A more careful analysis

function Fibl (n) function Fib2 (n)
if n =1 return 1 Create an array fib[1l..n]
if n = 2 return 1 fib[1] =1
return Fibl(n-1) + Fibl (n-2) £ib[2] =1
for i = 3 to n:

fib[i] = f£fib[i-1] + fib[i-2]
return fib[n]

Problem: we cannot count these additions as single operations!

How many bits does F, have?

Addition of n-bit numbers takes O(n) time.
Fib1: O(n 29") time
Fib2: O(n?) time



Addition

Adding two n-bit numbers takes O(n) simple operations:
E.g. 22 + 13:

[22] 1 0 1 1 0
[13] 1 1 0 1



Big-O notation

function Fib2 (n)
Create an array fib[l. .n]

Running time is
proportional to n?.

£ib[1l] = 1

fib[2] =1 :

for i = 3 to n: But what is the constant:
fib[i] = £ib[i-1] + £ib[i-2] is it 2n? or 3n? or what?

return f£ib[n]

The constant depends upon:
The units of time — minutes, seconds, milliseconds,...

Specifics of the computer architecture.

It is much too hairy to figure out exactly. Moreover it is
nowhere as important as the huge gulf between n? and 2".

So we simply say the running time is O(n?).



Why graphs?

A cartographer’s problem
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Graph specified by nodes and edges.

node
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Graph coloring problem: color nodes of graph with as few colors as
possible, so that there is no edge between nodes of the same color.



The registrar’s problem

Exam scheduling

Piichers (15)

. Team BT [he. (Wt T —
Bryan Augenstein South Bend [RIR|6-6 |232 |7/111986 | Sebassan, FL |3-1,209ERA, 7311P, 988
Randy Boone Lansng |RIR[6-3 |215 |881984 | Yostum, TX 162,25 ERA 5021, 1388
Hark Dizpoues Ciles [RR[6-2 |20 [531/1%88 [ Paim City. FL 140,183 ERA, 226 BAA
Edzar Estangs g TL]L[5-10] 185 | 018/1985 | Maturn Managas, V2 |5-1,0.66 ERA, 162 BAA |
Alfrods Figaro Wost chigon _[RIR[6:0 [173 |717/1964 | Samanna, OR 172,122 €RA, 176834 |
Joft Jeffords Dayton |R[R[6-1 |20 |11/411984 [ Lamer, SC |21, 283ERA, 2821P, 37K
Jon Kler WestMchigan | L|L[6-4 |215 |810/1985 | Freiand, MD |52.220 ERA, 155 BAA
Steven Johnson | Great Lakes [RIR[6-1|212 [8311587 | Kingswile, MO |62, 260ERA, 214824
Joseph Krebs Dayton L A'EO ,700 |M14nges | Badgegort, TX 'S?QAJERA“Q\'?S
Derok McDad Fort Wayne R|R[6-1{200 92711963 | Barie, ON. Canad 30.252ERA, 225 BAR
Brad Mils Lansing [L[L]60 185 | 351585 [Masa, AZ |42,262ERA 58 11P, 63K
Luis Nontano |Dayion |RIR[60 | 180 | 32041986 | Santo Domingo, DR |63, 445 ERA, 562 1P, 1388
Jartod Porker |South Bend [RR[6-1[160 | 11/24/1968 | Ossan, N |42, 225 ERA, 235 627
iiguel Ramirez | Groa Lakes [RIR[S1T]165 | 7115/1383 | Fando Negro, DR 13,037 ERA, T25av0s |
Evan Scrioner | South Bend [RIR[6:3 150 [7/18/1985 | New Biiain, CT 123.205€eRA 26.1P, 40%_|

riey Jansen

W [Ben |
1206 | 5141985 | Momsan, CO
225

T —
265,6 HR 24 RBI S41SLG |

Toa087 | Cusos,Newrond A 2045 1R 11Rel

infiesders (1)
O [Paye  [MWLTews  [BV|M. (W [Bern  [Resdesce |'08Stats fas of

1988 | Estoro,

1274, WR 73 RE1 Gipes |
273, 15RBL, 13K 132 A8

Kewn Avens Lensng |B[RI6-1|190 | 426/1989 | Houston, TX 1,260, R, 24 RBA, 14 Goubles |
Chrs Cartscn® West Mchigon | RIR(6.4 (225 |117/1984 | Topeka, kS 1,281, 7HR 32 R8I
Folx Carrasoo Fort Wayne [B[R[&-1 [244 [2114r1%67 [Bans, OR 1285, 9HR_ 37 Ra1
Jussn Jockson | Lansing |RIR62 | 175 | 1211111988 | Ashaviie, NC 1,250, 3R, 23 R8I, 80R
Peto K Quad Ciies R[R[60_|170 41111388 214, 3HR_ 19 R8I
ke Vies |South Bend [L[R[60 [788 | 1.260, 2HR 21 Rel, 379 OBP |
‘Andy Parting’ |Fort Wayns [8[R[60 |17 | & || 1276, 3HR 15 R8I, 367 OB |
Manny Rodnguez* | Lansng L[L[6:3 |10 [1/6/1985 | Chve, Panama 1310, 4HR 37 R8L19 doubles
[
R

John Tolisano |Lansiy [R|S-11] 180 | 1017/
| oo Tucker West hichigan RS-11]170 | 1725/
Brandon Waring" __| Dayon [RIR[6= [195 |1/2/1565 | West Cokumtia, SC

[.257, 11 HR 2 R8I, 497 SLG|

This is also graph coloring!

L T T
‘South Bend 11|171_|67/1086 | Eowardswile, IL
Charke Kingrey | Quad Cties -2 (210 | 111911985 | Kinder, LA
| Great Lakes. 200 |11/1388 | Newbury Pak, CA |
|Dayken 176 | 712211885 | San Podro ds Macoris, OR | 251, 4 HR. 20 RE1,12 doubles
Casper Wols TWest hichigan -2 210 | 11/23/1984_| Schenectady, NY

Node = exam
Edge = some student is taking
both endpoint-exams
Color = time slot

333,22 R8I, 13 S8, 384 OBP,
1,308, 5 HR_ 32 REL15 doubiss|
267, 7HR_41 RB1,14 doubies |

1237, 10 HR, 26 R8I 15 58

Schedule final exams:
- use as few time slots as possible
- can’t schedule two exams in the

same slot if there’s a student
taking both classes.



Animal crossing

Animals need to be ferried across a river
- Use as few boats as possible

- Cannot put two animals in the same boat if one will eat the other

This is, yet again, graph coloring!

Node = animal

Edge = one endpoint-animal will eat the other
Color = boat



Graph representations

G = (V,E) where Directed graphs
V: vertices/nodes (x,y): edge from x to y
E: edges
e e.g.World wide web
9 node URL
9 edge (u,v) upointstov
0 e Billions of nodes and edges!

V ={1,2,3,4,5)
E ={{1,2}, {2,3}, {3,4}, {2,3}, {4,5}}

Undirected edges: symmetric
relationship




How are graphs stored on a computer?

Adjacency matrix Adjacency list

V x V matrix A

A(G,j)= 1if(ij)isin E
0 otherwise

For each node, list of
outgoing edges

Symmetric if G undirected

1 2
01 000 5 T1I315
01010 5|21
4 —3 15
0 01 01 R
%
01 010
PRO check for an edge in O(1) time PRO just O(V + E) space |
CON uses up O(V2) space CON check for an edge in O(V) time

PRO easily iterate through node’s neighbors



Undirected graphs: adjacency list
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Directed graphs: adjacency list
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Reachability in undirected graphs

What parts of a graph are reachable from a given vertex?

With an adjacency list representation, this is like navigating a maze...

Potential difficulty

Don’t go round in
circles

Don’t miss anything

Classical solution

Piece of chalk to mark
visited junctions

Ball of string — leads
back to starting point

Cyber-analog

Boolean variable for each
vertex: visited or not

STACK




An exploration procedure

procedure explore (G,v)

input: graph G = (V,E); node v in V
output: visited[u] is set to true
for all u reachable from v

visited[v] = true
for each edge (v,u) in E:
if not wvisited[u]:

explore (G, u)




Does “explore” work?

procedure explore (G,v) Does it visit everything reachable from v?
visited[v] = true
Suppose it misses node u reachable from v;

for each edge (v,u) in E: _ i
we’ll derive a contradiction.

if not wvisited[u]:

lore (G, .
explore (G,u) Pick any path from v to u, and let z be the

last node on the path that was visited.

Does it actually halt?

For any node u, explore(G,u) is 0 9 0 0

called at most once;
thereafter visited[u] is set.

But w would not have been overlooked
during explore(G,z); this is a contradiction.



Alternative proof

procedure explore (G,v)

visited[v] = true

for each edge (v,u) in E:
if not wvisited[u]:

explore (G, u)

Does explore(G,v) visit everything
reachable from v?

Do a proof by induction.






Undirected connectivity

An undirected graph is connected if there
is a path between any pair of nodes.

procedure dfs (G)
for all v in V:
visited[v] = false
for all v in V:
if not wvisited([v]:

explore (G, V)

I I h
This graph has 2 connected components. explore(G,a) @ explore(G;h)
h
explore(G,v) returns the connected @ 0 Q
component containing v. _
To explore the rest of the graph, <D
restart explore() elsewhere. o @ (g 0
DFS decomposes an undirected graph @

into its connected components!



Running time analysis

procedure explore (G,vV)
visited|[v] = true
for each edge (v,u) in E:
if not wvisited[u]:
explore (G, u)

procedure dfs (G)
for all v in V:
visited[v] = false
for all v in V:
if not visited|[v]:
explore (G, V)

How long does dfs(G) take?

explore(G,v) is called exactly once

for each node v.



DFS search forest
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Terminology:
DFS search forest consisting of
two DFS search trees

free edge: traversed by DFS

back edge: not traversed (led
to a node already visited)



