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Combinational Logic

* Qutput is function only of present
values of inputs

» ...as opposed to Sequential Logic

« where output could depend on
previous values

 What netlists are NOT
combinational?

(C) P.R. Panda, IIT Delhi, 2025

inputs outputs

Example combinational circuit



Representing Combinational Logic

* Representing multiple
outputs in Truth Table?

* K-Map representation?

X yz

000
001
010
011
100

_ A
—_ A O

AOA

_ A A A OO0 0O T

Combinational
Logic

outputs
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Tasks with Combinational Logic Circuits

* Analyse the behaviour of a logic circuit

* Synthesise a circuit for a given behaviour
* Manually
* Specity using Hardware Description Language (HDL)

e Study standard combinational circuits

* Arithmetic operations (addition, multiplication,...)



Analysing a Combinational Circuit (Netlist)

ab c

 What Boolean —

function does a gate |

netlist implement? —

e Follow the netlist I-
from inputs to output

* identify Boolean
functions at
intermediate stages




Synthesising a Combinational Circuit

« Capturing informal specification in precise language
* |dentity input and output variables

* Represent the logic
 Truth tables
* Boolean expressions

« Simplify Boolean expressions
* Implement gate netlist
* Verify: simulation

(C) P.R. Panda, IIT Delhi, 2025



Example Design: Gray Code Converter

* Specification: Binary Code Gray Code
Given a 3-bit Binary 0. 000 000
Code, convert to 1. 001 001

' 2: 010 011

Gray Code 3. 011 010
4. 100 110

5: 101 111

6: 110 101

/: 111 100

(C) P.R. Panda, IIT Delhi, 2025



I Example: Inputs and Outputs, Representation

COO 01 11
Inputs Outputs \n n n n
000 000 1---- bcoo 01 11
S ‘guamn
010 011 x (a, b, c)
011 010 bcgo 01 11 1““““
LI o [ [ ]
101 111 z(a, b, c)
0 o e
111 100

y(a, b, c)

(C) P.R. Panda, IIT Delhi, 2025




I Example: Boolean Simplification

Inputs

000
001
010
011
100
101
110
111

Outputs

000
001
011
010
110
111
101
100

y= a'b + ab’

(C) P.R. Panda, IIT Delhi, 2025




Gate Implementation

Binary Code (a, b, c)

ab c

Gray Code (x, y, z)

X=a

— y=a'b+ab’

— z=b'c+ bc’

(C) P.R. Panda, IIT Delhi, 2025



Designing a 1-bit Adder

* Specification: single-bit

binary addition
* Inputs: x, y

* Outputs: sum (s), carry (c)

e Truth Table

* Boolean simplification

(C) P.R. Panda, IIT Delhi, 2025

Xy Ccs

00 OO
01 O1
10 O1
11 10




Adder: Simplitication and Implementation

: . . Xy cCcs
* Boolean simplification -
. . 01 01 C=Xy
* Gate implementation 10 01 s=xXy+xy'=x®y

11 10




4-bit Adder

* Specification: 4-bit binary addition
* Inputs: X34, Y3.0

* Outputs: sum (s5_ ), carry (c)

* Truth Table?

- Composing larger designs out of
smaller ones

(C) P.R. Panda, IIT Delhi, 2025

X3.0 0110
Y3.0 + 1011
= 10001
H_I

C S3.0



|dentity repeating pattern

At each bit position i:

| /_.\ Inputs: x, y;, ¢
Outputs: s, c.
X3.0 o 1 10 X6 G :‘ |1
Yso + 101 1 co1 2 T
= 10001 T
o 100 O 1 l
. ) 101 1 O S
c = 110 1 O |
3.0 111 1 Full Adder

(C) P.R. Panda, IIT Delhi, 2025



I Boolean Function for Full Adder

At each bit position i:
Inputs: a, b, c
Outputs: c°, s

C00 01 11 10
abc c° s
000 O O
001 O 1
S 1ﬂﬂﬂﬂ
o111 1 O
100 O 1
101 1 O Carry Out:
110 1 O c°=ab + bc+ca
111 1 1

Full Adder

(C) P.R. Panda, IIT Delhi, 2025

\COO
1Iﬂlﬂ

s =ab’c’ + a’b'c + a’'bc’ + abc
= a(bc+ b'c’) + a'(b'c + bc')
=a®dPbPc




Halt Adder vs. Full Adder

Half Adder
X. .
Y XY CiSi
‘ l OO0 0O
O1 O1

10 O 1
+ 11 10

‘ Si=X'Yit XY =XDY;
S. C =Xy

nl

Full Adder
Xi yi XiYViCi  Ciiq S
‘ l . ;=X DY, D¢
O0o01 O {1
Cir1 = XjY; + X, + Y
C 010 O {1
i+14= L €= C; 0911 1 O
100 O 1
‘ 101 1 O
110 1 O
Si 111 1 1
XI_ Xi—
Yim— _L Yi— _I_
Yi=— — — .
N

C, = i+1

X =




Ripple Carry Adder (RCA)

At each bit position i:
Inputs: x, y, C
Outputs: s, c,

X3 Y3 X Yo o X1 Y1 Xy Yo
e U T o I A
010 0 1 — FA < FA < FA < FA « o
100 o 1 l | | I
110 1 o S; S, S) S
| I1=u1IIA<:Ide: Chain of Full Adders

(C) P.R. Panda, IIT Delhi, 2025



Adder delay analysis

* How many gate levels for final output?

 Delay for n-bit RCA?
* What if Full Adder Sum and Carry delays were different?

* e.g., Sum: 8 nsand Carry: 5 ns

« Can we make it faster?

» Use faster gates on Carry propagation path

* Partial computation ahead of time: Carry Lookahead

(C) P.R. Panda, IIT Delhi, 2025



Carry In and Out in Full Adder

 Carry Generation: When do we generate
a carry out irrespective of input carry?

* carry_out = 1 irrespective of carry_in values

* Carry Propagation: When do we

propagate an input carry to the output
irrespective of input values?

e carry = carry_in irrespective of x, y values

(C) P.R. Panda, IIT Delhi, 2025

X; Yi Ci

+

00O
001
010
011
100
10 1
110
111

Full Adder

- = 20 =000
- OO0 =+ 0 =+ =2 0lw»

G; =Xxy;
P =x0Yy;



Using Propagate and Generate Values

» Sum and Carry_out can be derived
from P,and G, values

* 1 logic level to generate P, and G,
* treating AND and XOR as 1 gate level

* 1 logic level to generate Sum

(C) P.R. Panda, IIT Delhi, 2025

S=XDYD¢

Ci+1 = XjY; T XC; + Y;C;

G, =xY;

P.=xQYy;
——



Carry Lookahead Logic

G =G+ P
¢, =Gy+ Pyc
c, =G+ P,¢c, =G+ P,(Gy+ Py o) = G+ P,G, + P,P,
c; = G,+ P,¢c, = G,+ P,(G,+ P,G,+ P,P,¢c,) = G,+ P,G,+ P,P,G, + P,P,P, ¢,

c, = G3+ P3c; = Gy+ P4(G,+ P,G,+ P,P,G,+ P,P,P,c,)
= G;+ P;G,+ P;P,G,+ P;P,P,G, + P;P,P,P, ¢,

« 2logiclevels to generate c, from ¢,
« Approx: 5i/p gate has same delay as 2 i/p gate

(C) P.R. Panda, IIT Delhi, 2025



4-bit Carry Lookahead Adder (CLA)

G; = xy; s, =P,D¢
Pi=x®Yy ¢, =G +Pc

¢, =Gy+ Py

¢, =G,+P,G,+P,P,¢,

¢; = G,+ P,G,+ P,P,G,+ P,P,P, ¢,

¢, = Gy+ P,G,+ P;P,G,+ P,P,P.G, + P,P,P,P, ¢,

1 logic level to generate all P, and G,

2 logic levels to generate ¢, from Co” .
« Approx: 5i/p gate has same delay as 2 ilp -gate

1 logic level to generate all sums s, -~

4-bit Adder delay: 1+2+1 =4 Ievels

(C) P.R. Panda, IIT Delhi, 2025

/




4-bit CLA: Simplitied Diagram

X; Yi

s XY
P..G;
c4 Co ® C plg
- -«
arm

cout cin
G
Sj * * ‘

(C) P.R. Panda, IIT Delhi, 2025




| 16-bit Adder from 4-bit CLA

s XY s XYy s XY s XY gi =XYi

Pi =xDY;
S; = p; D c;
C :9 C ,9 C /9 /9 1 i i
< Ci1 =9t Pi¢;
cout cin cout cin cout cin cout cin

How do we extend the structure?

(C) P.R. Panda, IIT Delhi, 2025



Q‘ vh

CL block-level carry propagate/generate

g =XYi
Pi =xDY;
$i=Pi®¢

P.9

cout cin

non
N W
h
v\
h
@

(C) P.R. Panda, IIT Delhi, 2025



| 16-bit Adder from 4-bit CLA

s XYy g =XY;

Pi =xDY;

s; =P; D ¢
Ci1 = 9T PiC

(C) P.R. Panda, IIT Delhi, 2025



16-bit Adder from 4-bit CLA

s XY

258

S

X

y

bohop

o ﬂ

{g cm

g =XYi
Pi =xDY;
s, =pi D¢

p.g f

‘~~s
*p C|n \\
/

c P.g
CL .

Vordg ein

(C) P.R. Panda, IIT Delhi, 2025

P’ = P3P2P1Po
9’ =9s + P39, + P3P291* P3P2P190

" P =p'3p"2P"1P’o

9" =95+ P39, +P3P29: '+ P3' P2 P10



16-bit Adder from 4-bit CLA: Delay Analysis

Signal Path

P = P3P2P1Po Signals traverse up/down, not left/right

9’ =93+ P39, + P3P291*+ P3P2P190 l
P =p'3P 2P 1P P
9" =95+ p'39,+ P3'P29: '+ P3' P2 P10’

(C) P.R. Panda, IIT Delhi, 2025



64-bit Adder from 16-bit CLAs

s XYy s XYy

] ) ﬁ“g c# @P'g

*p'ig'!cin




| n-bit Subtraction

cd=x-y Y3 Y2 Y1 Yo
e d=x+(y) X5 X, X; % X
e -y: 2's complement of y -
C
c-yry + . 2 & C1 Cq
* y': inverter
d3 d; d; dy

e How do we add 17

(C) P.R. Panda, IIT Delhi, 2025



Programmable Adder/Subtractor

Adder Subtractor
Y3 Y2 Y1 Yo
¥ ¥ ¥
X3 Y3 X2 Y2 X1 Y1 Xo Yo X3 X2 X1 X0
BN T T N I S R I S N A
< FA < FA <« FA < FA <+« <« FA < FA < FA <+ FA +o
v v v v v v v v
S3 S2 S So ds d, of do

Very similar!
Can we combine into one structure?

(C) P.R. Panda, IIT Delhi, 2025




Programmable Adder/Subtractor

I

Y3
e ¥
« FA

v

dj

v

"

Wl

<+ [FA €= FA € ¢

(C) P.R. Panda, IIT Delhi, 2025

0: Add
1: Subtract

0:
l:z=y
hat function is z (y, M)?



Programmable Adder/Subtractor

M M = 0: Add
J M = 1: Subtract
ysl yzl yi yol y M
‘ ‘ ‘ ‘ “ M=0:z=y
X3 X X1 %0 M=1:z=y
. ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ What function is z (y, M)?
4 C C C
<+« FA + FA <« FA € FA <« g 2 M 2
‘ @ ‘ ‘ 8(1) (1) z=Moy
ds d; d, do 10 1

(C) P.R. Panda, IIT Delhi, 2025



I Binary Multiplier

1x1 Multiplier

0]
x 1
=0

1
x O
=0

-

X
=0

X

Xy

00
01
10

P
o)
o)
o)
11 1

4x4 Multiplier
ifolo]t
» ERCHERER-.
ol
IIIIII"

+ OO

of i lijofolo]if

(C) P.R. Panda, IIT Delhi, 2025

Partial Products

Product



I Multiplication Algorithm

4x4 Multiplier

oo
:xlﬂnl

4

+Iﬂﬂl’
of i lijofolo] ]

Multiplication Algorithm

if Multiplier bit b

Next
Mi)l(hpher =Z Partial Product =M
bit =[i): Partial Product = 0
/
A

Shift Partial Product
Left 1 position

/
1

I

I

I

ey | | [ [ [ ]

| Add Partial Product
“'........tORunmr@SUrn
‘ [—

(C) P.R. Panda, IIT Delhi, 2025



I Multiplier Logic

Multiplication Algorithm

if Multiplier bit b
=[N : Partial Product = M
=[)): Partial Product = 0

.  EvOoon
I\/IuI’upI;er n»nnnn

7S
@ o S BN B B BN BN BN NN NN NN NN NN NN BN BN BN BN BN BN BN BN BEN BN BN NN NN NN NN BN BN BN B B

Shift Partial Product
Left 1 position

I
+ ....... Add Partial Product
EEEEEEEE T

(C) P.R. Panda, IIT Delhi, 2025

LR,

partial
product

partial
product



I Multiplier Logic

Multiplication Algorithm

Next BRs [0 [0EE i multiplier bit b
I\/li)l(tlpller » =B : Partial Product = M
bit n»nnnn =[)): Partial Product = 0
/
S e e " shift

! Shift Partial Product :
i Left 1 position ab Partial Product
[ +ANEEEEN, = I
| Add Partial Product
= ANNEEEEE T
\
N e e

(C) P.R. Panda, IIT Delhi, 2025



I 4x3 Multiplier




Magnitude Comparator Logic

A=B
X3X5XqXg

A=AAA A, A>B
x;=A'B;"+AB. A;B;" +x;A,B," + X3x,A.B," + X3X,%X,A,B,’
B = B,B,B, B,

A<B
 J I I I
A;'B; + xX3A,'B, + X3Xx,A,'B; + X3Xx,X,A,'B,

Similarity in expressions for the 3 comparisons

(C) P.R. Panda, IIT Delhi, 2025



Magnitude Comparator Implementation

=
=

TR

17

X3

— A>B

A;B;" + X3A,B," + X3x,A B, + X3xX,%,A0B,"

— A<B

I I / I
A;'B; + x3A,'B, + X3%x,A,'B, + X3X5%,A4'Bg

A=B

X3X5X1Xqo



I Magnitude Comparator Implementation

A<B

1 /' } 1 1
A;'B; + X3A,'B, + X3%X,A, B, + X3%X5%,A4'Bg

A>B

I /) 1 1
A;B;" + X3A,B," + X3x,A B + X3xX5%,A0B,

A=B

X3X5XqXqo

(C) P.R. Panda, IIT Delhi, 2025



Multiplexer: Implementing Conditionals

How do we
¢ Select|on LOgIC implement a MUX?

Multiplexer x=sa+s'b

Function (MUX)

Q

b

(C) P.R. Panda, IIT Delhi, 2025

(data)

s
(select)



I MUX with wider data

* Selection Logic

How do we implement

4-bit Multiplexer a 4-bit MUX?
(MUX)

Function

x [3:0] = a[3:0]

— I
Xy = Sag + s'bg
X X1 —_— Sa1 + S'b1
X, = sa, + s’'b,
— [}
X3 =sa; +s'b;

else
X [3:0]=b [3:0] e
(data)

S
(select)

(C) P.R. Panda, IIT Delhi, 2025



I MUX with wider data

How do we implement

Multiplexer .
(MUX) a 4-b|t MUX?
b
X Xy = Sag + s'bg
a X, =sa, +s'b,
(data) ! X, =sa, +s'b,
(select) X3 =sa; +s'b;

(C) P.R. Panda, IIT Delhi, 2025

YYYyY



I MUX with multiple data (wider select)

Function (C++)

switch (s) {
case 0: x = a; break;
case 1: x = b; break;

case 2: x = ¢; break;
default: x = d; break;
}

Selecta, b, c, ord
depending on value of s

X =S,'S¢’'a + $,5¢'b + s,'syc + 5,5,d

How do we implement
a 4-to-1 MUX?
a
b a
X
C
d b
(data)
$150 “
(select)
d

(C) P.R. Panda, IIT Delhi, 2025

$q

Y

So

) —

D —

I *gx
—



Implement ANY function with MUX

X =8,'Sy'a +5,50'b + s,'s,c + 5,5, X =51'59' 0 + 5450’0 + 5,'5,0 + 545

Example Function \

—O\ S{Sp X m—0

Can we implement 00 O
e | ANY function of 01 O 1
] x . f— x

—_— 2 variables 10 O — )

. with this structure? 11 1 3
(data) /[I/ Implement (data) /[I/
51 SO with MUX 51 SO

(select) (select)

(C) P.R. Panda, IIT Delhi, 2025



Implement ANY function with MUX

Implement with MUX:

Can we implement x=ab’'+ a'b
x=a' .
using MUX? = a ( ) + a’(b) Any f(a,b,c,...) can be written as:
a + a’ h(b,c,...)
x=a' x=ab’'+ a'b
(data) (data)
a a
(select) (select)

(C) P.R. Panda, IIT Delhi, 2025



. Implement ANY function with MUX

x =ab’' + bc + a'bc’
=ab’'+(a+a')bc+ a’'bc’
= a(b’+bc) + a’'(bec+bc’)

bc + bc’

b’ + bc

x = ab’ + bc + a’'bc’

b'+ bc=Db'(1) + b(c)
bc + bc’' = b’(0) + b(c+c’)

bc + bc’
= b(1) + b’(0)

x = ab’' + bc
+ a’'bc¢’

b’ + bc a
= b(c) + b'(1)

(C) P.R. Panda, IIT Delhi, 2025



I Implement with 4-to-1 MUX

x =ab’+ bc + a’'bc’
= a(b’+bc) + a’'(bc+bc’) x = a(b’"+bc) + a’'(bc+bc’)
=a'b’'0 + a’'b(c+c’) + ab’(1) + abc

0
1
x = ab’ + bc 1 x
+ a'bc’
C
(data)

ab
(select)

(C) P.R. Panda, IIT Delhi, 2025



Equivalently, from Truth Table

abc

X
000 0  _, —%
O01 O 01
010 1 __ o e 3¢
011 O — 1 ()
100 1 _, e
101 A1
110 O (data) /I/f
X=C
111 1 ab
select
What function is x of ¢ ( )

for each ab value?

(C) P.R. Panda, IIT Delhi, 2025
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