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Quantum Computation
Quantum fourier transform

Discrete Fourier Transform (DFT)

The discrete Fourier transform takes as input a parameter N and a
vector of complex numbers xg, ..., xy_1 and outputs a vector of
complex numbers yy, ..., yy_1 Where the inputs and outputs are related
as:
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o Question: Suppose N =2". How many operations are required
for computing the DFT?
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Quantum fourier transform

Discrete Fourier Transform (DFT)

The discrete Fourier transform takes as input a parameter N and a
vector of complex numbers xg, ..., xy_1 and outputs a vector of
complex numbers yy, ..., yy_1 Where the inputs and outputs are related
as:
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o Question: Suppose N = 2". How many operations are required
for computing the DFT? O(N?) if done naively
@ Question: Can we do this faster?
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Quantum Computation
Quantum fourier transform

Discrete Fourier Transform (DFT)

The discrete Fourier transform takes as input a parameter N and a
vector of complex numbers xg, ..., xy_1 and outputs a vector of
complex numbers yo,. ,yN 1 where the inputs and outputs are related

27rl

Cy, = 1
as.yk:fz OxJeN

o Question: Suppose N = 2". How many operations are required
for computing the DFT? O(N?) if done naively
@ Question: Can we do this faster? Yes in O(/N log V) operations
using Fast Fourier Transform (FFT)
o Claim 1: DFT can be computed by multiplying an N x N matrix
W with the vector X = (xq,...,xnv—1)", where W; = w/ and

2mi

w=e¢en,.
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Quantum Computation
Quantum fourier transform

Discrete Fourier Transform (DFT)

The discrete Fourier transform take as input a parameter N and a
vector of complex numbers Xy, ..., xy_1 and outputs a vector of
complex numbers yo,. ., ¥YN—1 Where the inputs and outputs are related

27|'le

as: Yk—ka o Xj€N

o Question: Suppose N = 2". How many operations are required
for computing the Fourier transform? O(N?) if done naively
@ Question: Can we do this faster? Yes in O(/N log V) operations
using Fast Fourier Transform (FFT)
o Claim 1: DFT can be computed by multiplying an N x N matrix
W with the vector X = (xq,...,xnv—1)", where W; = w/ and
w=en.
o Claim 2: WX can be computed using O(N log N) operations.
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Quantum Computation
Quantum fourier transform

Claim 2

Let X = (x0,...,xnv_1)" and W be an N x N matrix where Wy = wi
and w = e . Then WX can be computed using O(N log N)
operations.

Proof sketch

o The following picture captures the main idea of FFT.

(2j)k (2j+Dk X, .
WX w w 2j
i (

2 )k (2j+Dk
w -w X2j+1

o The recurrence relation for the number of operations is given by
T(N)=2T(N/2)+ O(N) which gives T(N) = O(N log N).
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Quantum Computation

Quantum fourier transform

Discrete Fourier Transform (DFT)

The discrete Fourier transform takes as input a parameter N and a
vector of complex numbers xp, ..., xy_1 and outputs a vector of

complex numbers yy, ..., yy—1 where the inputs and outputs are related
. — 1 N-1 2mi e
ast yk = WZJ:O xje wIx.

4

Quantum Fourier Transform (QFT)

The quantum Fourier transform on an orthonormal basis
|0),...,|N — 1) is defined to be a linear operator with the following
action on the basis states:

=
L

i) - % % 1K)

Equivalently, the action on an arbitrary state is:

=
x
g

N—-1

=

il
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x
i

=0

where yj is as in DFT.

o Exercise: Show that the Quantum Fourier transform operator is
unitary.
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Quantum Computation

Quantum fourier transform

Discrete Fourier Transform (DFT)

The discrete Fourier transform as input a parameter N and a vector of
complex numbers xg, ..., xy_1 and outputs a vector of complex

numbers yp, ..., yy—1 where the inputs and outputs are related as:
2xi

jk
)’k—\fzk o xje WK

Quantum Fourier Transform (QFT)

The quantum Fourier transform on an orthonormal basis
[0),...,|N — 1) is defined to be a linear operator with the following
action on the basis states:

1 N-1 i
liy = —= 3" e W |k).
\/Nk:l)

Equivalently, the action on an arbitrary state is:

N-1 N—-1
;,XJ\J) T;m@

where yj is as in DFT.

o Exercise: Show that the Quantum Fourier transform operator is
unitary.

o Claim: Let N = 2". There is a quantum circuit of size O(n?) that
computes the QFT on the computational basis corresponding to
n-qubits.
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Quantum Computation
Quantum fourier transform

Let N = 2". There is a quantum circuit of size O(n?) that computes
the QFT on the computational basis corresponding to n-qubits.

o Forj € {0,..., N —1}, let [jij2...jn] be the binary representation of
J. So, j=j12" 4 52072 4,20

o We will also use binary fraction notation [0 - j...jm] which
represents the number 15’ + %“71 + 2,,%3

o Claim 1: The QFT of a state |j1...j,) is given as below:

i i 0 2mil0-n] 1 0 2mif0-jp_1nl |1 0 2mif0-jy - -jnl |1
o) — (\ Rl >) (| Rasl >) (| Rl il >)
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Quantum Computation

Quantum fourier transform

Let N = 2". There is a quantum circuit of size O(n?) that computes
the QFT on the computational basis corresponding to n-qubits.

o Claim 1: The QFT of a state |ji...j,) is given as below:

o &2mil0-jn] 2mil0-jp—1Jn] 2mil04j1 - jn]
. dn) = (w>+ o m) (w>+ o \1>)_..(‘°>+ o "‘1>)

o This representation helps to construct the following circuit:

2

|0> + e2m|0'/,,un| ‘1)
V2
[o)+ 1)
V2

.
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Quantum Computation

Quantum fourier transform

Let N = 2". There is a quantum circuit of size O(n?) that computes
the QFT on the computational basis corresponding to n-qubits.

o Claim 1: The QFT of a state |ji...jn) is given as below:

L 10)+e2mil0:4n] 1y [0y 4210 n—1inl 1y 10y 4271041 n] 1
|-} = ( 7z 72 72

o This representation helps to construct the following circuit:

A

; o - E_ R,

ua L

|

[0)-+ 251 1)
..... )
2

o This does not quite match the expression. What do we do to

match?
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Quantum Computation

Quantum fourier transform

Let N = 2". There is a quantum circuit of size O(n?) that computes
the QFT on the computational basis corresponding to n-qubits.

o Claim 1: The QFT of a state |j1...j,) is given as below:

o 27i[0-jn] 27i[0-jp —1Jn] 27i[0-jq .. .jn]
Vo) — (|D)+s i n m) <\o>+e \[2" |1)) (\o)u ﬁl n \1))

o This representation helps to construct the following circuit:

i) E_ . [0)+ 2411y

2

o)+ v

i)
7
3 [0+ 1)
I \/5
o This does not quite match the expression. What do we do to

match? Swap
o What is the total number of gates employed?

Jut
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Quantum Computation

Quantum fourier transform

Let N = 2". There is a quantum circuit of size O(n?) that computes
the QFT on the computational basis corresponding to n-qubits.

o Claim 1: The QFT of a state |j1...jn) is given as below:

- 10y +2™l0n] |1y [0y 42710 dn—1in 1) [0y 4e2il041 - --in) 1
Uteesin) = ( - g -

o This representation helps to construct the following circuit:

2

Jun

T o)ty
Qe )
\ o)+ 1)

! [t

o This does not quite match the expression. What do we do to
match? Swap

o What is the total number of gates employed? O(n?)

o What about precision?
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Quantum Computation

Quantum fourier transform

Let N = 2". There is a quantum circuit of size O(n?) that computes
the QFT on the computational basis corresponding to n-qubits.

o Claim 1: The QFT of a state |j1...jn) is given as below:

o 2mi[0-jn] 2mi[0-jp—1in] 27if0-jy - - -jn)
Vieodn) = (m>+e i m) (|B)+e - . (\OH»e ﬁl in u))

o This representation helps to construct the following circuit:
\f,)-- . e - )
i) . ‘U\/H’:"“;“' Ay

V2

TaHx] \o)wvzw [
li. n [0} = L)

o This does not quite match the expression. What do we do to

match? Swap

What is the total number of gates employed? O(n?)

o What about precision? Polynomial precision in each gate is
sufficient

Jin
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