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Network Flow: Applications

 Hall’s Theorem: Given any bipartite graph 𝐺 = (𝑋, 𝑌, 𝐸), 
there is a perfect matching in 𝐺 if and only if for every subset 

𝐴 of vertices of 𝑋, we have |𝐴| ≤ |𝑁(𝐴)|.

 Claim 1(): If there is a perfect matching then for all 

subsets 𝐴 of 𝑋, |𝐴| ≤ |𝑁(𝐴)|.
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 Hall’s Theorem: Given any bipartite graph 𝐺 = (𝑋, 𝑌, 𝐸), 
there is a perfect matching in 𝐺 if and only if for every subset 

𝐴 of vertices of 𝑋, we have |𝐴| ≤ |𝑁(𝐴)|.

 Claim 1(): If there is a perfect matching then for all 
subsets 𝐴 of 𝑋, |𝐴| ≤ |𝑁(𝐴)|.

 Claim 2(): If there is no perfect matching then there is a 
subset 𝐴 of 𝑋 such that |𝐴| > |𝑁(𝐴)|.
 Proof:  Consider the following flow network.
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Network Flow: Applications

 Claim 2(): If there is no perfect matching then there is a 

subset 𝐴 of 𝑋 such that |𝐴| > |𝑁(𝐴)|.

 Proof:  Consider the flow network.

 Claim 2.1: The max-flow in the network is equal to the maximum 

matching in 𝐺.
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Network Flow: Applications

 Claim 2(): If there is no perfect matching then there is a 

subset 𝐴 of 𝑋 such that |𝐴| > |𝑁(𝐴)|.

 Proof:  Consider the flow network.

 Claim 2.1: The max-flow in the network is equal to the maximum 

matching in 𝐺.

 Let 𝑓 be the max integer flow in the network. Consider the residual 

graph 𝐺𝑓. Let 𝑆 be the set of all vertices reachable from 𝑠 in 𝐺𝑓. Let 𝐴’
be vertices of 𝑋 in 𝑆 and 𝐵’ be vertices of  𝑌 in 𝑆.
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Network Flow: Applications

 Claim 2(): If there is no perfect matching then there is a 

subset 𝐴 of 𝑋 such that |𝐴| > |𝑁(𝐴)|.

 Proof:  Consider the flow network.

 Let 𝑓 be the max integer flow in the network. Consider the residual 

graph 𝐺𝑓. Let S be the set of all vertices reachable from 𝑠 in 𝐺𝑓. Let 𝐴’
be vertices of 𝑋 in 𝑆 and 𝐵’ be vertices of  𝑌 in 𝑆.

 Claim 2.2: 𝐵’ = 𝑁(𝐴’).
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Network Flow: Applications

 Claim 2(): If there is no perfect matching then there is a subset 
𝐴 of 𝑋 such that |𝐴| > |𝑁(𝐴)|.
 Proof:  Consider the flow network.

 Let 𝑓 be the max integer flow in the network. Consider the residual graph 
𝐺𝑓. Let 𝑆 be the set of all vertices reachable from 𝑠 in 𝐺𝑓. Let 𝐴’ be vertices 
of 𝑋 in 𝑆 and 𝐵’ be vertices of  𝑌 in 𝑆.

 Claim 2.2: 𝐵’ = 𝑁(𝐴’).

 Capacity of the cut = max-flow < 𝑛 = 𝑋
⇒ 𝑛 − 𝐴′ + 𝑁 𝐴′ < 𝑛
⇒ |𝐴′| > |𝑁(𝐴′)|
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Network Flow: Applications

 Hall’s Theorem: Given any bipartite graph 𝐺 = (𝑋, 𝑌, 𝐸), 
there is a perfect matching in 𝐺 if and only if for every subset 

𝐴 of vertices of 𝑋, we have |𝐴| ≤ |𝑁(𝐴)|.

 If there is no perfect matching, the maximum flow in the 

network also gives a subset 𝐴 for which |𝐴| > |𝑁(𝐴)|.

 This can be considered a certificate of the fact that there is no 

perfect matching in 𝐺.
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Team elimination



Network Flow: Applications

 Suppose there are 4 teams in the IPL with their current 

number of wins:

 CSK: 10

 MI: 10

 DC: 10

 KKR: 8

 There are 7 more games to be played.

 KKR plays all 3 teams

 CSK vs MI, MI vs DC, DC vs CSK, and MI vs CSK.

 A team is said to be eliminated if it cannot end with 

maximum number of wins.

 Can we say that KKR has been eliminated?



Network Flow: Applications

 Suppose there are 4 teams in the IPL with their current 

number of wins:

 CSK: 10

 MI: 10

 DC: 9

 KKR: 8

 There are 7 more games to be played.

 KKR plays all 3 teams

 CSK vs MI, CSK vs MI, CSK vs MI, CSK vs MI.

 Can we say that KKR has been eliminated?



Network Flow: Applications

 Problem:  There are 𝑛 teams. Each team 𝑖 has a current 

number of wins denoted by 𝑤(𝑖). There are 𝐺(𝑖, 𝑗) games 

yet to be played between team 𝑖 and 𝑗. For a given team 𝑥, 

has 𝑥 been eliminated?



Network Flow: Applications

 Problem:  There are 𝑛 teams. Each team 𝑖 has a current 

number of wins denoted by 𝑤(𝑖). There are 𝐺(𝑖, 𝑗) games 

yet to be played between team 𝑖 and 𝑗. For a given team 𝑥, 

has 𝑥 been eliminated?
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𝑚 − 𝑤(𝐶𝑆𝐾)

Team 𝑥 can end with at most 𝑚 wins, i.e., 𝑚 = 𝑤 𝑥 +  𝑗 𝐺(𝑥, 𝑗).
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 Claim: Team 𝑥 has been eliminated if and only if the 

maximum flow in the network is strictly less than 𝑔∗ =
 𝑖,𝑗≠𝑥𝐺(𝑖, 𝑗). 
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Team 𝑥 can end with at most 𝑚 wins, i.e., 𝑚 = 𝑤 𝑥 +  𝑗 𝐺(𝑥, 𝑗).
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 If we can somehow find a subset 𝑇 of teams (not including 𝑥) 

such that   𝑖∈𝑇𝑤 𝑖 +  𝑖,𝑗∈𝑇,𝑖<𝑗𝐺 𝑖, 𝑗 > 𝑚 ⋅ |𝑇|. 

Then we have a witness to the fact that 𝑥 has been eliminated.

 Can we find such a subset 𝑇?
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 () Suppose 𝑥 has been eliminated, then the max-flow in 

the network < 𝑔∗.
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