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9.1 Electrical Flow

The idea of current flowing through electrical network of resistors can be used to solve maxflow problem.
Electrical network are suitable to model maxflow because it has properties that are constraints in the maxflow
1. conservation of charge at a node which translate to net flow going inside a node equals the net flow out
form the node.

current through resistor between node u and v

I(u, v) =
πu − πv
Ruv

where πu and πv is potential of nodes u and v respectively
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Figure 9.1: Electrical Network

Conservation of Current

Net flow of current (sum of current coming into a node = sum of current going out of it) out of a node is
zero, which physically means a node can’t hold charge.

∀nodesv
∑

u:(v,u)∈E

(πv − πu)cvu = 0
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with exception for source(s) and sink(t):

∑
u:(s,u)∈E

(πs − πu)csu = 3A

∑
u:(t,u)∈E

(πt − πu)ctu = −3A

here conductance cvu = 1
Rvu
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Figure 9.2: Current at a node (−i1 + i2 + i3 − i4 = 0; say, outward is positive)

The above set of equation can be written in matrix form

∑
u:(1,u)∈E c1u . . . . . . . . . −c1t

...
...

...
...

...
. . . . . .

∑
u:(v,u)∈E cvu . . . −cvt

...
...

...
...

...
−cs1 . . . . . . . . . −cst
−ct1 . . . . . . . . .

∑
u:(t,u)∈E ctu


︸ ︷︷ ︸

conductance



π1
...
πv
...
πs
πt


︸ ︷︷ ︸

potential

=



0
...
0
...
3
−3


︸ ︷︷ ︸

current out of a node

(9.1)

9.2 Graph Laplacian

Graph Laplacian is a symmetric matrix, it can be obtained for any graph given its adjacency matrix. Graph
Laplacian is studied in graph spectral theory.

Adjacency Matrix of a Graph, G(V,E)

Adjacency matrix of an un-directed graph is a symmetric matrix of n × n(n = #nodes) of values 0 or 1.
If there is an edge between two nodes the corresponding entry is 1, otherwise 0. Diagonal entries are zero,
because there are no self loop in the graph(say).

The adjacency matrix for the graph of Figure 9.3, is

A =


0 1 1 1
1 0 1 0
1 1 0 1
1 0 1 0
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Figure 9.3: Undirected Graph with 4 nodes and 5 edges

The degree of a node equals number of edges incident upon it. The matrix D for a graphs is a diagonal
matrix with diagonal entries showing degree of a node. D can also be obtained by adding all the entries of
a row of A

D for the figure 9.3, is

D =


3 0 0 0
0 2 0 0
0 0 3 0
0 0 0 2


Graph Laplacian for a graph G is defined as

L(G) = D(G)−A(G)

For graphs, figure 9.3

L =


3 −1 −1 −1
−1 2 −1 0
−1 −1 3 −1
−1 0 −1 2


Electrical flow as Weighted Laplacian

The electrical flow conductance matrix is an example of weighted Laplacian.

Where Aij = cij

and Dii =
∑

j:(i,j)∈E

ci,j

The system of equation 9.1 can be written using laplacian as

Lπ = b

This is interesting because Laplacian can be solved in linear time algorithm, which is linear in number
of non-zero entries.


