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MULTICOMMODITY FLOW

Input: Graph G = (V, E) with n nodes and m
edges with edge (node) capacity.
Set of terminal pairs T = {(s1,t1), …, (sk,tk)}.
Demand of a pair (si,ti) = di.
Objective: Satisfy the demands of maximum 
number of (si,ti) pairs while respecting the 
capacity constraints.
We will focus on edge problems in general 
graphs.



PROBLEM VARIATIONS

Edge-disjoint paths (EDP): For each pair (si,ti), di

= 1 and there are edge-disjoint paths Pi joining si

and ti.
Unsplittable flow (UFP): For each pair (si,ti), di

flow can be routed on a path Pi joining si and ti.
All-or-Nothing multicommodity flow (ANMF): 
There is a multicommodity flow f such that di

flow is routed between si and ti.
Minimum multicut (MULTICUT): A set of edges 
C whose removal separates each pair (si,ti). Goal 
is to find a multicut C of minimum capacity.



APPROXIMABILITY OF ANMF

NP-hard and APX-hard, even on trees.
In trees, reduces to the maximum integer 
multicommodity flow problem.
2-approximation known for the unweighted case 
and 4-approximation for the weighted case.
For general graphs, the best approximation 
factor is O(log2 k) and for planar graphs, it is 
O(log k).



PROBLEMS WE WANT TO WORK ON

Improving the best known approximation factor 
O(log2 k) for ANMF in general graphs.
To give a O(βc)-approximation algorithm for 
ANMF, where β is the maxflow-mincut gap for 
the graph and c is a constant. For general graphs 
β = O(log k), and for planar graphs β = O(1).
To improve the approximation factors for UFP on 
line and ring graphs (78.51 and 79.51 + ε) to 
small constants.
Closing the gap between upper and lower bounds 
for EDP and MULTICUT.



LP FOR MULTICOMMODITY FLOW



PROPERTIES OF THE LP
The number of fractionally routed paths in a 
basic solution to the LP is at most m.
Hence, we can assume ce ≤ m for all e ∈ E.
By making parallel copies of edges, we can 
assume that G has only unit capacity edges.
We can work with multicommodity flows where 
the flow on each path is Ω(1/log n).



FLOW DECOMPOSITION LEMMA



PROOF OF FD LEMMA
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PROOF CONTINUED…
Flow for si

j and ti
j = 1/log n, if j < l.

Flow for si
l and ti

l = fi – (l – 1)/log n.
Round the flow to 1/log n with probability
f(P) log n and to 0 otherwise.
Expected total flow = f(P).
For a sufficiently large constant c, the probability 
that the flow on any edge exceeds c is small 
(Chernoff bound).



PROOF CONTINUED…
Set the flow on each path to 1/(c log n).
None of the (unit) edge capacities are violated.
Total flow = Ω(|f |).
Flow for each pair is 1/(c log n) and each pair 
uses a single path.
Number of pairs = Θ(|f | log n).



PRODUCT MC FLOW AND SPARSEST CUT

For each pair of nodes (u, v), d(u, v) = w(u)w(v),
where w: V → R+ is a weight function on nodes.
Maximum concurrent flow is the largest λ such 
that λd flow can be routed in G.

Sparsity of a cut is the ratio of the capacity of the 
cut and the demand separated by the cut.
The worst case (maximum) ratio of minimum 
sparsity to maximum concurrent flow is the 
maxflow-mincut gap (β).
For product MCF, β = O(log k) in general graphs 
and β = O(1) in planar graphs.



FLOW WELL-LINKED SETS

π: X → R+ is a weight function on a set of nodes 
X.

Demand d(u, v) = π(u)π(v)/π(X).

X is π–flow–linked if there is a feasible 
multicommodity flow with demand d(u, v).
If π(v) = α for all v ∈ X, then X is α–flow–linked.
In this case, d(u, v) = α/|X|.



CUT WELL-LINKED SETS

X is cut-well-linked in G if for every cut (S,V – S), 
the number of edges cut is at least the number of 
X vertices on the smaller side.

|δ(S)| ≥ |S ∩ X| for all S such that |S ∩ X| ≤ 
|X|/2.

S V – S

δ(S)

S ∩ X



CUT WELL-LINKED SETS DEFINITIONS

π: X → R+ is a weight function on a set of nodes 
X.

X is π–edge–cut–linked if |δ(S)| ≥ π(S ∩ X) for 
all S such that π(S ∩ X) ≤ π(X)/2.

Equivalently, |δ(S)| ≥ min{π(S ∩ X), π(Sc ∩ X)}.
X is π–node–cut–linked if |N(S)| ≥ π(S ∩ X) for 
all S such that π(S ∩ X) ≤ π(X)/2.

N(S) is the neighborhood of S.

In the example, π(X) = |X|.



RELATION AMONG CUT AND FLOW LINKED

X is π–flow–linked  ⇒ X is π/2–cut–
linked.
X is π–cut–linked  ⇒ X is π/β–flow–
linked.



α–FLOW–LINKED  ⇒ α/2–CUT–LINKED

d(u, v) = α/|X|

S V – S

|δ(S)| ≥ αr(|X| – r) / |X|

r = |S ∩ X| αr <= α|X|/2

|δ(S)| ≥ αr/2



π–FLOW–LINKED  ⇒ π/2–CUT–LINKED

Given: X is π–flow–linked.

Required to prove: |δ(S)| ≥ π(S ∩ X)/2 for all S
such that π(S ∩ X) ≤ π(X)/2.

X S

X – S S – X

X ∩ S



PROOF



PROPOSITION

Given a subset X ⊆ V of nodes that is 
α–flow–linked in G, any matching M
on X can be fractionally routed with 
congestion 2/α. Hence, Ω(α|X|) flow 
can be routed for M.



PROOF
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PROOF CONTINUED…
There is a feasible MC Flow with demand α/|X| 
between any two nodes in X.
Unit demand between any two nodes in M.
Route flow using intermediate nodes.
Number of intermediate nodes used N = |X|/α.
Congestion = N/|X| = 1/α.



WELL-LINKED SETS

Input instance: G, X, M.

X: set of terminals = {s1, t1, …, sk, tk}.
M: matching on X = (s1, t1), …, (sk, tk).

X is π-well-linked in G for some π: X → R+.



EXAMPLES OF WELL-LINKED SETS

s1 t1

s2 t2

s3 t3

s4 t4

NOT a well-linked instance

s1 t1

s2 t2

s3 t3

s4 t4

A well-linked instance

Presenter
Presentation Notes
To make this concrete let me consider two examples. The first is not well-linked while the second is well-linked. To see why the first is not a well-linked instance consider the following cut.



WELL-LINKED DECOMPOSITION

G, X, M

G1, X1, M1

Mi ⊆ M

Xi is well-linked in Gi

∑i |Xi| ≥ OPT/α

G2, X2, M2 Gr, Xr, Mr

node disjoint subgraphs



EXAMPLE OF WELL-LINKED DECOMPOSITION

s1 t1

s2 t2

s3 t3

s4 t4

s1 t1

s2 t2

s3 t3

s4 t4

Presenter
Presentation Notes
As an example consider the trivial example I used earlier.The decomposition here is obvious. In general we won’t be able to do this so cleanly.



DECOMPOSITION USING SPARSE CUTS

Start with a MC flow f for X in G with flow fi for 
the pair si, ti.
fi is decomposed into flow paths.
γ(H) is the total flow induced in subgraph H by 
the original flow f.
γ(u, H) is the flow in H for u.
OPT is a solution to the LP for EDP.
X is the set of terminals (sources and sinks).



DECOMPOSITION ALGORITHM

Suppose γ(H) < β log OPT. Let u, v be some pair 
with positive flow in H. Define π(u) = π(v) = 1
and π(w) = 0 for w ≠ u, v. Stop and output (H, π).
If X is π/(10 β log k)-flow-linked, stop and output 
(H, π) [π(u) = γ(u, H)/(10 β log OPT)].
Else
Find a sparse cut (S, V – S) w.r.t. π in G.
Remove flow on edges of δG(S).
G1 = G[S], G2 = G[V – S].
Recurse on G1 and G2 with remaining flow.



ANALYSIS

Subgraphs at the end of recursion:
(G1, X1, π1) , ... , (Gl, Xl, πl).
πi is the remaining flow for Xi.
Xi is πi /(10 β log k)-flow-linked in Gi.
∑i πi(Xi) ≥ Original flow – No. of edges cut.



BOUNDING THE NUMBER OF EDGES CUT

X is not π/(10 β log k)-flow-linked

⇒ |δG(S)| ≤ π(S)/(10 log k).

S V - S



ANALYSIS CONTINUED…
Lemma: Total number of edges cut ≤ f/2.
T(f): max no. of edges cut if started with flow f.

T(f) ≤ T(f1) + T(f2) + f1 / 10 log k

For f ≤ k, T(f) ≤ f/2.

∑i πi(Xi) ≥ f/2.

Xi is πi /(10 β log k)-flow-linked in Gi.



LOWER BOUNDS

THEOREM: ANMF is at least as hard to 
approximate as MAXIMUM INDEPENDENT 
SET. Hence, it is impossible to approximate 
ANMF to within a factor of Ω(m1/2 – ε), for any 
fixed ε > 0, unless P = NP.

PROOF: Using a polynomial time approximation 
factor preserving reduction from MAXIMUM 
INDEPENDENT SET to ANMF.



SOME IDEAS

Select at most one path pi ∈ Pi with probabilityfpi

(i = 1, ... ,k), obtained by solving MCF-LP. Let p1, 
... ,pk be the set of paths chosen.
Let (pπ(1), ... ,pπ(k)) be the permutation of (p1, ... ,pk) 
such that dπ(1) ≥ dπ(2) ≥ ... ≥ dπ(k).
Add the path pπ(i) if adding it does not violate the 
capacity constraint for every edge e ∈ pπ(i).
If pπ(i) is added, the demand dπ(i) is routed along 
the path pπ(i).
We can also consider a set of paths Pi ∈ Pi in 
decreasing order of demands by either sorting all
paths in P1 ... Pk or sorting each Pi separately.
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QUESTIONS?

Thank You!
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