p^′σRq^′σ (bn(γ) ∩ fn(q) = ϕ) 2.q^γ−→ q^′ ⇒ ∃σ : ∃p^′ : p^γ=⇒_+ p^′ ∧ p^′σRq^′σ (bn(γ) ∩ fn(p) = ϕ) σ is a substitutive effect of γ.

The intuition is that if P and Q are two agents related by an elaboration R and P RQ then P and Q are obserationally equivalent and for every execution of Q there exists an execution of P which has larger number of silent actions.

The family of elaboration relations is not closed under functional composition. This is because in the definition above it suffices for p^′ and q^′ to be related for some substitutive effect of γ. This motivates definition of the closure.

Definition 3.2 A substitution σ is called injective if x ≠ y ⇒ σ(x) ≠ σ(y)

Definition 3.3 If R is an elaboration, then the closure of R is a binary relation S = ∪{Rσ : σ is an injective substitution}

We now prove a property of the substitutions.

Lemma 3.1 Any substitution σ can be defined as a composition of an idempotent and an injective substitution.

Proof. Let σ be any substitution, we show by construction that it can be defined as a composition of an idempotent and an injective substitution. If σ is idempotent or injective, the construction is trivial. σ can be defined as a composition of itself and the identity substitution.

If σ is non-idempotent and non-injective, there exists a sequence of names x_1, x_2, · · · , x_n such that σ(x_1) = x_2, σ(x_2) = x_3, · · · , σ(x_{n−1}) = x_n. Where x_1, x_2, · · · , x_n are all distinct. Construction.

1. Pick all maximal sequences and make them cyclic using a fresh name.

If x_1, x_2, · · · , x_n is such a sequence and t is fresh then σ^′(x_n) = t, σ^′(t) = x_1, σ^′(x_1) = σ(x_1), · · · , σ^′(x_{n−1}) = σ(x_{n−1})

2. For the remaining such sequences, drop all the variables that have been already included in σ^′

3. Repeat steps 1 and 2 until there are no more sequences

4. For all x not in any such cycle σ^′(x) = x. σ^′ is an injective substitution.

5. Let ρ(t) = x_n for all fresh names introduced in σ^′. ρ is idempotent. σ can be defined as σ^′ ∘ ρ.

In what follows we prove various properties of the elaboration and its closure. We also define a largest elaboration relation and prove that it is a preorder.

Proposition 3.2 Closure of an elaboration R is an elaboration

Proof. Let R be a fusion elaboration and S be its closure. Let (p, q) ∈ S, if (p, q) ∈ R we have nothing to prove, since R ⊂ S. So let (p, q) ∈ Rσ for some injective substitution σ.

⇒ ∃ p_1, q_1 such that (p_1, q_1) ∈ R and p_1σ = p, q_1σ = q. Note, that if σ is injective then p^γ−→ p^′ ⇐⇒ pσ^{γσ}−→ p^′σ. ⇒ 1. p_1^γ−→ p^′_1 ⇒ ∃q^′_1 : q_1^γ=⇒ q^′_1 ∧ (p^′_1σ_γ , q^′_1σ_γ ) ∈ R

2. q_1^γ−→ q^′_1 ⇒ ∃p^′_1 : p_1^γ=⇒_+ p^′_1 ∧ (p^′_1σ_γ , q^′_1σ_γ ) ∈ R

⇒ 1. p_1σ^{γσ}−→ p^′_1σ ⇒ ∃q^′_1 : q_1σ^{γσ}=⇒ q^′_1σ ∧ (p^′_1σ_γ σ, q^′_1σ_γ σ) ∈ Rσ 2. q_1σ^{γσ}−→ q^′_1σ ⇒ ∃p^′_1 : p_1σ^{γσ}=⇒ p^′_1σ ∧ (p^′_1σ_γ σ, q^′_1σ_γ σ) ∈ Rσ ⇒ 1. p^γ−→ p^′ ⇒ ∃q^′ : q^γ=⇒ q^′ ∧ (p^′σ_γ , q^′σ_γ ) ∈ S 2. q^γ−→ q^′ ⇒ ∃p^′ : p^γ=⇒_+ p^′ ∧ (p^′σ_γ , q^′σ_γ ) ∈ S We can make the last statement since, σ_γ ∘ σ ∘ σ_γ = σ_γ and therefore, p^′σ_γ = p^′_1σ_γ . This finally proves the assertion.

Proposition 3.3 If S_1 and S_2 are two closures, then S_1 ∘S_2 is also a closure. Proof. Let S = S_1 ∘ S_2 and (p, q) ∈ S, then ∃ r : (p, r) ∈ S_1 and (r, q) ∈ S_2 p^γ−→ p^′ ⇒ ∃r^′ : r^γ=⇒ r^′ ∧ p^′σS_1r^′σ (3.1) r^γ−→ r^′ ⇒ ∃p^′ : p^γ=⇒_+ p^′ ∧ p^′σS_1r^′σ (3.2) where σ is some substitutive effect of γ, and r^γ−→ r^′ ⇒ ∃q^′ : q^γ=⇒ q^′ ∧ r^′σS_2q^′σ (3.3) q^γ−→ q^′ ⇒ ∃r^′ : r^γ=⇒_+ r^′ ∧ r^′σS_2q^′σ (3.4) We do a case analysis on the action γ to prove that S is a fusion elaboration. Case 1. γ is a communication action, which implies that the only substitutive effect of γ is the identity substitution and that^γ=⇒ is the same as^γ=⇒_+. From equation 1 we have p^γ−→ p^′ ⇒ ∃r^′ : r^γ=⇒ r^′ ∧ p^′σS_1r^′σ now r^γ=⇒ r^′ is the same as r^1−→ r^0_1^1−→ r^1 · · ·^1−→ r^n_1^1−→ r_1^γ−→ r_2^1−→ r^0_2^1−→ r^1_2 · · ·^1−→ r^n_2^1−→ r^′. Now, if r^1−→ r^0_1

∃q^0_1 : q^1=⇒ q^0_1 ∧ r^0_1S_2q^0_1

∃q^1 : q^0_1^1=⇒ q^1 ∧ r^1 S_2q^1 . . ∃q^n_1 : q^{(n−1)}_1^1=⇒ q^n_1 ∧ r^n_1 S_2q^n_1 and therefore, we can say that ∃q_1 : q^n_1^1=⇒ q_1 ∧ r_1S_2q_1 and ∃q_1 : q^1=⇒ q_1 ∧ r_1S_2q_1

now r_1^γ−→ r_2 implies

∃q_2 : q_1^1=⇒ q_2 ∧ r_2S_2q_2

quite similarly to the one proved above, we can prove that since r_2^1=⇒ r^′

∃q^′ : q_2^1=⇒ q^′ ∧ r^′S_2q^′

∃q^′ : q^1=⇒ q^′ ∧ r^′S_2q^′

from this we conclude that

p^γ−→ p^′ ⇒ ∃q^′ : q^γ=⇒ q^′ ∧ p^′S_1r^′ ∧ r^′S_2q^′ p^γ−→ p^′ ⇒ ∃q^′ : q^γ=⇒ q^′ ∧ p^′Sq^′ and similarly for the other side.

Case 2 This is the trickiest part, which requires the use of the fact that S is closed for injective substitutions. γ is a fusion action, not the silent fusion. From equation 1 we have p^γ−→ p^′ ⇒ ∃r^′ : r^γ=⇒ r^′ ∧ p^′σS_1r^′σ r^γ=⇒ r^′ is the same as r^{φ1}−→ ∘^{ϕ2}−→ ∘ · · · ∘^{φn}−→ r^′ for some ϕ_1, ϕ_2, · · · , ϕ_n such that γ = φ_1 ∧ ϕ_2 ∧ · · · ∧ ϕ_n. Let r_1, r_2 · · · r_{n−1} be the agents involved in the intermediate transitionsi and σ_{φ1} , σ_{φ2} , · · · , σ_{ϕn} be their some substitutive effects. We prove the following claims first.

Claim 1. If σ_1 and σ_2 are the substitutive effects of the same fusion action then we can find an injective substitution ρ such that σ_1 ∘ ρ = σ_2 Proof. We construct the substitution ρ as follows If σ_1(x) = σ_2(x) = t then ρ(t) = t. If σ_1(x) = y and σ_2(x) = z, y ≠ z, since σ_1 and σ_2 are the substitutive effects of the same fusion, say φ, xϕy, xϕy and yφz. ⇒ σ_1(x) = σ_1(y) = σ_1(z) = y and σ_2(x) = σ_2(y) = σ_2(z) = z

Now define ρ(y) = z and ρ(z) = y. The substitution ρ constructed in this manner in injective.

Claim 2. If φ = ϕ_1 ∧ ϕ_2 where ϕ, ϕ_1 and φ_2 are fusion actions, then for every substitutive effect σ of φ there exist σ_{ϕ1} and σ_{ϕ2} such that σ = σ_{φ1} ∘ σ_{ϕ2} = σ_{φ2} ∘ σ_{ϕ1} . σ_{ϕ1} and σ_{ϕ1} are substitutive effects of φ_1 and ϕ_2 respectively.

Proof. Proof follows from the fact that a fusion is an equivalence relation and its substitutive effect maps all the elements of an equivalence class to one member of the class. For each of the fusions φ_1 and ϕ_2, by choosing a suitable member as the representative of the class we can construct the substitutive effects, as required.

We prove by induction on the number of intermediate agents that, ∃q^′ : q^γ=⇒ q^′ ∧r^′σ_γ S_2q^′σ_γ , where σ_γ is some substitutive effect of γ and we use the above claim to assert that q^′σS_2r^′σ Basis. n = 1, r^{φ1}−→ r^′ ⇒ ϕ_1 = γ and therefore ∃q^′ : q^γ=⇒ q^′ ∧ r^′σ_γ S_2q^′σ_γ Induction step From the induction hypothesis we have that ∃q_{n−1} : q^{γn−1}=⇒ q_{n−1} ∧ r_{n−1}σ_{γn−1} S_2q_{n−1}σ_{γn−1} where γ_{n−1} = φ_1 ∧ ϕ_2 · · · ϕ_{n−1} and σ_{γn−1} is some substitutive effect of γ_{n−1}. From the definition of the weak transition, we have r_{n−1}σ_{φn−1}^{φn}−→ r^′ and from the sequence of transitions we can easily deduce that r_{n−1}σ_{φn−1} S_2q_{n−1}σ_{ϕn−1} which implies ∃q^′ : q_{n−1}σ_{φn−1}^{ϕn}=⇒ q^′∧r^′σ_{φn} S_2q^′σ_{ϕn} . Since all the substitutions are substitutive effects of some fusion actions, and the substitutive effects are idempotent we can say the following r_{n−1}σ_{γn−1}^{φnσϕ1 σϕ2 ···σφn−2} −→ r^′σ_{ϕ1} σ_{ϕ2} · · · σ_{φn−2} r_{n−1}σ_{γn−1}^{φnσϕ1 σϕ2 ···σφn−1} −→ r^′σ_{ϕ1} σ_{ϕ2} · · · σ_{φn−1} r_{n−1}σ_{γn−1}^{φnσϕ1 σϕ2 ···σφn−1} −→ r^′σ_{γn−1} and that q_{n−1}σ_{γn−1}^{φnσϕ1 σϕ2 ···σφn−1} =⇒ q^′σ_{ϕ1} σ_{ϕ2} · · · σ_{φn−1} q_{n−1}σ_{γn−1}^{φnσϕ1 σϕ2 ···σφn−1} =⇒ q^′σ_{γn−1} ∧ r^′σ_{γn−1} σ_{φn} S_2q^′σ_{γn−1} σ_{ϕn} which means r^′σ_{γn} S_2q^′σ_{γn} or r^′σS_2q^′σ Case 3. γ is a the silent fusion action, which implies that the only substitutive effect of γ is the identity substitution. From equation 1 we have p^γ−→ p^′ ⇒ ∃r^′ : r^γ=⇒ r^′ ∧ p^′σS_1r^′σ Sub Case A. r^1=⇒_+ r^′ Proof is very similar to the one for Case 2. In this case γ is 1 Sub Case B. r^ϵ−→ r^′ i.e. r ≡ r^′. Therefore, we have that p^′S_1r, we also have that rS_2q. Which implies p^′Sq and p^γ−→ p^′ ⇒ ∃q^′ ≡ q : q^1=⇒ q^′ ∧ p^′Sq^′

The first part is thus proved. The second part has the same proof as Sub Case A, because we only need to prove that q^γ−→ q^′ ⇒ ∃p^′ : p^1=⇒_+ p^′ ∧p^′Sq^′

Proposition 3.4 The union of a family of fusion elaborations is a fusion elaboration.

Proof. Consider R = ∪R_i where R_i are the fusion elaborations. (p, q) ∈ S ⇒ (p, q) ∈ S_i for some i ⇒ 1. p^γ−→ p^′ ⇒ ∃q^′ : q^γ=⇒ ∧p^′σS_iq^′σ 2. q^γ−→ q^′ ⇒ ∃p^′ : p^γ=⇒_+ ∧p^′σS_iq^′σ ⇒ 1. p^γ−→ p^′ ⇒ ∃q^′ : q^γ=⇒ ∧p^′σSq^′σ 2. q^γ−→ q^′ ⇒ ∃p^′ : p^γ=⇒_+ ∧p^′σSq^′σ Theorem 3.5 ≲^∗ = ∪{R:R is an elaboration} is the largest elaboration.

Proof. By proposition 4 ≲^∗ is a fusion elaboration. If ≲^∗ were not the largest fusion elaboration, let S be the largest fusion elaboration. Existence of S is guaranteed because there exists an upper bound on the binary relations on process agents. If S is a fusion elaboration S ⊆ ≲^∗, so ≲^∗ is at least as large as the largest fusion elaboration. Which is a contradiction. Therefore, ≲^∗ is the largest fusion elaboration.

Theorem 3.6 ≲^∗ = closure of ≲^∗, i.e. the family of elaborations is closed under injective substitution.

Proof. This follows from Propositions 2 and 5

Theorem 3.7 ≲^∗ is a preorder

Proof. Reflexivity follows from the fact that identity is a fusion elaboration. Transitivity follows from the propositions 6 and 3.

≲^∗ is not a precongruence for the same reasons due to which weak hyperequivalence is not a congruence. In fact, the same example suffices in this case also. Now, in the manner of weak hyperbisimulation we define a hyperelaboration.

Definition 3.4 A hyperelaboration is a substitution closed elaboration, i.e. if S is a hyperelaboration then P S Q ⇒ P σ S Qσ for any subsitution σ. ≲ is the union of all hyperelaborations.

We now prove that the relation defined above is close under scope and composition, this is used in the next section to prove that conformance is a precongruence.

Theorem 3.8 ≲ is closed under scope and composition. Proof. We construct an elaboration realtion to prove the proposition 1. Scope We first prove that S = {((x)P, (x)Q) : P ≲Q} ∪ ≲ is a hyperelaboration.

Consider P and Q such that P ≲Q. If for some σ, ((x)P )σ^γ−→ P^′, then we have the following possibilities.

(a) γ is a free action and σ(x) ∉ fn(γ). In which case we have that P σ^γ−→ P^{′′}, P^′ ≡ (σ(x))P^{′′}, and ∃Q^{′′} : Qσ^γ=⇒ Q^{′′} ∧ P^{′′}σ_γ ≲Q^{′′}σ_γ . Therefore, we have that

((x)Q)σ^γ=⇒ (σ(x))Q^{′′} ∧ (((σ(x))P^{′′})σ_γ , ((σ(x))Q^{′′})σ_γ ) ∈ S

(b) γ is a fusion action and for some fusion φ, P σ^φ−→ P^{′′}, σ(x)ϕz, z ≠ σ(x) and γ ≡ φ\σ(x). In which case, ((x)P )σ^γ−→ P^{′′}{z/σ(x)}. We can now say that, Qσ^φ=⇒ Q^{′′}i ∧ P^{′′}σ_ϕ≲Q^{′′}σ_ϕ which implies, ((x)Q)σ^γ=⇒ Q^{′′}{z/σ(x)}. Since, σ_φ = {z/σ(x)} ∘ σ_γ we can further say that P^{′′}{z/σ(x)}σ_γ SQ^{′′}{z/σ(x)}σ_γ . (c) γ is a communication action and P σ^{(ỹ)az̃}−→ P^′, σ(x) ∈ z̃ − ỹ, a ∉ {σ(x), z̃}, in which case we have ((x)P )σ^{(σ(x)ỹ)az̃}−→ P^′. Since, Qσ^{(ỹ)az̃}=⇒ Q^′, we have ((x)Q)σ^{(σ(x)ỹ)az̃}=⇒ Q^′ and since σ_γ is the identity substitution we have P^′σ_γ SQ^′σ_γ 2. Composition We first prove that S = {(P |R, Q|R) : P ≲Q} ∪ ≲ is a hyper elaboration.

Consider P and Q such that P ≲Q. If for some σ, (P |R)σ^γ−→ P^′, then we have the following possibilities. (a) P σ^γ−→ P^{′′} and P^′ ≡ P^{′′}|Rσ. and ∃Q^{′′} : Qσ^γ=⇒ Q^{′′} ∧P^{′′}σ_γ ≲Q^{′′}σ_γ . Therefore, we have that (Q|R)σ^γ=⇒ Q^{′′}|Rσ ∧ ((P^{′′}|Rσ)σ_γ , (Q^{′′}|Rσ)σ_γ ) ∈ S (b) Rσ^γ−→ R^{′′} and P^′ ≡ P σ|R^{′′}. Since ≲ is substitution closed, we have that (Q|R)σ^γ=⇒ Qσ|R^{′′} ∧ ((P σ|R^{′′})σ_γ , (Qσ|R)σ_γ ) ∈ S

(c) γ is a fusion and P σ^{ax̃}−→ P^{′′}, Rσ^{aỹ}−→ R^{′′}, γ = {x̃ = ỹ}. In which case we have Qσ^{ax̃}=⇒ Q^{′′} ∧ P^{′′}≲Q^{′′}, (Q|R)σ^γ=⇒ Q^{′′}|R^{′′} and Q^′ ≡ Q^{′′}|R^{′′}. Since, ≲ is substitution closed we can say that P^′σ_γ SQ^′σ_γ 3.2 Conformance

In this section we define conformance and prove that it is a preorder preserved under all operators of the calculus. The definition is very similar to the one given for weak hypercongruence [?].

Definition 3.5 Two agents P and Q are related by a fusion conformance, (written as P ≲^+ Q) iff for any substitution σ the following holds P σ^γ−→ P^′ and bn(γ) ∩ fn(Q) = φ ⇒ Qσ^γ=⇒_+ Q^′ and P^′σ_γ ≲Q^′σ_γ where σ_γ is a substitutive effect of γ and vice-versa

Theorem 3.9 P ≲^+Q iff for all R, P + R≲^+Q + R

Proof. ⇒ Given that P ≲^+Q. Consider γ such that bn(γ) ∩ fn(Q + R) = φ and (P + R)σ^γ−→ P^′ that is (P σ + Rσ)^γ−→ P^′. Then either P σ^γ−→ P^′ in which case, since P ≲^+Q we have.

Qσ^γ=⇒_+ Q^′ ∧ P^′σ_γ ≲Q^′σ_γ

Qσ + Rσ^γ=⇒_+ Q^′ ∧ P^′σ_γ ≲Q^′σ_γ (Q + R)σ^γ=⇒_+ Q^′ ∧ P^′σ_γ ≲Q^′σ_γ or Rσ^γ−→ P^′ Rσ^γ=⇒_+ P^′ Qσ + Rσ^γ=⇒_+ P^′ (Q + R)σ^γ=⇒_+ P^′ ∧ P^′σ_γ ≲P^′σ_γ in either case we get the desired result. The vice-versa case can be proved similarly.

⇐ Given that P + R≲^+Q + R. Assume that P ≰ Q ⇒ ∃σ, γ and P^′ such that P σ^γ−→ P^′ but if Qσ^γ=⇒_+ Q^′ then ¬(P^′σ_γ ≲Q^′σ_γ ) Consider Rσ = γ.0 such that γ is a visible action not in P σ or Qσ Consider Rσ = φ.0 such that ϕ is a visible action not in P σ or Qσ. In the case when γ ≠ 1 we have the following P σ^γ−→ P^′ P σ + Rσ^γ−→ P^′ since P + R≲^+Q + R we have Qσ + Rσ^γ=⇒_+ Q^{′′} ∧ P^′σ_γ ≲Q^{′′}σ_γ Qσ^γ=⇒_+ Q^{′′} ∧ P^′σ_γ ≲Q^{′′}σ_γ which is a contradiction. So, P ≲^+Q Lemma 3.10 Conformance is an elaboration and P ≲^+Q implies P ≲Q Proof. Obvious, by definition. Since, P^γ=⇒_+ Q ⇒ P^γ=⇒ Q Theorem 3.11 Conformance is preserved under scope, choice, prefix, composition, match and mismatch operators Proof.

1. Composition Given that P ≲^+Q, consider (P |R)σ^γ−→ P^′|R^′ ⇒ P σ|Rσ^γ−→ P^′|R^′ and bn(γ) ∩ fn(Q) = φ Case 1. P σ^γ−→ P^′ and Rσ ≡ R^′ ⇒ Qσ^γ=⇒_+ Q^′ ∧ P^′σ_γ ≲Q^′σ_γ follows from theorem ?? Qσ|Rσ^γ=⇒_+ Q^′|R^′ ∧ P^′σ_γ |R^′σ^′_γ ≲Q^′σ_γ |R^′σ_γ (Q|R)σ^γ=⇒_+ Q^′|R^′ ∧ (P^′|R^′)σ^′_γ ≲(Q^′|R^′)σ_γ Case 2. Rσ^γ−→ R^′ and P σ ≡ P^′ ⇒ Rσ^γ=⇒_+ R^′ ∧ R^′σ_γ ≲R^′σ_γ let, Q^′ ≡ Qσ. It follows from theorem ?? and lemma ?? and the definition of the relation ≲ Qσ|Rσ^γ=⇒_+ Q^′|R^′ ∧ (P σ)σ_γ |R^′σ_γ ≲(Qσ)σ_γ |R^′σ_γ (Q|R)σ^γ=⇒_+ Qσ|R^′ ∧ (P^′|R^′)σ^′_γ ≲(Q^′|R^′)σ_γ

Case 3. P σ^{u(x̃)}−→ P^′, Rσ^{u(ỹ)}−→ R^′ and γ ≡ {x = y} ⇒ Qσ^γ=⇒_+ Q^′ ∧ P^′≲Q^′ Qσ^1−→ Q_0^1−→ · · ·^1−→ Q_{k−1}^{ux̃}−→ Q_k^1−→ · · ·^1−→ Q_n^1−→ Q^′ Qσ|Rσ^1−→ Q_0|Rσ^1−→ · · ·^1−→ Q_{k−1}|Rσ^{ux̃}−→ Q_k|R^{′ 1}−→ · · ·^1−→ Q_n|R^{′ 1}−→ Q^′|R^′ Also, P^′≲Q^′ ⇒ P^′|R^′≲Q^′|R^′ ⇒ (P^′|R^′)σ_γ ≲(Q^′|R^′)σ_γ . Thus in either case we have the required.

2. Choice The proof is very similar to the cases 1 and 2 for composition 3. Scope Given P ≲^+Q. If for some σ, ((x)P )σ^γ−→ P^′, then we have the following possibilities.

(a) γ is a free action and σ(x) ∉ fn(γ). In which case we have that P σ^γ−→ P^{′′}, P^′ ≡ (σ(x))P^{′′}, and ∃Q^{′′} : Qσ^γ=⇒_+ Q^{′′} ∧P^{′′}σ_γ ≲Q^{′′}σ_γ . Therefore, from theorem ?? we have that

((x)Q)σ^γ=⇒_+ (σ(x))Q^{′′} ∧ ((σ(x))P^{′′})σ_γ ≲((σ(x))Q^{′′})σ_γ

(b) γ is a fusion action and for some fusion φ, P σ^φ−→ P^{′′}, σ(x)ϕz, z ≠ σ(x) and γ ≡ φ\σ(x). In which case, ((x)P )σ^γ−→ P^{′′}{z/σ(x)}. We can now say that, Qσ^φ=⇒_+ Q^{′′} ∧ P^{′′}σ_ϕ≲Q^{′′}σ_ϕ which implies, ((x)Q)σ^γ=⇒_+ Q^{′′}{z/σ(x)}. Since, σ_φ = {z/σ(x)} ∘ σ_γ we can further say that P^{′′}{z/σ(x)}σ_γ ≲Q^{′′}{z/σ(x)}σ_γ . (c) γ is a communication action and P σ^{(ỹ)az̃}−→ P^′, σ(x) ∈ z̃ − ỹ, a ∉ {σ(x), z̃}, in which case we have ((x)P )σ^{(σ(x)ỹ)az̃}−→ P^′. Since, Qσ^{(ỹ)az̃}=⇒_+ Q^′, we have ((x)Q)σ^{(σ(x)ỹ)az̃}=⇒_+ Q^′ and since σ_γ is the identity substitution we have that P^′σ_γ ≲Q^′σ_γ 4. Prefix Given that P ≲^+Q, consider α.P (α.P )σ^{ασ}−→ P σ (α.Q)σ^{ασ}=⇒_+ Qσ and P ≲^+Q ⇒ P ≲Q ⇒ P σσ_{ασ}≲Qσσ_{ασ} . Which is the required condition.

5. Match and mismatch Given that P ≲^+Q, consider [x = y]P and [x = y]Q, now if σ(x) = σ(y) then both the agents have a γ derivative which satisfies the required conditions. If σ(x) ≠ σ(y) then neither of them has any action. So, in either case we have the desired. A similar reasoning holds for the case of mismatch.

Theorem 3.12 Fusion conformance is preserved under recursive definition

Proof. Let E and F be two process expressions where the process expressions are defined in the usual way and the various functions and operations are extended to the set of process expressions in the usual way. Let us assume that E ≲^+ F. We now prove that if p and q are two processes defined as p^{def}= E{p/x} and q^{def}= F {q/x}. We prove that p≲^+q. Consider the relation

S = {(g{p/x}, g{q/x}): where g has atmost x as the free process variable}

We claim that for all substitutions σ the relation S satisfies the following. g{p/x}σ^γ−→ p^′ ⇒ ∃q^′ : g{q/x}σ^γ−→ q^′ ∧ p^′σ_γ S ∘ ≲q^′σ_γ (3.5) g{q/x}σ^γ−→ q^′ ⇒ ∃p^′ : g{p/x}σ^γ−→ q^′ ∧ p^′σ_γ ≲ ∘ Sq^′σ_γ (3.6) Where σ_γ is some substitutive effect of γ We prove the claim .by induction on the depth of the inferences g{p/x}σ^γ−→ p^′ and g{q/x}σ^γ−→ q^′

1. g ≡ x for some process variable x. Then, g{p/x} = p. If p^γ−→ p^′ then by a shorter derivation we can say that e{p/x}^γ−→ p^′ and so ∃q^′ : f{q/x}^γ−→ q^′ ∧ p^′σ_γ S ∘ ≲q^′σ_γ ∃q^′ : q^γ−→ q^′ ∧ p^′σ_γ S ∘ ≲q^′σ_γ ∃q^′ : g{q/x}^γ−→ q^′ ∧ p^′σ_γ S ∘ ≲q^′σ_γ 2. g ≡ α.Q and γ ≡ ασ then g{p/x}σ = ασ.Q{p/x}σ and p^′ ≡ Q{p/x}σ. Also, g{q/x}σ ≡ ασ.Q{q/x}σ^{ασ}−→ Q{q/x}σ. It is easy to see now that Q{p/x}σσ_γ S ∘ ≲Q{q/x}σσ_γ 3. g ≡ Q + R and g{p/x}σ ≡ Q{p/x}σ + R{p/x}σ. Now, if g{p/x}σ^γ−→ p^′ then either Q{p/x}σ^γ−→ p^′ or R{p/x}σ^γ−→ p^′. If former is the case then we have Q{q/x}σ^γ−→ q^′ ∧ p^′σσ_γ S ∘ ≲q^′σσ_γ

CHAPTER 3. EFFICIENCY RELATIONS 20

otherwise R{q/x}σ^γ−→ q^′ ∧ p^′σσ_γ S ∘ ≲q^′σσ_γ in either case we have that g{q/x}σ^γ−→ q^′ ∧ p^′σσ_γ S ∘ ≲q^′σσ_γ 4. g ≡ Q|R There are three possibilities, in this case. The first two cases are very similar to the case above. We just need to use theorem ??. Consider the third case when, γ = {ỹ = z̃}, Q{p/x}σ^{u(ỹ)}−→ Q_1 and R{p/x}σ^{u(z̃)}−→ R_1. Then Q{q/x}σ^{u(ỹ)}−→ Q_2 ∧ Q_1σ_γ S ∘ ≲Q_2σ_γ R{q/x}σ^{u(x̃)}−→ R_2 ∧ R_1σ_γ S ∘ ≲R_2σ_γ and thus g{q/x}σ^γ−→ Q_2|R_2 Now, Q_1σ_γ S ∘ ≲Q_2σ_γ ⇒ ∃Q^′ : Q_1σ_γ SQ^′≲Q_2σ_γ R_1σ_γ S ∘ ≲R_2σ_γ ⇒ ∃R^′ : R_1σ_γ SR^′≲R_2σ_γ by definition of S we must have that for some Q^′_1 and R^′_1 Q_1σ_γ = Q^′_1{p/x} Q^′ = Q^′_1{q/x} R_1σ_γ = R^′_1{p/x} and R^′ = R^′_1{q/x} Therefore, Q_1σ_γ |R_1σ_γ = (Q^′_1|R^′_1){p/x} Q^′|R^′ = (Q^′_1|R^′_1){q/x} and (Q_1|R_1)σ_γ S(Q^′|R^′) Also it follows from theorem ?? and φ0ψaxiom↼Γ↽26ψ25s transitivψaψFr↼CpψFu↼↼↼↽pψFt↼σ↽tψFu↼↼↽pψFt↼x↽pψFu↼↽↽↽pΩFt↼Q↽2821ψ2686ψyψFo↼00↽2864ψ2727ψyψFu↼↽↽pψFt↼σ↽2957Ω2742ψyψFn↼γ↽280ψ2983ψyψFu↼↼b↽↽48ψbψFt↼γ↽29ψbΩFu↼is↽24ψb↼a↽f↼fusion↽h↼action↽f↼and↽h↼for↽f↼some↽h↼fusion↽gΩFt↼φ↽pψFu↼↽hψFt↼P↽14ψb↼σ↽2432ψ2922ψyψFn↼φ↽2374ψ2983ΩyψFq↼Γ↽16ψb↼ω↽27ψbψFt↼P↽2639ψ2946ψyψFo↼00↽2681ψ2983ΩyψFu↼↽fψFt↼σ↽tψFu↼↼↽pψFt↼x↽pψFu↼↽↽pψFt↼ϕz↽tΩFu↼↽hψFt↼z↽32ψbψFq↼6↽pψFu↼/↽458ψ3115ψyψFt↼σ↽tψFu↼↼↽pΩFt↼x↽pψFu↼↽↽38ψb↼and↽gψFt↼γ↽jψFq↼η↽cψFt↼φ↽pψFq↼n↽pΩFt↼σ↽tψFu↼↼↽pψFt↼x↽pψFu↼↽▷↽59ψb↼In↽38ψb↼whic↽m↼h↽g↼case↽i↼↼↼↽pΩFt↼x↽pψFu↼↽↽pψFt↼P↽14ψbψFu↼↽↽pψFt↼σ↽2567ψ3054ψyΩFn↼γ↽2507ψ3115ψyψFq↼Γ↽16ψb↼ω↽35ψbψFt↼P↽2780ψ3079ΩyψFo↼00↽2822ψ3115ψyψFq↼f↽pψFt↼z↽t↼/σ↽tψFu↼↼↽pψFt↼x↽pΩFu↼↽↽pψFq↼g↽pψFu↼▷↽458ψ3247ψy↼W↽8ψb↼e↽36ψb↼can↽g↼no↽m↼w↽g↼sa↽m↼y↽gΩ↼that↽gψFt↼Qσ↽1649ψ3187ψyψFn↼φ↽1598ψ3247ψyψFu↼/↽17ΩbψFq↼↽↽1757ψ3262ψyψFm↼⇁↽1849ψ3247ψyψFt↼Q↽1926ψ3211ψyΩFo↼00↽1992ψ3247ψyψFq↼⌣↽25ψbψFt↼P↽2160ψ3211ψyψFo↼00↽2202Ω3247ψyψFt↼σ↽2257ψ3262ψyψFn↼ϕ↽2303ψ3247ψyψFg↼▷↽pΩFt↼Q↽2451ψ3211ψyψFo↼00↽2494ψ3247ψyψFt↼σ↽2549ψ3262ΩyψFn↼ϕ↽2630ψ3247ψyψFu↼whic↽m↼h↽36ψb↼implies↽458ψ3382Ωy↼↼↼↽pψFt↼x↽pψFu↼↽↽pψFt↼Q↽pψFu↼↽↽pψFt↼σ↽902ψ3322ΩyψFn↼γ↽849ψ3382ψyψFu↼/↽17ψbψFq↼↽↽1008ψ3397ψyψFm↼⇁↽1113Ω3382ψyψFt↼Q↽1190ψ3346ψyψFo↼00↽1233ψ3382ψyψFq↼f↽pψFt↼z↽t↼/σ↽tΩFu↼↼↽pψFt↼x↽pψFu↼↽↽pψFq↼g↽pψFu↼▷↽77ψb↼Since↽47ψbψFt↼σ↽2076Ω3397ψyψFn↼φ↽2173ψ3382ψyψFu↼/↽gψFq↼f↽pψFt↼z↽t↼/σ↽tΩFu↼↼↽pψFt↼x↽pψFu↼↽↽pψFq↼g↽30ψb↼δ↽fψFt↼σ↽2848Ω3397ψyψFn↼γ↽2937ψ3382ψyψFu↼w↽m↼e↽45ψb↼can↽458ψ3503Ωy↼further↽33ψb↼sa↽m↼y↽h↼that↽eψFt↼P↽1243ψ3467ψyψFo↼00↽1285Ω3503ψyψFq↼f↽pψFt↼z↽t↼/σ↽tψFu↼↼↽pψFt↼x↽pψFu↼↽↽pψFq↼g↽pΩFt↼σ↽1728ψ3518ψyψFn↼γ↽1773ψ3503ψyψFg↼▷↽pψFt↼Q↽1921Ω3467ψyψFo↼00↽1964ψ3503ψyψFq↼f↽pψFt↼z↽t↼/σ↽tψFu↼↼↽pΩFt↼x↽pψFu↼↽↽pψFq↼g↽pψFt↼σ↽2407ψ3518ψyψFn↼γ↽2452Ω3503ψyψFu↼▷↽290ψ3705ψy↼↼c↽↽49ψbψFt↼γ↽56ψbψFu↼is↽49Ωb↼a↽h↼comm↽m↼unication↽e↼action↽h↼and↽iψFt↼P↽14ψb↼σ↽2188Ω3640ψyψFm↼↼↽5ψb↼⃗↽40ψbψFn↼y↽rψFm↼↽↽pψFn↼a↽tψFm↼⃗↽hΩFn↼z↽2190ψ3705ψyψFq↼Γ↽16ψb↼ω↽60ψbψFt↼P↽2488ψ3668ΩyψFo↼0↽2510ψ3705ψyψFu↼↽55ψbψFt↼σ↽tψFu↼↼↽pψFt↼x↽pΩFu↼↽↽jψFq↼2↽64ψbψFu↼⃗↽55ψbψFt↼z↽39ψbψFq↼Γ↽iψFu↼⃗↽55ΩbψFt↼y↽sψFu↼↽458ψ3862ψyψFt↼a↽36ψbψFq↼62↽g↼f↽pψFt↼σ↽tΩFu↼↼↽pψFt↼x↽pψFu↼↽↽pψFt↼,↽23ψbψFu↼⃗↽55ψbψFt↼z↽5ψbΩFq↼g↽pψFu↼↽38ψb↼in↽f↼whic↽m↼h↽h↼case↽g↼w↽m↼e↽g↼ha↽m↼v↽m↼e↽h↼↼↼↽pΩFt↼x↽pψFu↼↽↽pψFt↼P↽14ψbψFu↼↽↽pψFt↼σ↽2466ψ3798ψyΩFm↼↼↽pψFn↼σ↽rψFm↼↼↽pψFn↼x↽pψFm↼↽↽5ψb↼⃗↽40ψbψFn↼y↽tΩFm↼↽↽pψFn↼a↽tψFm↼⃗↽hψFn↼z↽2537ψ3862ψyψFq↼Γ↽16ψb↼ω↽106ΩbψFt↼P↽2881ψ3826ψyψFo↼0↽2904ψ3862ψyψFu↼▷↽58ψb↼Since↽458Ω4019ψyψFt↼Qσ↽636ψ3955ψyψFm↼↼↽5ψb↼⃗↽40ψbψFn↼y↽sψFm↼↽↽pΩFn↼a↽tψFm↼⃗↽hψFn↼z↽645ψ4019ψyψFu↼/↽17ψbψFq↼↽↽804ψ4034ΩyψFm↼⇁↽914ψ4019ψyψFt↼Q↽991ψ3983ψyψFo↼0↽1015ψ4019ψyψFu↼↽42Ωb↼w↽m↼e↽g↼ha↽m↼v↽m↼e↽g↼↼↼↽pψFt↼x↽pψFu↼↽↽pψFt↼Q↽pψFu↼↽↽pΩFt↼σ↽1854ψ3955ψyψFm↼↼↽pψFn↼σ↽rψFm↼↼↽pψFn↼x↽pΩFm↼↽↽5ψb↼⃗↽40ψbψFn↼y↽tψFm↼↽↽pψFn↼a↽tψFm↼⃗↽hψFn↼z↽1932Ω4019ψyψFu↼/↽17ψbψFq↼↽↽2091ψ4034ψyψFm↼⇁↽2269ψ4019ψyΩFt↼Q↽2346ψ3983ψyψFo↼0↽2411ψ4019ψyψFu↼and↽40ψb↼since↽iΩFt↼σ↽2911ψ4034ψyψFn↼γ↽2996ψ4019ψyψFu↼is↽e↼the↽458Ω4139ψy↼iden↽m↼tit↽m↼y↽33ψb↼substitution↽f↼w↽m↼e↽i↼ha↽m↼v↽m↼e↽f↼that↽gΩFt↼P↽2019ψ4103ψyψFo↼0↽2042ψ4139ψyψFt↼σ↽2097ψ4154ψyΩFn↼γ↽2141ψ4139ψyψFg↼▷↽pψFt↼Q↽2289ψ4103ψyψFo↼0↽2313Ω4139ψyψFt↼σ↽2368ψ4154ψyψFn↼γ↽119ψ4343ψyψFu↼4▷↽49ΩbψFp↼Pr↽5ψb↼eβx↽44ψbψFu↼Giv↽m↼en↽33ψb↼that↽fψFt↼P↽14ΩbψFg↼▷↽1177ψ4310ψyψFm↼⇁↽1235ψ4343ψyψFt↼Q↽pψFu↼↽33ψb↼consider↽gΩFt↼α↽q↼.P↽1415ψ4563ψyψFu↼↼↽pψFt↼α↽q↼.P↽14ψbψFu↼↽↽pΩFt↼σ↽1780ψ4506ψyψFn↼ασ↽1743ψ4563ψyψFq↼Γ↽16Ωb↼ω↽28ψbψFt↼P↽14ψb↼σ↽1385ψ4783ψyψFu↼↼↽pψFt↼α↽q↼.Q↽pΩFu↼↽↽pψFt↼σ↽1744ψ4726ψyψFn↼ασ↽1715ψ4783ψyψFu↼/↽17ΩbψFq↼↽↽1874ψ4798ψyψFm↼⇁↽1960ψ4783ψyψFt↼Qσ↽244ψ4957ΩyψFu↼and↽37ψbψFt↼P↽14ψbψFg↼▷↽586ψ4924ψyψFm↼⇁↽644ψ4957ΩyψFt↼Q↽35ψbψFq↼↽↽fψFt↼P↽14ψbψFg↼▷↽oψFt↼Q↽35ψbψFq↼↽↽gΩFt↼P↽14ψb↼σ↽t↼σ↽1475ψ4972ψyψFn↼ασ↽1567ψ4957ΩyψFg↼▷↽oψFt↼Qσ↽t↼σ↽1828ψ4972ψyψFn↼ασ↽1921Ω4957ψyψFu↼▷↽56ψb↼Whic↽m↼h↽37ψb↼is↽f↼the↽i↼required↽f↼condi↽244Ω5077ψy↼tion▷↽pψeopΩϱϱPage.ψ19ψ26Ω19ψ25ψbopψ0ψ100ψaψFr↼CHAPTER↽34ψb↼3▷↽76ψb↼EFFICIENCY↽34Ωb↼RELA↽8ψb↼TIONS↽1242ψbψFu↼19↽119ψ407ψy↼5▷↽49ψbψFp↼Match↽39Ωb↼and↽g↼mismatch↽kψFu↼Giv↽m↼en↽38ψb↼that↽fψFt↼P↽14ψbΩFg↼▷↽1843ψ374ψyψFm↼⇁↽1901ψ407ψyψFt↼Q↽pψFu↼↽38ψb↼consider↽g↼♭↽pΩFt↼x↽eψFu↼/↽gψFt↼y↽tψFu↼♯↽pψFt↼P↽49ψbψFu↼and↽38ψb↼♭↽pΩFt↼x↽eψFu↼/↽244ψ527ψyψFt↼y↽tψFu↼♯↽pψFt↼Q↽pψFu↼↽50ψb↼no↽m↼w↽e↼if↽eΩFt↼σ↽tψFu↼↼↽pψFt↼x↽pψFu↼↽↽53ψb↼/↽gψFt↼σ↽tψFu↼↼↽pΩFt↼y↽tψFu↼↽↽46ψb↼then↽i↼b↽s↼oth↽f↼the↽h↼agen↽m↼ts↽g↼ha↽m↼v↽m↼e↽g↼a↽fΩFt↼γ↽52ψbψFu↼deriv↽5ψb↼ativ↽m↼e↽244ψ648ψy↼whic↽m↼h↽35Ωb↼satisβes↽h↼the↽f↼required↽g↼conditions▷↽49ψb↼If↽35ΩbψFt↼σ↽tψFu↼↼↽pψFt↼x↽pψFu↼↽↽dψFq↼6↽pψFu↼/↽fψFt↼σ↽tΩFu↼↼↽pψFt↼y↽tψFu↼↽↽j↼then↽h↼neither↽g↼of↽244ψ768ψy↼them↽d↼has↽h↼an↽mΩ↼y↽g↼action▷↽42ψb↼So↽33ψb↼in↽e↼either↽h↼case↽i↼w↽m↼e↽f↼ha↽m↼v↽m↼e↽hΩ↼the↽f↼desired▷↽44ψb↼A↽32ψb↼similar↽244ψ888ψy↼reasoning↽g↼holds↽g↼for↽gΩ↼the↽h↼case↽h↼of↽e↼mismatc↽m↼h▷↽0ψ1117ψyψFv↼Theorem↽37Ωb↼3▷12↽49ψbψFp↼F↽7ψb↼usion↽34ψb↼c↽5ψb↼onformanc↽g↼e↽33Ωb↼is↽h↼pr↽5ψb↼eserve↽g↼d↽34ψb↼under↽h↼r↽5ψb↼e↽g↼cursive↽35Ωb↼deβnition↽0ψ1345ψy↼Pr↽5ψb↼o↽g↼of▷↽41ψbψFu↼Let↽29Ωb↼E↽f↼and↽g↼F↽g↼b↽s↼e↽g↼t↽m↼w↽m↼o↽g↼pro↽s↼cess↽i↼expressions↽f↼where↽gΩ↼the↽g↼pro↽s↼cess↽g↼expressions↽0ψ1465ψy↼are↽41ψb↼deβned↽h↼in↽e↼the↽Ωh↼usual↽f↼w↽m↼a↽m↼y↽i↼and↽f↼the↽g↼v↽5ψb↼arious↽40ψb↼functions↽h↼and↽gΩ↼op↽s↼erations↽f↼are↽0ψ1586ψy↼extended↽e↼to↽e↼the↽h↼set↽g↼of↽f↼pro↽sΩ↼cess↽h↼expressions↽h↼in↽e↼the↽g↼usual↽g↼w↽m↼a↽m↼y↽8Ωb↼▷↽56ψb↼Let↽36ψb↼us↽h↼assume↽0ψ1706ψy↼that↽42ψb↼E↽hΩFg↼▷↽401ψ1673ψyψFm↼⇁↽502ψ1706ψyψFu↼F▷↽f↼W↽8ψb↼e↽42ψb↼no↽m↼w↽h↼pro↽m↼v↽Ωm↼e↽h↼that↽e↼if↽f↼p↽h↼and↽h↼q↽f↼are↽h↼t↽m↼w↽m↼o↽g↼pro↽s↼cesses↽hΩ↼deβned↽g↼as↽0ψ1851ψyψFt↼p↽77ψ1791ψyψFe↼def↽84ψ1851ΩyψFu↼/↽35ψbψFt↼E↽6ψbψFq↼f↽pψFt↼p/x↽pψFq↼g↽33ψbψFu↼and↽fΩFt↼q↽823ψ1791ψyψFe↼def↽831ψ1851ψyψFu↼/↽jψFt↼F↽14ψbψFq↼f↽pΩFt↼q↽t↼/x↽pψFq↼g↽pψFu↼▷↽43ψb↼W↽8ψb↼e↽32ψb↼pro↽m↼v↽m↼e↽i↼that↽fΩFt↼p↽pψFg↼▷↽2102ψ1818ψyψFm↼⇁↽2160ψ1851ψyψFt↼q↽tψFu↼▷↽44Ωb↼Consider↽33ψb↼the↽g↼relation↽55ψ2071ψyψFt↼S↽hψFu↼/↽27ΩbψFq↼f↽pψFu↼↼↽pψFt↼g↽tψFq↼f↽pψFt↼p/x↽pψFq↼g↽pψFt↼,↽17Ωb↼g↽tψFq↼f↽pψFt↼q↽t↼/x↽pψFq↼g↽pψFu↼↽.↽25ψb↼where↽k↼g↽g↼has↽f↼atmost↽fΩ↼x↽h↼as↽g↼the↽g↼free↽h↼pro↽s↼cess↽g↼v↽5ψb↼ariable↽nΩFq↼g↽0ψ2291ψyψFu↼W↽d↼e↽33ψb↼claim↽d↼that↽i↼for↽g↼all↽f↼substitutions↽hΩFt↼σ↽37ψbψFu↼the↽c↼relation↽e↼S↽h↼satisβes↽i↼the↽f↼follo↽m↼wing▷↽Ω448ψ2511ψyψFt↼g↽tψFq↼f↽pψFt↼p/x↽pψFq↼g↽pψFt↼σ↽898Ω2451ψyψFn↼γ↽837ψ2511ψyψFq↼Γ↽16ψb↼ω↽28ψbψFt↼p↽1075Ω2470ψyψFo↼0↽1126ψ2511ψyψFq↼↽↽f↼9↽pψFt↼q↽1355ψ2470ψyΩFo↼0↽1406ψ2511ψyψFu↼.↽hψFt↼g↽tψFq↼f↽pψFt↼q↽t↼/x↽pψFq↼g↽pΩFt↼σ↽1909ψ2451ψyψFn↼γ↽1848ψ2511ψyψFq↼Γ↽16ψb↼ω↽28ΩbψFt↼q↽2084ψ2470ψyψFo↼0↽2129ψ2511ψyψFq↼⌣↽22ψbψFt↼p↽2266Ω2470ψyψFo↼0↽2290ψ2511ψyψFt↼σ↽2345ψ2526ψyψFn↼γ↽2390Ω2511ψyψFt↼S↽27ψbψFq↼δ↽22ψbψFg↼▷↽pψFt↼q↽2667ψ2470ψyΩFo↼0↽2690ψ2511ψyψFt↼σ↽2745ψ2526ψyψFn↼γ↽3037ψ2511ΩyψFu↼↼3▷5↽↽448ψ2746ψyψFt↼g↽tψFq↼f↽pψFt↼q↽t↼/x↽pψFq↼g↽pΩFt↼σ↽895ψ2686033↽ψ2511ψyψFt↼σ↽2bψFt↼F▷↽f7ψyψψ4023ψψbψFn↼y↽sψFm↼↽2451ψyψaψF8ψb↼ψyψF5ψ24y854ψ3955Fq↼j21ψyψFΔ↽17ψb↼Γ↼are↽1301↽3137ψ1043ψyψFl↼1↽3077Ω1099ψyψFq↼Γ↽16ψb↼ω↽24ψψ1241ψya1ψyψFt↼Q↽3216ψb↼↽ψ2rue16ψb↼ω55FΩ3↽q81↽522ΩgψyψFq↼Γ↽pΩFt↼xyΩFo↼0↽ψ3870ψyψFu.↽25ψf↼foln↼γ↽13Γeq↽t↼/ln↼Γ↽14ψbψFu↼↼the↽g↼frees▷5↽215ψyψF5ψsre↽↽38ψbΩ10Axiom↼Γza7ψyψFu↼t↼Q↽2yFu↼▷↽290ψ3705ψb↼EF2054ψ1403ψyes↼↽pψFtb↼ω↽54ψ1851leteyψFq↼j↽post↽fΩsyψ49m27ψyψFn0↽16000↽16fP 0y(iomsc9f)458511yFq()yFq(1)1923łFg(.o04005yFFu(eΩ)28b46yFo)1153135107ΩyFqrFr(CHq)trulesyFmaxiomeΩ)28b46yFo,1

them⌉∫⇐fole0axiomsf9fœ2470Ast(Q)8949b(c)-5Q(t(Q)Ωy2n(fl)Fq(g)pΩFt(u)pFded! 5237b(sa)m(y)41542n(ΔyFo(0531371034yg)t519F33b(~e915Ωy2n(Δ-4M^29445237)tFu((33)20y2n(Δp040f)c(=)f((51letey333)37nuh(V00)-16b(!)27b(23)17Ω23)10(that)e(if)f(p)h(and)h(q)f(are)h(t)m(w)m(o)g(pro)s(cesses)hΩ(defined)g(as)01840)-302942t(64v-302().VFt(Q)pFa46v(Summa)m(v)0t(Qe)iΩy(S13240015)21516(Q)954+)-8Ωb(.v(0)9yFl(1)704171P)0t(Q651yFΓS001)9nd)33b(3)60bF+ceFl(1)709. Fq(j27ΩbfFo(0)1857q(eyF2rue163)89Ft(g)te(omit49me(œb(Φ63yc)-5jrulesy(x)h(a70405exyFq(ΓTheorem(.)pu(4.)4Ω3870yFq(Γ)-yFv(op0100aFFq(Γd)14185insta(œb(b(œ7841yFFq(jadf(theo,1ylikt(g)te(fl)11943s.)49(.)40for)g16000)-16f0(Q)89f)45tCCS46y48)q266Ω]g(v)-5b(agf(subj)pFFt(p=x)pΩk3)2bFdyFo(0)18073fFu(Thg(.)oΩFt(15)153135ired)h904yFq(x))4yFq(45703725p=x)pΩFq((no)2c)m(h)hye)g(a)fΩFt(Ξm(~)hx)2266Ω241113Ωt(Γyp=x)pFq(gaxiomseyFn0)-16000)-16f686gFr(yF04yk(g)gFFu())44827oess)g(48y(wFq(f)pFu(()pFu())poseFfΩ(x)h(.)7ndedaFt(g)Ft(œ)511yFq()yF2rue163)86gFr(yFf)1049t(R)148)2266Ω],1)1bFq(f)pΩFt(31403y)35ΩbFth(on2.0b(22902511t(’)p(subjeFt(S)27bFq33889Ft(R)18196yFmx4470)1570372536.)oΩFt(15Ft(R)1yΩFoired)fQ)224yFmx4dΩfΩFt(Ξmh037253)60bFt(P)e03725e)fΩFt(Ξm(yFmx417283yFuv(Dq(Γ)-16bFt(R3.601)31371A5)1bFn(Fue(=)f(que16b(!547fl3n)33b(~eFuu((6b(~)-4M^)23bpFg(.5Ω1099yFq(51letey033)37nusion)g471403yg(n((syV)h9042278)eFtΩFt(6b(!(œf(e9yFqFq(łFg(b(!)2Q)89r(=)f((ha)m(v)00)2681Rmh0p37nusiVg(48c1)1923łnded)le(=)f(d)pFq(g)ph(e9yFqFq(łFg(b(!)2Q)89r(=)((ha)m(v)00Ω1099yFq(r))f(9-)2641yF(sp135ird1063b(EF1y944427efini~4706641yF~)-4M^3187p-y33)30)128Fo(0)fyFt(a)2227)iF33b(~eb(=)41yF~)-4M^53sΩ(cess)hg(as)0146yFo(0)470)15703725ΩyFu(=fbpF)pFti)1787Ω3721RmyFu(ThjΩp033)25447)iF33b(~e244341yF~)-4M^53sΩ(cess)hgt(Q)95446yFo(0i(f)pFt(q)t(=e03725ΩyFu(=hbpF)pFt22742n(fl):46yFm(1)1787Ω3721RmyFu(Therefore,m)h00746v(Dq(Γ)-16bFt(R3.701)31371A5(f)p)pFtgent23040f)104)pe(=)f(a)1)pFn00)-)4)pΩFtm7bHNF^)7b7nusiVyFt(a3y)35Ω0)-0)15271227n(ΓyFu(ann((s^)7(Q)22i(P(relat403yFg)ph(ΩFtm71353Ω48bFq(d(X7133l)g(43)tFu(()po(2yFn(IbFg949elatiob(~e6Ωb(!929F~)-4M^Ft(Q)44)tFu((Fg(.)!929F43888732yFt56yFmx416hen))44)tFu((F5yF929F~)-4)pFt17523)44)tFu((F450F929F~)-44314434)44)tFu((052yFn(pgFt(Fq(j)pFFq(gf)45tłnded)lFFq(gi,hg(.)oΩFtd)g(lemma)ex)7205237)tFu((787y2n(fl)“)-8Ωb(.)5V −⇓→∐′∞†←F≀⇐∃†←F→⇒∈∀←⌊←F⊔⌊←F\⇐†∋⇒′̸←⌊←F⇓◯→ θ73f0

≲⪖QEF↼that↽i↼ic↽m↼↽ψydΩψvt1↼1↽1784312ψbψ↼↼In↽38ψb1ψ7↽iψF33ψ 1ψ73 ve ↼↼x ↼In↽3yψFo↼0↽2ψFq↼g↽pnygt↼x↽312ψbψ↼↼In↽323y7Ω7↽iψF33ψ process express312ψΩb747ψ371ψyψFq↼τψc0pψFt↼q↽t↼/x↽pω↽28ψ3yψFtFn↼y2ψbψ↼↼In↽3yψFn↼x↽pψFm↼P3ψy↽3dψFt↼Q↽pψFqb↼EFInFt6Fo↼0↽21047ψbψFufγ↽10jt↼15↽ΩtFn↼y2ψbψ↼↼In↽318Ω23439↽m↼h↽g↼case↽41ω↽28ψ3yψFt↽m↼v↽m↼e↽g↼↼↼↽pψFt↼x↽312675q4yψFnthe↽g↼usu24↽28ψ3yψFt46ψ3983gΩψvt1↼1↽1784312ψbψ↼↼In↽322423439↽m↼h↽g↼case2141328ψ3Ωψha↽f↼pro↽sΩ↼cess↽h↼19ψyΩ46↽k↼the↽g↼cw↽m↼a8ψ3yψFtFn↼y2509Ω4yψFnthe↽g↼u2558↽28ψ3yψFt46033↽260ψbψFn↼y2ψFu↼4yψFntΩ↼σ↽n↼1↼a8ψ3yψFtFnΓ↽166yΩ46↽k↼thψyψFq↼Γ↼ω↽28ψ3ΩψhaψFg↼▷↽pψFP00198q4yψFnthe↽g↼u4ψ21↼a8ψ3yψFtFnΓ↽377ψΩΩ46↽k↼thψyψFq↼Q↽22928ψ3yψFt46↼S↽6ψb↼Λs▷↽49ψb↼If2sundnFu↼gγ↽2T1thΩition↽f↼↽↼f↽pψiyψsgFFuished983ψyψψFu↼/↽wre↽↽▷233↽6014C↼51letenFu↼↽Ω1235ψ434033ψy42511ψyψFt1527cge.ψ1ψF5ψb↼agfΩFq↼g↽0ψ2291ψyψF898e1153Ω4Ω5↽33ψbψFu↼ansy49m2re↽ψyg↼1851lete▷↽7ions▷↽49tions↽33ψbψFu↼dΩ↼x↽h↼▷516for↽g151letenFu↼⃗0ψy↼↼Q↽165↼q↽823ψe98ψyi9ΩyψFm↼on26f4gψFr↼ψyψFgΩΩ↼x↽h↼aFt↼g↽Ft↼ψ2511ψyψFq↼↽yψFq↼1↽1923ψlFg↼▷oFt↼R↽bion▷↽pψVictx↽hpΩ16ψb↼ω↽27ψb↼25ψ32Ω25ψ31↼that↽e↼if↽f↼p↽h↼and↽h↼q↽f↼are↽h↼t↽m↼w↽m↼o↽g↼pro↽s↼cesses↽hΩ↼deβned↽g↼as↽0ψ18380ψ9494ψ2t30↽f↼Wψvψ949427ΩyψFu4Q↽pψFa46v↼Summa↽m↼v↽Fu4Qe↽iΩy↼S4↽↽5ψbψbψFn↼y3↽60ΩbψF⇁↽8Ωb↼▷↽5471ψ3ψFu↼↽7003eψF↼▷↽5470ψ949187ψyψFu4Q7ψ46a46v↼M↼Γ↽↼Fu4Q↽↽py↼M7Ω518ψ75828ψyψF⃗2u24↽↽↽py⃗↽4M⌣ψ3Ωb5471ψ3ψFu↼↽700018ψ75828↼⃗eψ8↽eψ↽↽py⃗↽4N⌣ψeψF↽P47ψbΩ15↼The↽75828↼⃗e22↽pψ↽⃗e2th1as

∐∐(Q)13474x=ych.(1tutio2(q)28v(M51y60bFnM^eF)P42630324+b(similaM^eF)Qs(ceFl(1)70) 9M^eF6yFm(1)178316(Q)954+′∈∀⇐Q⇒√q0j,.v(0)024512. ′∈∀⇐Q⇒√′∈∃⇐Q⇒√q/e0ψ37yg↼Δ↽2448ψ8470ψ9491304ΩyψFu4Q1f↼p↽a46v↼ScψyψFo↼FFu4Q150for↽R0↽324ψF6ψyψFm↼116↽22ψbψFg↼▷↽oΩFte↼def9ψbψF31ψψ3ψFu↼↽7003eψF↼▷↽5↽ ℑ′←∋†}⇐·⇒∈△△∀←∀△F⊓⇐↙⇒▽↚⇓

jR467q(Γ)-f8196yFmx4s pr6g(a)fΩF2n00Γ

Q|′∈∀⇐Q⇒√·fq/xΔ’F313Fu(,)7003eF(.)5’:46y46yFo(028Fl(1)70)Ωu37yg(Δ)2448847Fg9Fl(1)-f8196yFmx’y01tΩFm237F(Δ)pΩFt(x(Q)pFq(zoFt(Q)140125’F313Fu(,)7003e005882yFt(S)28Ωb902F31703Fl(1)-f8196yFmzy42511(pr6gΩa)fΩF2)()pΩFt(xfn00P)14010)-1y(F1)461 a σf

ΣRdef9001q(f)43tFu((12355848n(Δ-4F31(g)tf)43tFu((135)5848n(Δ-4ΩFu(,)hQ4011673yt10)1807Σ)2677tfΔ-4Nessi2ffor915fRdef45274f (0(!)

((015)6yF~

RΔ3tFu((1n,)iΩ6yF~

1ΩtFn(y2fl)Δ3tFu((1Ft(gΩ6yF~)(QjqFu())pFt(R)qf(con+35186)26795)Δ3tFu(j(F55iΩ6yF~)-4NessiΩ40ΔΩtFu(j(F830iΩ6yF~)b(88o(0)1880g(for)gΩ(9165)Δ3tΩFu(j(F9m2iΩ6yF~)b(8)qFu(def920m2iΩ613tFu(j(208itu6yF~)-4:46yFm(1~)-431yFu((QjqFu())433640ΔΩtFu(j(2372iΩ6yF~)b(8)q))f154iΩy(+186)2(q)t(73fl)2390Ω51y6Fu(:)gFh((122yFt(3tFu(oppdef453)69ΩFu(:)gFh(j(Q)pF54iΩy)f(9M^4yFt(3tFu((1=x)p54iΩF~)-4Nes6pF5433tFu(j(F642F54iΩy)fb(88732yFt56ΩFo(01735Ft(3tFu((1770F54iΩy)fb(~=x)pFy133)2773fl)23j(F85yF2n(ΔyFo46yFouP)2160Ft(3tFu((2202ΩF2n(Δy=h(expressv0974F5433tFu(j(223)2772n(Δy]465Ω25846.)oΩFtd)g(l6yFmzy23330Ft(3tFu((2d(h.772n((,)70q(Γ)1977Ω2302yF226)p5433tFu(j(2599F54iΩy)f(9Fq43888yFu(P)34b(Ft(3tFu((275F54iΩy)f(QjqFu())4860Ω5433tFu(j(2443F2n(ΔyFo(252628Ft(Γw244634F(.)5))49kΩ(i2858)tFu((788628Ft((.)5oppdef4598862858)tFu(jrela7tf8Ft((.u(me3874ress)21Ft(Q862858)tFu(i41113628Ft(cess)h(21(1)2511yyFt5664v-2ywyFouP)62462858)tFu(i4166b8Ft((.u(d)g(l6yFmzy1Fu(Θ858)tFu(i4175828Ft((.u()244451Fu(def4528Ω40858)tFu(jr2Ft(z8Ft((.s)h(21(1)973Ω27Ft5164v-28ywyFove22)Ω40858)tFu(jr2015)8Ft((.u(d)g69nd)33w))hFn0858)tFu(jr239828Ft((.u(o407y(vi6f099=)fFtsa,())f2()p(3.5))4(Qjq6.)oΩFtd)g(l6yFmzy12.9y78)tFu(i412(2()p)4(Qjq40as)01)28)4(Qjq4bFt(Q)1977Ω2302yF1553Ωy78)tFu(jbFn6b(()p)4(Qjq2266Ω2409494)pF30)f(WΩv9494)201V)75823115)a(T)hΩ(deFu((3(are)2:))pFtAxiomsy1u())p2511yFq()-yFq(1)1923łFg(.o0Ft(5p(3.5¸1)P11arFq(g)w46y48)q266Ω])h(t)m(wbFq(ftionsΩFt(31))m(ws)h(frFu((tΩhe)g(freesg(v)-FFt(y)sf705yFo(f)i(that)fmj)podF)p4edg(v)-5b(a0Ω35i(w)momit4Ft(R)ΩyFm(obFFo(0)174yFn(Œ)2303st3)18g015)141ΩFq(gΩ(of)f(is)g(0)15mj)podF)p4ed141ΩFq(the)g(frees.5)23813746v(LemmayΓ(are)16791yFe(312bFtFg(yFt(g3)60Ωbpe)yg(15)141ired)h904g(yFm(1)1511312bFtFg(192(.)780k(the)g(6444981t((.)5Q(0531371o(1)1511312bFtFg((Ξ.)780k(the)g(2F8981t((.vt1(1)1784Q80Ft422922yFn(’ΩbyFq(Γ)pΩFt(xomp)s(osit3yFe(312bFtFg(yFt(gp,)fFt07y(5ssume)14b:46yFm(1~)-431yFu(Fg(1581728yFt(S)+1779Ωy0(g)pFt())pFt(R)..)pFt(Q)31yFΩtFg(yFt(g4011673))8Ft42(Λs8(.)pF1)dFp=x)p:5)ΩtFn(y2b((In)3129Ft421)m(h)g(case,)23Ft42(Λha)m(v)m(e)g((()pFt(x)312ions23(1)163641548t42(Λha)m(o)1128bFt(p)10ons23(1)163641w)fΩ42(ΛhaFq())f(9)Ft(q)2337Ω7)1)m(h)g(case,16b(42(ΛhaFq(pro)sΩ(cess)h(express(v)Ωm1Ωs23(1)16364!)28(g)pFt()pFt(R)4b:46yFm(1~)-431yp)1075Ω2pFu4461Ft(S)+150!)28(g)pF())pFt(R)qf011673))54827n((w)m9(.)pF1)dFp=x)p:5)(pr)-5b(esFq(Q)pΩFt(x)d(has)h(aFq(Q)pΩFtΩFt(Δ(œ)v503ypΩFtΩF^04171P)2Ωb747371554466.)pΩFt(q)22965034u(1.)49b(g)pFt(œ)iFq(ȷ)1F2n(4Ft(q)2802Ω302634u(1.)49bpFn(Γ)Ft(q)2086Ω466ded)e(to)e7(22004u(1.)49b(g)pFt(œ)ixpress(v)085Ω4Ft(q)2802Ω3233l)4u(1.)49bp-8Ωb(.)547tFq(4Ft(q)2802Ω325897u(1.)49Fm(1)1382306634Ft(q)2802Ω3f(W)4pFu(()pFt(ΩbFu()fiyΓ)Ft(q)2630324dj)poesc9not(2)14432732yiFo(0)185f37bFu(Ωvt1(gp)g(yFm(1)19234171y))pFtHo))m(ws)e=)fFt,(0)229quireo(0)1884iFo203840010t(Qe182((.vt1(1)1784Q(In)386b51yF515)29968Qe182((.b(g)pFt(œ)ixpress(v1(.)b514(Q)14593)-16b(!)27b(26Fq(Γ68Ωbhat)e(if)f(p)h(and)h(q)f(are)h(t)m(w)m(o)g(pro)s(cesses)hΩ(defined)g(as)018Ft(67942t31pF4ess)i9427ΩyF5441Fa46v(M(Γ)-(F54e)iΩy(DM1(R)qas)0146yFo(028Q)(q)t(=7037j)pFt()244884713Fu(,)7003eΩb(.)54717Ω651yFΓDMb(t25as)0146yFo(028Fu(,)70f037yg(Δ)24ΩFe(def9bF31iFl(1)7003eF)46yFoa028(Q)p)t(=7037yg(ΩFt()24488))49bFqFu146yFo(0f)p)t(=7037yg(Δ)24Ω.)54717780k(thΓDM3458Ω47Ft(y)t~)867780k(th(9M^eΩb54713Fu(,)70044547Ft((~e3F8780k(th(9M^FpΩFt(x(Q)pΩ.)547jy)3dFt(Q)p))52(’)pFq(68Ωb(.)51)dFp=x)pagre+)216c027Ωb30)2Ω7Ft((~e3g(v)780k(th(9M^F(z)t0k(thΓDM4)5220bFnM^eΩb(.v(0)0ceFl(1)70))fv(0)0F(z1200y(DM530)0bFnM^eΩbhF0660bF+)-8Ωb4884713Fu(,)7003eΩb(.)547t(6791060ΩyF5414(qa46v(M(Γ)-(67R)1yΩFoScyFo(FF54126bFuDRM7Ωb05pΩFt(x(Q)pFq(j)pFt(R)46037yg)g(a)fΩF6gp,)f=m(yFmzg(Δ)244884713Fu(,)7003eF146037yg)gΩQ)p)pFt(q)t(=cyFmzg(Δ)88yFu(j)pFt(R)qFu(43y7ΩFl(1)-f8116yFmx4d(f)pFt(q)t(=703725Ω(ΩFu(,)hxF7ΩQ)p)pFt(q)t(=gyFmzy1541333)tFvuDRM2)9yFl(1)Fm(116)22bFg(.)46yFo(029(Q)p)pFt(q)t(=e037yg(Δ)24Ω.)5471iFl(1)7003eF)-8b(TIOj)pFt(R)qFu(4652FΩ(,)-f8116yFmx4d(f)pFt(q)t(=703725t(67914246yF5Ω150foa46v(F)-(’)pl(1)301541629F(DF1)5q(f)pFt’F313ΩFu(,)7003eΩb(.)5’:46yFm(1~)-431yFy)3dFt(Q)p))54(0)23044633Ωb(.)51)dFp=x)pagre+s6c027Ωbf58821541on)013vuDF2)42)22bFg(.)oFtzoFt(Q)140125’F313Fu(,)7003e005882yFt(S)28Ωb902F46yFm(1~)-431yFu((Q)13474wFo=z4008)pFt(R)182yFo(0f8116yFm902’wF0660bF034cyFm90hΩf)pFt(q)t(=ixpressw5t(6791324V(67917bV=Λ(tha66Ωa46u(T)hΩ(deFu((2(are)3:))pFtDqrFr(CHq)07y(Rulesp)1882FtFn(y5Ωb(v-3882F8bV=4.)4970oa46v(T1)5q8Ωb(.)51)49bFq4vt1(1)17843121)pΩFtΩFt(Γ3eF(.)5))49bFP426)21590013vuT2)44fl)2151660bF+)-8Ωb48vt1(1)178431214FΩ(,)7003eF(.v(1(1)17843126)21yFnthevuT3a001F(.)5))49bFq43888yFu(b(3)60bF+)14482392t((~e)pF1yFnthe-4M^3Ωb(.vt1(1)1784Q8pFt(R)q001511(pf(.)5))49bFqFt(x(Q)pΩ.)5473)60bF+)194282392t((~e95262yFnthe-4M^3F(.v(1(1Ω1784Q8pFt(R)q-8Ωb1+((Σ82392t((~e2y9F1yFnthe-4M^3Ωb5))49bF99232325~)-55b0f8116yFm)pFti)1Fo(0)1126hhic)m(h)36b(implie26)2166.)pΩFvuT3b003eΩb(.)5’:46yFm(1~)-43135Ω0bF+)14b(F64528(~e138566.)pΩF-4M^3F()784Q8pFt(R)q001Ω11(pf(.)5’:46yFm(1~)-4313560bF+)1944(F64528(~e951476.)pΩF-4M^3F()784Q8pFt(R)qELA)-+((886264528(~e)Ωm21476.)pΩF-4M^eF6yFm(1)178’3ypΩFtΩF^041712747yFn(ΔF99239)m274b(œ0f8116yqs8(.)pFxΩFu(,)hyg)g(aΩt(x)d1241272569~(1770F549)py~)-4M^29sΩ(cess)h(expressx0hΩf)pFt(q)t(=7037253560bF)45838630R)4b:46Fmx’y0p)188283(aVF8828424V(i(fo2944a46u(T)hΩ(deFu((3(are)4:¸1)AxiomsyFo())pFt-1600)-16f6094275dF)2bFgQ)22893138595((.vt1(1)1784Q(In)38w)m(3339F515)293449595((,)70ro)sΩ(cess)h)17733410k(the)g(662468595((.27Ω2002(ion.)4202Ω3020y391.)49bp-8Ωb(.)54719125ion.)4202Ω3093538595((.Fm(1)1382300835ion.)4202Ω3(no)7528yF(Q)p1Ω11if5e)fΩF:46yFm(1~)-431yFu(Fg(50!)3533tFS)+155Fn(70)pF())pFt(R)qFt(R)Ωynygt(x)312bu(Fg(13)20353Ω(the)g(6931no)7528yvt1(1)1784Q8pFt())pFt.)492ons)33bFu(ee)k(gΩ)ΩyFm(obFΩyFirex)pFq(glat40=)fFtytΩyeasy40560v(??)33)260m23870yFuef(foln(fl)(.)43b(W)-8anyFo(o(0)185ittgen)ΩpFt(xR,)fQ)224yvt1(1)1784fΩFt92t364(Q)14g(case,1238Ω32573262(pro)sΩ(cess)h(197563tFS)+114t(q32573015)20755t3661324Ω2287y832573262Ωyny260bFn29b85Ω364(Q)14g(case,1Fo(032573262(pro)sΩ(cess)h(39bFn(z3187Ω3661324Ω2287Q)22942573262.5)23)t(=ΛΔ)17b(Γ(are)1701)Fq(ȷ)1bu(Fg(87294pFttFS)+19293yFu(=)-(g3)60Ωbpe)yg(15)141ired)h904g924‘a)pFt(x)314g(a)fΩFt(Ξm29)pFt(Γp(.p67)241yFyFn(’)23742983ΩyyFl(1)On(ΞΩ11)s(o3s.)49o(0)2104)458ca)m(v)00)2m23870yFujf(foln(2sundnFu()h(233)Ft(’0)33bFu(eeFq(n)4229pFq(g)p(’)pobFΩys97844lat403k(gΩ)ΩyFm(lin(x)p)49o(0)2104)33bFu(anyFhaFt(g)Ft()gΩFt(’)pFu(,yF2rue163)h)bion.)pBj¨)-4(’)porn)2641(ΓypVictx)hF7ΩQa46y48)2266Ω])h0470H446ic)m(yFo(0)1u11851llllo)m(wkuyesults(gΩ)b(Γ)-Victx)h(a104)pi6Ω19(f)slat4046y48)2266Ω]f(requieΩ(particu823!)287528))poseF(33)30Fq(gSeFo(0)235.224111Ω4590FyF3bFu(b(iti18yFΓrequducmplies,)nΩ19(f)p)geom3s.)49oFt(œ)depthat403yFP)11531f(Q.t40()pFt(Q)1’)23^)22b5ssume)227n1385Ω(R)18196FP)11531g(Γf8y(wFt(Slles,HNFsFm(onyVg(v)-Ft()m(h)35u(3.)49b6yFm(1~)-431jFt(R)qEg(a)fΩF[ti)178f^3Ωb5b6yFm(1~)-4Q8pFt(R)qE372511y2734yFVp260bF)2(i48R)2457p(Baslat4eΩb(.)547hFtΩFt(Δ(œ)-4Q8yFn(fl)Ωuvt(pFt())4Ft.)493(g)33bFu(and)fΩFpFt(q)t(=)2(i495)2457p(IuducmplieFpΩFt(xAssume)46q)t(=898e~)-431yp)1075Ω21880491)k(the)g(1261495)2457-4Q8pFt(g(8eF)0)-1115)i49o(0y(~e6)m(a95)2457-4M^eF)-ȷ))p4314464915Ω)4202Ω30964(a95)245754130y)4Ftap)geomm15)141iftgzP5t(P)176)5174yFn(Œ4’)23^)22n)pΩFttb5ssume)~0y(W)-8anapΩFq(r33)18gΩ)renam1063)h(aFq(Q430324dj)poesc9not(2)bi31g(o(0)185hnn((h(a104Ω27412354(~e)728)pΩFttth(9M^FpΩFt(x)h0470yFn(Œ)eΩbh3247y05192=)fFt(œ)tΩFgyF898e1QyFg(41ya1fgeomm15)1g)-FFt(Ω2yΩFt(nΩ4008yFt(Q)1m(e)i(thatfyFn(l47to9o(0)2104eomm15)1eeFq(pΩ16b(!)27b(27562ΩF3(hat)e(if)f(p)h(and)h(q)f(are)h(t)m(w)m(o)g(pro)s(cesses)hΩ(defined)g(as)0187Fu(()pFP)Fn(ˇFt(R)0)-1t(œ)t(j5754130yc(a3y(ust)g(ha)m(v)mW)-8b(egre+s6=)27Ωb442(82t((~e855(()pth(9M^g(as)01)pFt1(iti18y1851leteyF)nΩ19(f)p)Ωg47140V.5)2=x)pFT39831Ft(Q)31yFFt(P)21634F75yFu(and)033)t(”8)pFn(’)155y(Consider)44b(thePΩyy23)(Q)14593F2n(3211yFo(00)q)26672’)23))tFm(~7R)159642bu(Fg(12434)4k(the)g(1))p3211yFQ8pFt(,(6Ω(!yFm(2)(subjf)14734130yFo()fiyΓ)Ft(q)249m)h701345y(PrΩFu(=)i(~)8b(can)g(no)m(w)g(sa)m(y)b(wh42Ω(the)g(27103211yFQ827834)(Q)145944546b(can)g(n)pFt6Ω)t(=8980(rela(thePΩ7761ffi)22b00(rela(theo(00)qFu(=)i(yp66)m(h)g(case,15t(rela(tFg(yFt(g252661ffi)220y)49Ω(rela(theo(00)12366)m(h)g(case,581t(rela(t(xfFt(ctap)geo0100aFr(CHAΩpFt(g)tFFress)2735165666)m(h)g(case,7573(rela(t(xFu(a1Ω4957y5pΩFt(x)h1113)m(y)3))tF)1’)23Q(and)fΩFe)32blles,HNF,1ΩyQyFm)ΩpustyFt(S)27bFq(ya1fgeomm15)121677Ft(Γ~)2339Fq(g)ressN^eF)-ȷ2469.73(1)1636423()p)m(y)i(-4FQ,243Ω73(1)163642271)m(y)i(ueo(0)18841’)23o()fiyΓ)7y0Ω73(1)163642974p)m(y)i(-4o(00)qFu(=)i0198q))py~)yFq(Q160Ω76(~)hΩFn(z0150016)22Γ)77785is)h(case.001016)22Γ+)18495Ω90)m(h)g(case,153016)22t()pFt(R)44957y4y85is)Ω(œ5220016)22Γ+)184g(q)t(=cyFm-ȷ))pFt(q)2630ΩbF034cyFm1)dFp=x)pagre+6c027Ωb1651Fu((~e6(3Ω016)22ΓNy)4F2t()pFt(R)ti18y1851leteyF)nΩ19V.5hFT340f)104)pturn)Ω)e(ifΓypme3874)mW)-85)1118Ft((~ey)s18yFt(-4M^20ΩQ)p)p,)sion98Ft(y)t~)770F18yFt(-4N00)pΩFt(xt(P)32Ω)t(=8984171P)23yy9Ft(S)6b(13t(=Γ9y)i(-4o(00)qFu(=)i1506Ωio2(q)28g(case,)i(0F18yFt(Fm(1)1382316ion9Ft(S)6b(14iΩΓ9y)i(-4o(00)qFu(=)i1836io2(q)28g(case,)881tΓ9y)ΩFt())pFt.)4(=x)pFq982t1241.)49b‘an)g6i2)187447~e)70Ω1241.)49-4M^3F(-ȷ))p43133)61880273Ft(x)p(Q1m8)013b0DM341478t1241.)49,)700n138i2)187(~e675q(241.)49-4M^3ΩF6yFm(1)178-ȷ) 5p(~e675q(390013(9M^FpΩFt(x(Q)p)178-ȷ))p431978t11(Γy73Ft(x2y(Ω17b)4917473750yF)qFu(de33414t(Q149is)h(b(DF1)1478Ω1548t)49,)700n138iar3Ω(~e675q(5rela(theM^FpΩFt(x(Q)pΩ.)5-ȷ))p431978t1507273Ft(x2y(q(5rela(theo(00)qFu(=)i(1F.)f6)m(h)g(case,11591548t)49,)F)qFu(de334Fq(jm(y)i(ue.)495301)laFo(f)497yF40f)7boid)h904y)178-ȷ)6303247y52P)1aFtich36b(impli.003eF)yΩFo(0)Ft(Q)1,,58yFo(05301)k20541403(=89801016)22ΓPΩ77185is 2093s case22m2iΩ1wa⌋⊣∫⌉⇔∈∞̸⊗̸∞∞∈∃←F♥−†∋←⌊⊢⊣⟨Ra Γψ13↼9M⌣ψFpΩFt↼x↼Q↽p↽178η↽ψΓy73Γo↼00↽qFu↼/↽i1Rcase, g/m↼Q86246187↼⃗eψ372iΩ8↼g0ψ13↼9M⌣ψFpΩFt↼x↼Q↽p↽178η↽ψ↽pde334np4Qeψ728↽28ψ3yψΩ↼v↽m↼e↽h↼Θ8↼g↽pψF↼o↼00↽qFu↼/↽i1↽068250ded↽e↼to↽e↼th917Ω23↼g↽pψFt↼R↽qψFu↼de334ψb↼24064528ψFt↼/m↼Q86261587↼⃗eψ372Ω064528ψF↼9M⌣ψFpΩFt↼x↼Q↽p↽178η3187ψ↼y5Ωbb↼e↽42ψ150↽Ω064528ψF↼9de334np4Qeψ757ψ↼y5Ωbb↼e↽42ψ1775qF64528ψF↼9de334qFu↼/↽i1↽8itu65▷↽pΩFt↼q↽22969344064528ψFt↼R↽qψFu↼de334ψb↼2407γ↽2t↼/m↼QΓF546087↼⃗eψ372iΩ785ψFt↼4N0fFt↼x↼Q↽p↽178η3152ΩψF4n▷↽4202Ω304783Ω785ψFt↼4de334np4Qeψ735ψFt4n▷↽4202Ω3072042ψ85ψFt↼4de334qFu↼/↽i1↽7Ω40800ed↽e↼to↽e↼th9183Ω785ψFΩFt↼R↽qψFu↼de33424eψF6ψyψFmAxiomFt1↼itM1s↽h↽b↼2409300ψ↼/m↼QΓF53↽2549⃗eψ372iΩ930ψFt↼4N0ψeψF↽η15165↽88↽0ψ1336ψ41540iΩ930ψFt↼44Qeψ62141ψ4Ωbb↼e↽42ψ↽491b↼Sincp↼Cψ4000↽229214660ψbx↽314g394ψ2n▷↽4202Ω3436ψ91b↼SincΓo↼00↽qFu↼/↽i5ψ0Ω316▷↽pΩFt↼q↽22959494ψb↼Sincy↼th7ψ4331ψψ3tψFS↽⇁172494ψb↼0ψ13vu1↼1↽1784Q888494ψ2n▷↽4202Ω3ired91b↼SincΓo↼00↽qFu↼/↽iio22Ω316▷↽pΩFt↼q↽229106794ψ50ψF⃗↽t↼↽f↼a↽tψFm↼⃗↽3↽30Fducmplief4lat403k↼hΩ9↼f↽p↽geom3s▷↽4919ΩyψFm↼depthat403ψye↽31094271pψ↼3▷5↽↼Qmismatch↽kiΩ3⌣↽22ψbψ10▷↽49ψapplyyFt↼Qducmpli↽↽pψFtBy↼⃗↽3↽30FducmpliψyψFψbℓadψbx↽31235i9429ψyψFt36ψ4238094271pψ⃗↽Γo↼00↽qFu↼/↽i28↼g03286m↼h↽g↼case156694271pψ⃗↽m↼Fq↼4570ψ37Q2Qσ29ψyψΩ636ψ427o↽m↼271pψ⃗↽Γo↼00↽qFu↼/↽i2ψ4133286m↼h↽g↼case1932↼↽▷1ψF⃗↽t↼↽278234↽↼Q↽14ψbℓah↽m↼Ft↼5pψy↽tψ⃗↽535ψ34↽↼0ψ13↼9M⌣ψFpΩFt↼x↼Q↽p↽178η↽ψ↽p43185bψ34b↼Sinco62ψ873Ω34↽↼Q↽14Γo↼00↽qFu↼/↽i985ψ3506↽pΩFt↼q↽2291031no4↽↼Q↽ΩFt↼R↽qψFu↼de33487↼a↽fΩFt↼Ξm↼Q86Ft↼5pψy↽tψ⃗↽ψ372i34↽↼0ψ13↼9M⌣ψFpΩFt↼x↼Q↽p↽178η↽ψ↽p46ψyψ481↼1↽1784Q81758Ω34b↼Sinco62ψ1781ψ34↽↼Q↽14Γo↼00↽qFu↼/↽im8↽5ψ3506↽pΩFt↼q↽2291940Ω34↽↼Q↽14t↼R↽qψFu↼de334ψb↼1ψ3636pψ⃗↽m↼Fq↼45↼Q86F611Ωψy↽tψ⃗↽ψ372i3636pψ⃗↽↼9M⌣ψFpΩFt↼x↼Q↽p↽178η↽ψ↽p4Qeψ675Ω359ψyψFt36ψ416ion3636pψ⃗↽↼9o↼00↽qFu↼/↽i1↽g↼a365↼Q↽14g↼case↽ψ32Ω3636pψ⃗↽t↼R↽qψFu↼de33424eψF6ψyψFmAxiomFt470ψT1s↽h↽b↼2▷↽781pψ↼/m↼Q863756549⃗eψ372i↽781pψ↼theM⌣ψFpΩFt↼x↼Q↽pΩ▷↽5η↽ψ↽pde334np4Qeψ728↽374↼Sinco62ψ1752i↽781pψ↼theo↼00↽qFu↼/↽i1↽06▷↽796RQ ~e372i42Fnthe-4N^eΩbh-ȷ151654(jm016)22b4(!)22Fnthe-44Qe62144(jm01Ω6364!)283can qQ