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Divide and Conquer: Examples

Fast Fourier Transform (FFT)



Divide and Conquer: Examples

 Problem: Given two polynomials 

𝐴 𝑥 = 𝑎0 + 𝑎1 ⋅ 𝑥 + 𝑎2 ⋅ 𝑥
2 + … + 𝑎𝑛−1 ⋅ 𝑥𝑛−1, 

and 

𝐵 𝑥 = 𝑏0 + 𝑏1 ⋅ 𝑥 + 𝑏2 ⋅ 𝑥
2 + … + 𝑏𝑛−1 ⋅ 𝑥𝑛−1

multiply them.



Divide and Conquer: Examples

(𝑎0, … , 𝑎𝑛−1)
(𝑏0, … , 𝑏𝑛−1)

(𝑐0, … , 𝑐2𝑛−2)

(𝐴(𝑠1), … , 𝐴(𝑠2𝑛))
(𝐵(𝑠1), … , 𝐵(𝑠2𝑛))

(𝐶(𝑠1), … , 𝐶(𝑠2𝑛))

𝑂(𝑛2)

Polynomial interpolation 

𝑂(𝑛)

Polynomial evaluation
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 Polynomial interpolation: We have (𝐶(𝑠1), … , 𝐶(𝑠2𝑛)) and 

we need to compute (𝑐0, … , 𝑐2𝑛−2).

𝑐0

𝑐1

𝑐2

…

𝑐2𝑛−1

𝐶(𝑠1)

𝐶(𝑠2)

𝐶(𝑠3)

…

𝐶(𝑠2𝑛)

=*

 Is the above square matrix invertible?

1 𝑠1 (𝑠1)
2 … 𝑠1

2𝑛−1

1 𝑠2 (𝑠2)
2 … 𝑠2

2𝑛−1

1 𝑆3 (𝑠3)
2 … 𝑠3

2𝑛−1

… … … … …

1 𝑆2𝑛 (𝑠2𝑛)
2 … 𝑠2𝑛

2𝑛−1
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 A square matrix is invertible iff its determinant is non-zero. 

 The matrix shown below has a special name: Vandermonde

Matrix.

 Claim: 



nij

ji ssVDet
21

)()(

1 𝑠1 (𝑠1)
2 … 𝑠1

2𝑛−1

1 𝑠2 (𝑠2)
2 … 𝑠2

2𝑛−1

1 𝑆3 (𝑠3)
2 … 𝑠3

2𝑛−1

… … … … …

1 𝑆2𝑛 (𝑠2𝑛)
2 … 𝑠2𝑛

2𝑛−1
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 A square matrix is invertible iff its determinant is non-zero. 

 The matrix shown below has a special name: Vandermonde

Matrix.

 Claim: 

 So, as long as we use distinct values of 𝑠1, … , 𝑠2𝑛, we will be 

able to do polynomial interpolation.





nij

ji ssVDet
21

)()(



Divide and Conquer: Examples

(𝑎0, … , 𝑎𝑛−1)
(𝑏0, … , 𝑏𝑛−1)

(𝑐0, … , 𝑐2𝑛−2)

(𝐴(𝑠1), … , 𝐴(𝑠2𝑛))
(𝐵(𝑠1), … , 𝐵(𝑠2𝑛))

(𝐶(𝑠1), … , 𝐶(𝑠2𝑛))

𝑂(𝑛2)

Polynomial interpolation 
• Inverting the Vandermonde Matrix

• Multiplication with a vector

𝑂(𝑛)

Polynomial evaluation 
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(𝑎0, … , 𝑎𝑛−1)
(𝑏0, … , 𝑏𝑛−1)

(𝑐0, … , 𝑐2𝑛−2)

(𝐴(𝑠1), … , 𝐴(𝑠2𝑛))
(𝐵(𝑠1), … , 𝐵(𝑠2𝑛))

(𝐶(𝑠1), … , 𝐶(𝑠2𝑛))

𝑂(𝑛2)

Polynomial interpolation 
• Inverting the Vandermonde Matrix

• Multiplication with a vector

𝑂(𝑛)

Polynomial evaluation

• How many operations does it take?

• Naïve: 𝑂(𝑛2)
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 Example: 

 𝐴(𝑥) = 3 + 4𝑥 + 6𝑥2 + 2𝑥3 + 𝑥4 + 10𝑥5 + 2𝑥6 + 𝑥7

 𝐴(𝑥) = (3 + 6𝑥2 + 𝑥4 + 2𝑥6) + 𝑥(4 + 2𝑥2 + 10𝑥4 + 𝑥6)

 𝐴0(𝑥) = (3 + 6𝑥2 + 𝑥4 + 2𝑥6)

 𝐴1(𝑥) = (4 + 2𝑥2 + 10𝑥4 + 𝑥6)

 𝐴0(1) = 12, 𝐴1(1) = 17, so 𝐴(1) = 12 + 1 ∗ 17 = 29

 What is 𝐴(−1)?
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 Example: 

 𝐴(𝑥) = 3 + 4𝑥 + 6𝑥2 + 2𝑥3 + 𝑥4 + 10𝑥5 + 2𝑥6 + 𝑥7

 𝐴(𝑥) = (3 + 6𝑥2 + 𝑥4 + 2𝑥6) + 𝑥(4 + 2𝑥2 + 10𝑥4 + 𝑥6)

 𝐴0(𝑥) = (3 + 6𝑥2 + 𝑥4 + 2𝑥6)

 𝐴1(𝑥) = (4 + 2𝑥2 + 10𝑥4 + 𝑥6)

 𝐴0(1) = 12, 𝐴1(1) = 17, so 𝐴(1) = 12 + 1 ∗ 17 = 29

 What is 𝐴(−1)?

 𝐴 −1 = 𝐴0(−1) + −1 ⋅ 𝐴1(−1)
= 𝐴0(1) + −1 ⋅ 𝐴1(1)
= 12 − 17 = −5



Divide and Conquer: Examples

 Example: 

 𝐴(𝑥) = 3 + 4𝑥 + 6𝑥2 + 2𝑥3 + 𝑥4 + 10𝑥5 + 2𝑥6 + 𝑥7

 𝐴(𝑥) = (3 + 6𝑥2 + 𝑥4 + 2𝑥6) + 𝑥(4 + 2𝑥2 + 10𝑥4 + 𝑥6)

 𝐴0(𝑥) = (3 + 6𝑥2 + 𝑥4 + 2𝑥6)

 𝐴1(𝑥) = (4 + 2𝑥2 + 10𝑥4 + 𝑥6)

 𝐴0(1) = 12, 𝐴1(1) = 17, so 𝐴(1) = 12 + 1 ∗ 17 = 29

 What is 𝐴(−1)?

 𝐴 −1 = 𝐴0(−1) + −1 ⋅ 𝐴1(−1)
= 𝐴0(1) + −1 ⋅ 𝐴1(1)
= 12 − 17 = −5

 If we want to compute 𝐴 on −1,1,−2,2,−3,3,−4,4 then we need 

to compute 𝐴0 and 𝐴1 on only 1,2,3,4.
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 Example: 

 𝐴(𝑥) = 3 + 4𝑥 + 6𝑥2 + 2𝑥3 + 𝑥4 + 10𝑥5 + 2𝑥6 + 𝑥7

 𝐴 𝑥 = 3 + 6𝑥2 + 𝑥4 + 2𝑥6 + 𝑥 ⋅ (4 + 2𝑥2 + 10𝑥4 + 𝑥6)

 𝐴0(𝑥) = (3 + 6𝑥2 + 𝑥4 + 2𝑥6)

 𝐴1(𝑥) = (4 + 2𝑥2 + 10𝑥4 + 𝑥6)

𝑒𝑖𝜋/4
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 Example: 

 𝐴(𝑥) = 3 + 4𝑥 + 6𝑥2 + 2𝑥3 + 𝑥4 + 10𝑥5 + 2𝑥6 + 𝑥7

 𝐴(𝑥) = (3 + 6𝑥2 + 𝑥4 + 2𝑥6) + 𝑥(4 + 2𝑥2 + 10𝑥4 + 𝑥6)

 𝐴0(𝑥) = (3 + 6𝑥2 + 𝑥4 + 2𝑥6)

 𝐴1(𝑥) = (4 + 2𝑥2 + 10𝑥4 + 𝑥6)

 𝐴00(𝑥) = (3 + 𝑥4), 𝐴01(𝑥) = (6 + 2𝑥4)

 𝐴10(𝑥) = (4 + 10𝑥4), 𝐴11(𝑥) = (2 + 𝑥4)
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(𝑎0, … , 𝑎𝑛−1)
(𝑏0, … , 𝑏𝑛−1)

(𝑐0, … , 𝑐2𝑛−2)

(𝐴(𝑠), … , 𝐴(𝑠2𝑛))
(𝐵(𝑠), … , 𝐵(𝑠2𝑛))

(𝐶(𝑠1), … , 𝐶(𝑠2𝑛))

𝑂(𝑛2)

Polynomial interpolation 
• Inverting the Vandermonde Matrix

• Multiplication with a vector

𝑂(𝑛)

Polynomial evaluation

• How many operations does it take?
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 Can we choose 𝑠1, … , 𝑠2𝑛 in a more clever manner so 

that evaluating the polynomials 𝐴 and 𝐵 on these 

points cost fewer operations?

 We will use complex roots of unity!

 We will use the 2𝑛 roots of the equation 

𝑥2𝑛 − 1 = 0

 𝑠1 = 𝑒1⋅2𝑖𝜋/2𝑛,

 𝑠1 = 𝑒2⋅2𝑖𝜋/2𝑛,

 …

 𝑠𝑗 = 𝑒𝑗⋅2𝑖𝜋/2𝑛,

 …
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 Let 𝑤 be one of the 2𝑛 roots of unity.
 𝐴 𝑤 = 𝑎0+ 𝑎2 ⋅ 𝑤

2 + 𝑎4 ⋅ 𝑤
4+⋯ +𝑤 ⋅ (𝑎1+ 𝑎3 ⋅ 𝑤

2+ 𝑎5 ⋅ 𝑤
4 +⋯)

= 𝐴𝑒𝑣𝑒𝑛 𝑤2 + 𝑤 ⋅ 𝐴𝑜𝑑𝑑(𝑤
2)

 If we have 𝐴𝑒𝑣𝑒𝑛(𝑤
2) and 𝐴𝑜𝑑𝑑(𝑤

2), the computing 𝐴(𝑤)
takes constant number of operations.

 Suppose 𝑇(𝑛) denotes the worst case time to compute a 

polynomial at all the 2𝑛 roots of unity.

 Using the above equation, can we say that:

𝑇 𝑛 = 2 ⋅ 𝑇(𝑛/2) + 𝑂(𝑛)
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 Let 𝑤 be one of the 2𝑛 roots of unity.
 𝐴 𝑤 = 𝑎0+ 𝑎2 ⋅ 𝑤

2 + 𝑎4 ⋅ 𝑤
4+⋯ +𝑤 ⋅ (𝑎1+ 𝑎3 ⋅ 𝑤

2+ 𝑎5 ⋅ 𝑤
4 +⋯)

= 𝐴𝑒𝑣𝑒𝑛 𝑤2 + 𝑤 ⋅ 𝐴𝑜𝑑𝑑(𝑤
2)

 If we have 𝐴𝑒𝑣𝑒𝑛(𝑤
2) and 𝐴𝑜𝑑𝑑(𝑤

2), the computing 𝐴(𝑤)
takes constant number of operations.

 Suppose 𝑇(𝑛) denotes the worst case time to compute a 

polynomial at all the 2𝑛 roots of unity.

 Using the above equation, can we say that:

𝑇 𝑛 = 2 ⋅ 𝑇(𝑛/2) + 𝑂(𝑛)

 Since 𝑤2 is one of the 𝑛th roots of unity.



Divide and Conquer: Examples

(𝑎0, … , 𝑎𝑛−1)
(𝑏0, … , 𝑏𝑛−1)

(𝑐0, … , 𝑐2𝑛−2)

(𝐴(𝑠1), … , 𝐴(𝑠2𝑛))
(𝐵(𝑠1), … , 𝐵(𝑠2𝑛))

(𝐶(𝑠1), … , 𝐶(𝑠2𝑛))

𝑂(𝑛2)

Polynomial interpolation 
• Inverting the Vandermonde Matrix

• Multiplication with a vector

𝑂(𝑛)

Polynomial evaluation

• How many operations does it take?

• complex roots: 𝑂(𝑛 log 𝑛)
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 Claim: Let 𝑤 = 𝑒2𝜋𝑖/2𝑛. Let 𝑉 be the Vandermonde matrix 

w.r.t. the 2𝑛 roots of unity. 

Then,  [𝑉−1]𝑖𝑗 = 𝑤−𝑖𝑗/(2𝑛).

1 1 1 … 1

1 𝑤 (𝑤)2 … 𝑤 2𝑛−1

1 𝑤2 (𝑤2)2 … 𝑤2 2𝑛−1

… … … … …

1 𝑤2𝑛−1 (𝑤2𝑛−1)2 … 𝑤2𝑛−1 2𝑛−1
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𝑉−1 =
1

2𝑛
⋅

 𝑉 ⋅ (𝑐0, 𝑐1, … , 𝑐2𝑛−1)
𝑇 = (𝐶(1), 𝐶(𝑤),… , 𝐶(𝑤2𝑛−1))𝑇

 How do we compute 𝑐𝑖?

1 1 1 … 1

1 𝑤−1 𝑤−1 2 … 𝑤−1 2𝑛−1

1 𝑤−2 (𝑤−2)2 … 𝑤−2 2𝑛−1

… … … … …

1 𝑤−(2𝑛−1) (𝑤−(2𝑛−1))2 … 𝑤−(2𝑛−1) 2𝑛−1
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(𝑎0, … , 𝑎𝑛−1)
(𝑏0, … , 𝑏𝑛−1)

(𝑐0, … , 𝑐2𝑛−2)

(𝐴(𝑠1), … , 𝐴(𝑠2𝑛))
(𝐵(𝑠1), … , 𝐵(𝑠2𝑛))

(𝐶(𝑠1), … , 𝐶(𝑠2𝑛))

𝑂(𝑛2)

Polynomial interpolation 
• Inverting the Vandermonde Matrix

• Simple

• Multiplication with a vector

• Polynomial evaluation at 

complex roots: 𝑂(𝑛 log𝑛)

𝑂(𝑛)

Polynomial evaluation

• How many operations does it take?

• complex roots: 𝑂(𝑛 log 𝑛)
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(𝑎0, … , 𝑎𝑛−1)
(𝑏0, … , 𝑏𝑛−1)

(𝑐0, … , 𝑐2𝑛−2)

(𝐴(𝑠1), … , 𝐴(𝑠2𝑛))
(𝐵(𝑠1), … , 𝐵(𝑠2𝑛))

(𝐶(𝑠1), … , 𝐶(𝑠2𝑛))

𝑂(𝑛2)

𝑂(𝑛)

𝑂(𝑛 log 𝑛) 𝑂(𝑛 log𝑛)



End


