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1. Background

Background
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LTS

Definition 1 A Labelled Transition System (LTS) is a structure
£=(P,0,—)
where
o P isaset of states or processes,

e O is a set of observables,

e —C P x O x P is the transition relation.
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Parameterised Bisimulations

e A small generalisation of the notion of bisimulations on LTSs [1].

elet £beany LTS and p,c C O x O. RC P xPisal(p,o)-
bisimulation if p Rq implies the following conditions for all a, b €

O.
p 9 = 3.qlapb Ag — ¢ Ap'Ry
q LN ¢ = 3a,p'lacb Ap = p' A p'R{]
e The largest (p, o)-bisimulation (under set containment) is called

(p, o)-bisimilarity and denoted O, ).
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What does it generalise?

e Strong bisimilarity[8]: ~ = EEE)
e Efficiency Preorder[2]: = = Hi=,=)
e Elaboration Preorder([3]: < = O< 2

—

e Weak bisimilarity[8]: =~ = g@%

where

NNNNNNN

= the identity relation on Act or Act*
— {<7ka7l77ma7n) | k+1>m+n,a € Act}
— {(s,t) | 5=1,s,t € Act*}

D 1A
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Other (Pre-)bisimilarities
e Simulation preorder[8]
e Dynamic and static location pre-bisimilarity[4]
e Bisimulation on speed[7/]
e Amortised bisimilarity[35]
may be represented as Hio)
1. for appropriately chosen p and o

2. after transforming the LTS obtained from the operational seman-
tics.
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Some Properties

Many of the nice algebraic properties of bisimularities are induced by
the relations p and o. In fact we have [1]

po) & H(p o)

e Reflexivity. If p, o are reflexive then Y0 1s reflexive.

e Monotonicity. (p,0) C (p',0") = O,

p,0
e Symmetry.

1. If p 1s symmetric then Hip) 1S symmetric.

PP

2. For any p, 1S symmetric.

oo
e Transitivity. If p,o are transitive then Y

0,0 ) 1S transitive.
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Some Properties (Contd.)

e Preorders. U,

e Equivalences. U, )
lently o) 1s a preorder.

1s a preorder iff p and o are both preorders.

1s an equivalence iff o = p_l and p (equiva-

e Consequently, iy
o= p.

0,0) 1s an equivalence if p 1s an equivalence and
Y,
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2. Parameterised HML

Logical Characterisations

Definition 2 A logic L characterises
e preorder T on processes provided L(p) C L(q) iff p C q
e equivalence ~ on processes provided L(p) = L(q) iff p ~ q
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Parameterised HML: Syntax

The language £< 0,0) is given by the following BNF

—1
o, = LT |{appel|la® ©|leAd]|oVy

where a € O.
Notice that this 1s a negation-free logic.

NNNNNNN << | | > > | /CTAC-2077 Go Back FuLL SCREEN CLOSE




Parameterised HML: Semantics
Definition 3 p E o, iff p € ||o||” where

HTHz =P e \/902HP HwHP U ”SOQHP
ILP =0 ller Agall” = llnll” N llal”

I{ayellP = {p| . p[apbApr A e |lolP])
lla” @lIP = {p| Vb, p'lboa Ap — p/ = € |lp|P]}
Definition 4
oL, ={ve€Ll,qs | pFEy}forpeP.
D =(po) QU L(po)(p )§£<p,a)( q)-
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PHML: Characterisation

Proposition S If p,o are both transitive, then PE().0)d implies
P Z(po) ¢
Proof by induction on the structure of ¢ € L, ;(p)

Proposition 6 If p,o are both reflexive then =, ;) is a (p, 0)-
bisimulation.

Proof by contradiction.

Theorem 7 If p, o are both preorders then << 0.0)= B(p.0)
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PHML: Equivalences

From the equivalence characterisations we get

Corollary 8 If 0 = ,0_1 and p (equivalently o) is a preorder, then

j< p,o) IS an equivalence.

Corollary 9 If 0 = p and p (equivalently o) is symmetric then =(

. ) p,0)
LS dn eqmvalence.

NNNNNNN
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PHML: Negation
If
oo =p landp (equivalently o) 1s a preorder or
e 0 = p and p (equivalently o) 1s symmetric
then

1. [a](’_l = |a]” and we have a modal logic parameterised on p (equiv-

alently o),
2. negation may be defined; —(a),¢ = |al’—¢
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3. Contribution

Contribution
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Contribution of this paper

1. PHML 1s a logical characterisation of all bisimilarities (preorders
and equivalences) for processes expressed in the framework of pa-
rameterised bisimulations

2. Conditions required to ensure that distinguishing formulae are al-
ways finite

3. Logical characterisation extended with fixed-point operators to de-
rive characteristic formulae
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4. Distinguishing Formulae

Distinguishing Formulae
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Image Finiteness

Definition 10 An LTS £ = (P, Act,—) is (p, o)-image-finite iff for

any p € P and a € Act, the sets, {q\pgq/\apb}and{qmg

q N\ boa}, are finite. An LTS £ is image-finite upto (p, o)-bisimilarity
ifﬁ;g is (p, o)-image-finite for every p € P.
Definition 11

el = (Reach(p), Act, %;;)

where

Reach(p) = {p} U U Reach(p')
p'eTI(p)

where TI(p) = UQEACt[(ap—Succ(p))t U (O‘CL—SUCC(}?))i]
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Distinguishing Formulae

Data: p,q € £ = (P, Act, —)
Result: if p Hipo) 4 then ffelse ps.t. (p F pand g~ ) or (p ~ @
and q F )

' [ b —
DisL (p,9) = (a,0) : A, apb A g — ' ApEL )

DisR (p,q) = (b,¢') : Ala,p)ach Ap = p' Ap/D[ L d]
Dis (p,q)=DisL (p,q) or DisR (p, q) |
GenForm (p,q)=if p E(p,a) g then return ff

else switch Dis (p,q) do
case (a,p’): return {a)p] \

/ol
" ng//\apb}tGenForm (p,q")

case (b, ¢): return [0] GenForm (p,q)

0_1 \/ .
{p | p—>p'Naob}

endsw
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5. Characteristic Formulae

Characteristic Formulae
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Fixpoint Operators

Definition 12 The syntax of the logic £<); o) is given by the BNF

~1
o =TI L] X [{a)pp|la]” elond]eVy|vXe|pXy
where X € X ranges over a countable set of variables.

e Since formulae may have free variables we require a valuation
Vv -x —2F

e The semantics ||. H@ is defined relative to the valuation V.

o cf(LY ) is the set of closed formulae.
(p,0)
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Semantics of Recursion

X3 = V(X )
©1 \/SOQH% = H%H%U H%H%
w1 A w2l = llerll N ller |l

(a)lp mwv = {p| 3, p[apmpiw Ay e llel Bl
0" oD = {p | Vb, plboanp ) = € ol B}
vX. SOHP = U{ECP|EC ||90HP5/X]}

X ol = NHE S Pl x < €}

where V[E/X|(Y) =V(Y) forall Y # X and V[E/X|(X) = €.
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Valuations and Satisfaction

The semantics of any formula depends upon the valuation supplied.
Consequently, the satisfaction relation needs to be redefined.

Definition 13
epky o iffp € |loll
epkF piffp € ngHgfor all valuations V.
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Partial Ordering on Valuations
Definition 14
Vi < W& VX € XVI(X) CVo(X))

The < ordering yields a complete lattice, (X — ZP, <), over valua-
fions.

Lemma 15 (Monotonicity)
o Vi < Vathen |ol};, C [l

e Op(V) = V[ngﬂg/ X|, is monotonic over the complete lattice
(X — 27, <).
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Model Checking Finite State Systems

e To compute ||vX.o||”, apply O, repeatedly, starting from P
P apply O, repeatedly, starting from ()

e To compute ||uX .|

Theorem 16 Given a finite £T, for any ¢ € cf([,()g U>), p FE pis
decidable. |
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Recursion: Logical Characterisation

Under a definition of (p, o)-bisimilarity closure it turns out

Theorem 17 Given preorders p, o, cf (L()f) 0>) is a logical characteri-

sation of O, 5 for all (p, 0)-image-finite processes, i.e.

p E(p,a) q iﬁvp jcf([’é; 0)> q
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Characteristic Formulae

Definition 18 A closed formula ¢, € ﬁ(); o) is characteristic of a pro-

cess p, if for every ¢ € P, we have p O, ;) q iff ¢ € ngpHP.

Given a process p € P, we define an equational system E" of mu-
tually recursive equations X, = ¢, where ¢, € £¥ | which by

| | (p,0)
standard techniques yields

Xpo=( N (@pX)AABT (X))

a,p’:piﬂ?’ b a,p’:aab/\pim’

NNNNNNN
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Characterising Characteristic
Formulae
X

Theorem 19 A process p has a finite characteristic formula in L (po)
if p and o are preorders with finitely many maximal elements and
every action being less than some maximal element, and 2;2 IS finite

with pgz]; E(IO,@ pe.
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6. Conclusions and Future Work

Conclusions and Future Work

NNNNNNN << < | »>> | /CTAC-20 1 7 Go BAck FuLL SCREEN CLOSE 39 OF 44




NNNNNNN

Concluding Remarks

e PHML 1s some logic but not necessarily modal unless p = o™ .

e It 1s negation-free and deliberately so to retain certain monotonicity
properties.

e The notion of logical characterisation of preorders 1s in principle
what was done 1n [6] for efficiency preorders, but it 1s more general.
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Future Work

e The notion of abstracted LTS (11) could be useful 1in various kinds
of infinite state systems such as timed systems with durations

e Other kinds of abstractions may be used to get over-approximations
or under-approximations of bisimilarities a la abstract interpreta-
tions in the domain of infinitely branching infinite state systems.
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Thank You!

Any Questions?
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